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Preface

The following lecture notes were written shortly after I gave a
course on capital theory in the winter-semester 1970/71 at the Univer-
sity of Heildelberg., While the general line of the argument is similar
to the one in the course, I have modified and added a large number of"
spcecific points in the process of writing the English version,

I should like to emphasize the narrow limitations of the material
covered in these notes. I have completely concentrated on steady states
of stationary and exponentially growing economies, even up to the point
where there 1is the danger of misleading the reader¢ I have done this
for several reasons, Other activities have not left me with a
sufficlent amount of time to be able to find the unifying principle

of analysls and mode of presentation for the dynamic aspects of capi-
tal thecory which would have made it worthwhile to add a sizeable book
to the large body of literature in this field. On the other hand over
the last couple of years I have become increasingly aware that some of
the results in steady state capital theory (which could be derived
without too much mathematical effort)are of relevance in present day dis-
cussions about the political role of economic theory and the relative
merits of orthodox and radical economics., Also thesc results seemed not
to be known by most of the participants in these discussions, A careful
statement of some of these results from a unified point of view seems
to be useful, in particular since the mathematical barriers of entry to
an understanding are so low,

In writing these notes I wanted to stress the importance of a small num-
ber of celebrated and criticised concepts for the understanding of ca-
pital theory. Thesc are the Marxian concepts of value and exploitation,
Bshm-Bawerk's concept of the period of production, J.B.Clark's principle
of synchronization of production and Marshall's principle of substitu-
tion., I have tried to develop a logically consistent view of these heu-
ristically important ideas by using certain results of modern growth
theory. While it is true that no economy is ever in a steady state I

do not think that there exists any other way to draw a simple picture of
economics showing how heuristic priciples of interpretation of real



economies can be justified by making them precise., That such check by
precision 1is necessary is shown by the results which force us to reject
certain heuristic principles. Not all of them keep their appeal if
scrutinized sufficiently.

There are at least two important aspects of the process of capital accu-
mulation which cannot be analysed in the context of the static models
presented here., One of them is a precise analysis of the payoff between
present and future consumption of a society. Orthodox capital theory

can state assumptions under which the equivalence of the private and
social marginal rate of return on saving follows. This result was analy-
sed and emphasized in particular by Solow. As he has pointed out and as
I have rciterated eclsewhere it is independent of the answer to one of
the by now almost classic red herrings of cconomic theory: the question
whether there exists an aggregate production function with"capital"as one
of its arguments. The other specifically dynamic aspect of capital
theory is the question of flexibility of a system. The point of view
taken in these lecture notes is to reducc the production process to
flows of primary inputs and final outputs. This is all right for compar-
ative statlc analysis. It is misleading for the dynamic analysis of, say,
transitions between technliques, Intermediate products, for example steel,
can still be used after a switch in techniques of production took place,
even though this steel was planned to be used for the former process of
production, I disagree therefore with the view of Hicks that Walrasian
general equilibrium theory is suited for static analysis and Austrian
capital theory for dynamic analysis, I take the opposite vicw: Austrian
capital theory 1is a good starting point to analyse the time pattern of
production and its implications under conditions of tranqulility, where
transitions between technique do not take place, Walrasian equilibrium
theory will have to be used to study these transition problems, because
under such conditions intermediate products have to be considered in
their own right, They are no longer just manifestations of a certain
amount of past labour inputs or future consumption goods.

These lecture notes are a semi-finished product. The references to the
literature, which I put into a bibliographical appendix, are incomplete,
A number of extensions and corollaries of the results presented here are
not contained in these notes, though they ought to be here., I did not
find the time to work them out properly. But I hope that, as the present-
ed results stand, they are not only correct but also comprechensible, As
an apology I may rmefer the reader to the law of diminishing marginal re-
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turns: it also applies to work done on steady state models in capital
theory, and I am anxious to switch to other fields of research,

I should like to mention three groups of people to whom I owe thanks for
direct or indirect help in writing these notes. The first group consists
of three of my former teachers: Friedrich Lutz, whose lectures in Zirich
and whose book "Zinstheorie" convinced me to switch from law to econo-
mics and to take capital theory as one of my favourite flelds, His in-
fluence also made me read Bdhm-Bawerk, Gottfried Bomﬁach, who in 1959
encouraged me to pursue my work on growth theory and capital theory,
after I had told him a result which was later to be called the "Golden
Rule of Accumulation", Edgar Salin, who convinced me toread threec volumes
of "Das Kapital” in a time when nobody else did and I still had plenty
of time to do it,

The second group of people consists of assistants and students in Hei-
delberg, who endured my lectures and discussed the material with me.

They are Felix R, FitzRoy, Martin Hellwig, Hans Gottfried Nutzinger,
Wolfgang Rohde, Georg Tolkemitt and Elmar Wolfstetter., I am also indebted
to Brigitte W61lm, who was able to take tidy and clear notes of what clear
ly sometimes must have been a confusing presentation (if not confused),
and who was so kind to lend her notes to me.

The third group consists of my friends at MIT, where I stayed for a month
in spring 1971 writing down a large part of these notes, I am particular-
ly indebted to Paul Samuelson for extensive discussions last year as well
as this year. Comments of Michael Bruno, Frank Hahn, Robert Solow and
Joseph Stiglitz were also helpful in rcvising the first draft., I am in-
debted to the Ford Foundation which covered my expenses while I was at
MIT from February 21 to March 21, 1971.
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Part I

Capital Thecory without Capital (Preliminaries to Capital Theory)

If we want to understand what we are talking about when we are talking
about capital we should have a clear perspective: which phenomena are
specifically related to capital and which are not. For that purpose it
is useful to state certain results of price theory which are independent
of the introduction of the concept of capital. This is the purpose of
the first part of these lecture notes.

Chapter 1, The Static Input -Output Model without Substitution
We begin with a somewhat selective treatment of Input Output analysis,

We assume an economy with n producible goods. In order to produce one
unit of good j the economy needs aij units of good i (for i=1,,.,.n) as
input, Thus 1if industry j (which produces good j) wants to produce xJ
units of output it must receive a1J xJ units as inputs from industry 1,
a2J xJ units as inputs from industry 2 and so on. The set of input-
output ratios aiJ form an n times n matrix which we call A, All aiJ are
nonnegative, quite a few of them will probably be zero, There is one
additional commodity, called "labour". It's specific characteristic is
that it cannot be produced in the usual sense of the word., We assign the
index zero to this commodity. Thus for every J we have an input output
ratio aoj which tells us how much labour per unit of output 1s necessary
in industry Jj. The vector (aol’ Bg0s s aon) is denoted by ags

Let x = (x1 sesee xn) be the vector of the output quantities in the
different industries, Let vy be the quantity of good 1 which is used up
in the economy as an input for productive purpose. We then have the
followling system of equations
= +

y1 - a.1 1 xl + al 2 X2 . . . . . . a x

in “n

n nil

or written in matrix form

There arises now the following intersting question. Are the outputs pro-
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duced sufficient to replace the inputs which have been used up in the
process of producing these outputs? Or: under which condition is ygx?
The purpose of production is the supply of commodities for consumption.
Let ¢ = (cl, Cohs o o cn) be the vector of commodities which the product-
ive system can deliver to the outside world after the inputs of the pro-
duction process have been replaced, Then we have ¢ = x - y, The
question above is therefore identical to the question: under which con-
ditions is the consumption vector c¢ nonnegative? We write

C = X-y =X« Ax =Ix - Ax = (I - A) x

where I stands for the identy matrix

1

which maps every vector x into itself., We now turn the problem around.
Given a certain consumption vector ¢ 2 O. Which production vector x is
required, if ¢ is to be made possible, Mathematically we have to solve
the system of equations

(I -A)x-=c¢

for the unknowns x. In the case that (I - A) is nonsingular there exists
(I - A)"1 and we get

x = (I - A)'l(I - A) x = (I - A)'lc

But this 1s not sufficient, since x must be a nonnegative solution,
Production cannot be negative., There exists a simple mathematical con-
dition for x to be nonnegative, Starting from the equation c¢ = (I-A)x
we can write for any integer m

(T +a+a% 4+, .., .8")c-=
(T +A+A%+ ., ...A")x
(A + A%+ e LA™Yy ¢ =
m+1 m+1
= (I -A ) x. But since A is the product of m + 1 nonnegative
matrices (namely A) it is nonnegative 1itself and hence, 1f x > O we
8t x> (I =A™y x=(T+a+. .. A" ¢

m

for every m¢ If I + A+ , , , . . A does not converge for increasing
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m to a finite matrix the condition Just stated cannot hold for every m
and hence x 1s not nonnegative. For x to be nonnegative the convergence

of
m
Z Ak for increasing m is a necessary condition, But this condi-

k=0
m
tion is also sufficient. If 1im J A¥ cxists 1t is given by (I-A)"1,
k=0

m->co

For, then we have

L]

) A ) A% = I which proves that
k=1

k=0

A¥  1s the

[¢)

F Ak (1-a)
k=0

ne-1 8

k

inverse of ( I - A ). This shows that (I - A)'1 is nonnegative and
hence x > O,

There is an economic interpretation of this result. For this purpose we
define as inputs ofthe first order the vector

y1 = Ac

These are the inputs necessary for the direct production of the con-
sumption goods. By the inputs of the second order we mean thosc inputs
necessary to replace or reproduce the inputs of the first order

y2 = Ay1 = A, Ac = A2c

In general: the inputs of the k - th order, yk, are the inputs necessary
to replace by production the inputs of k - 1 - th order, Now it 1is easy

to sce that yk - Akc
The total inputs y that have to be replaced are then
y = y1 + y2 F e e e e e e e e e =
= he A% ATt L e
2

=(A+A+-na-c-on)0

Thus the convergence of the sequence

A+ A2 *+ + + +« + « « 1s a necessary and sufficient condition for the

total inputs to be finite., Each term in this sum stands for the inputs
of a certain order.

A system which is able to replace it's inputs from it's output may be
called productive. A technology characterized by the matrix A of input
output ratios can provide a productive system if and only if the sum

5 A% is finite,
k=0

Note the following: Take any two consumption vectors c1 and c2. There
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exists an eeconomically meaningful production vector x supporting the
consumption vector in either case or in neither case. The answer to
this question does not depend on the properties of ¢, but only on the
properties of A.

So far we have neglected the labour inputs. How much labour is necessary
for the production system? If we call this quantity L we have

L = agy Xy + ao2 x2 t 4 4 s 4 e e @ X

on “n
or
L

- -1
a, X = aj (I - A) ~c,

It is an old tradition in economics to ask how much labour is contailned
in one unit of a given commodity. The answer can be given by the formula
above, If you increase component 1 of the vector c by one unit the total
labour requirement goes up by an amount equal to the 1 - th component of
the vector a (I - A)'1 Hence this vector is the vector of the per unit
labour content of the final products. It is what Marx calls "socially
necessary labour time" for the production of the diffcrent commodities
in the production of the different commodities in the economy.

We can derive the per unit labour content in a different way. Let zg

be the labour content of good i. Then the following equation must hold
n

* 313 %1

In producing one unit of good j aOJ units of labour are used up directly

In addition for each 1 aij units of good 1 are used up which embody

aiJ zy units labour . Hence the direct and indirect amount of labour is

given by the cquation above, In matrix form this equation reads

= +
z a, z A

from which follows
z (I - A) = ag

i} -1
z = ag (I - 4)

It is clear that an economically meaningful solution of this system of
equations requires z to be nonnegative., In a similar way as was done
above for the system of equations x = (I - A)'ic we can show that the

convergence of =
1A
k=o

be nonncgative., Thus we obtaln the result: The specific labour content

k is a necessary and sufficient condition for z to

of a commodity is a mecaningful concept if and only if the production
technology allows the system to be productive, Prices in such a system
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are proportional to the specific labour contents 1f we require prices
to reflect costs of production, For then the price equations are

pj =waOJ *zaij pi J =1’ se ol
or in matrix notation

p = wa + p A
where w 1s the wage rate. The solution is

p = wa, (I - Mt s

This is in accordance with the labour theory of value which says that
the exchange rate of goods is given by the ratio of their specific 1a-
bour content. Thus equilibrium prices exist 1f and only if the system
is productive, Let us note at last for future reference that we can
solve the above price equations by an iterative method analogous to the
distinction into inputs of first order, sccond order third order etc.
which we have introduced earlier. We compute recursively the following

ice ve o 1 2
pric vectors p s P 9 D s ¢ o ¢ o o by putting
o _ 1 _ o -
P~ =0, p° =wa  + p A= wa
2 _ 1
p° = wa + p° A or in gecneral
pt = wa + pt-l A

which basically mecans the t-th price vector is equal to the cost of pro-

duction of the goods, given that prices are equal to pt'l. Clearly we

can prove by induction

pt = wa (I + A+, ., .+ at-1
and hence t

limp = wa (I+A"'.oooot)=

e °

-1 _
wa (I - A) = p

Thus this interative computation process converges, Indeed under not
very unrcalistic conditions it may be a good and efficient way of appro-
ximately computing the equilibrium prices., We also observe that this
iterative process of computation has the property of converging monoton-
ically.,

Chapter 2, The Static Input-Output Model with Substitution
We are interested in the theory of equilibrium prices, if the industries

are able to choose among differcnt methods of production so that with a
changing price structure of inputs they are able to substitute one pro-
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duction technique by another. For any given industry J we can stipulate
a production function xJ = xJ (yoJ’ Yigs + o o ynJ) relating the out-

put producible to the inputs available which in a natural extension of
our notation are denoted by the vector yoJ’ « 0 e ynj‘

This production function can be derived from the set of available pro-
dyction techniques., Given perfect divisibility of inputs and outputs
and given perfect multipliability of the production methods the pro-
duction function is linear homogeneous and concave, We also assume
continuity.

Given such production functions we can derive cost functions and, since
we have constant returns to scale unit cost functions which are inde-
pendent of the quatity of output. Shepard in his by now classic book,
Production Functions and Cost Functions has shown how to derive one fram
the other, let ¢J (p,w) be the unit cost of producing good J, given
commodity prices p and the wage rate w., This unit cost function fulfills
the equation
¢y (pow) = wagy (p,w) +p al (p,w

where aoJ(p,wOis the labour input per unit of output and aJ(p;mis the

vector of commodity inputs per unit of output. Given substitutability
these coefficients depend on the prices of inputs.

We now instroduce the assumption of potential productivity of the system.
That i1s we assume there 1s available to the economy a matrix K of input

output ratios such that L
J A" 1is finite, This implies for every in-
k=0

dustry J is avallable a vector (aoj’ alj’ o o e e nJ) of input output

ratios sucE that the components (513’ 523 . . . anJ) are the j-th column
of matrix A, This assumption is simply the equivalent for the case

with substitution of the assumption of a productive system in the case
without substitution.,

We are interested in the exlstence of a market equilibrium in this case
with substitution, For this purpose we apply an iterative procedure to
compute equilibrium prices. If this iterative procedure converges the
exlistence of equilibrium prices is established, We fix w > o, It is a
constant in what follows, We put p° = O and gjt+1 = ¢J (pt, w) or in

t notation +1
vector no o pt = 4 (pt’ W)

where ¢ is the vector of unit costs, Now note the following inequality.
If the production methods corresponding to (503, §1J, o e anJ) are

applied the cost of production for given input prices cannot be lower
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than the unit costs (since the latter give the cost minimum among all
available methods of production). Hence ( - ? _
¢, (p,w) =wa_, + ) P, a4,
J o 4471 7L

or in vector notation
¢ (p,w) swaj +pA

Now we prove that pt is monotonically nondecreasing., It is known that
unit cost is a nondecreasing function of input prices. Hence we can pro-
ceed by induction, Clearly p1 = ¢ (0, w) 2 O = p°.

If now pt"1 < pt then

t+1

pP*1 =y (%) 2 6 (pF7T

SW) = pt

which proves the monotonicity using the monotonicity of the unit cost

function in prices., If we now can prove that the sequence pt is bounded
from above then convergence of the sequence follows from it's monotoni-
city. For this purpose we construct the auxiliary sequence rp defined by

r® = 0 and r**! = w a, + r¥ K. Hence we have r® = w a, (I + X+ WA
hence by assumption about A& we get
mrf = w3 (I-%"1 ana
P )
rt W 50 (1 - i)t
Now we show DY induction pt ;r-lc . For t = o we have p° =r° = 0 and
the inequality is fulfilled. If pt"1 < r¥=1 we can write
pt = ¢ (pt'i,w) W 50 + pt"1 X cw 50 + p"1 % = p® wnich proves the

inequality. But putting this together implies pt ;rt SwWag (1 - K)'l
and hence pt is bounded above and thus converges to some valuc p*. Con-
tinuity of the unit cost function ensures that at the point of con-

vergence the equation "

*

p =4¢ (p, w

is fulfilled.

After the proof of existence of an equilibrium price vector we show that
there exists only one such equilibrium price vector. To simplify the
proof we assumec that aOJ > o for every j and every avallable production

technique. This implies that the unit cost functilon ¢J (p, w) is a strict-
1ly increcasing function of w.,

Proof: Let p1 and p2 be twoequilibrium price vectors, Choose the index
2 2
Kk 1 h that 1, = K = P1_ . Then by the 11 h
n such a way a Kk = ;_T = m?x ;_T . en by e near homo-
k i

geneity of the unit cost function we have
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2 1 1 2 2
P = A Py = b (A Py A W) 2 6y (BT, A W) > 4 (P, W), 1f A > 1

since by assumption the unit cost function is a strict monotonic functim

of the wage rate, Hence p2 > p2 which is a contradition, hence i, <1
k k ’ k =

which implies Py <Pqe In a symmetric way we prove Py =P and there-
fore Py = Pqe

The total labour requirement to produce any given netoutput vector c¢ is
given by % (p* ¢) where p’ is the unique equilibrium price vector.

Proof: ILet a, and A be any available productive input output coeffi-
clents, If they are applied we get x = (I - A)'lc and the labour re-

quirement L is L = ag (I - A)'1 ¢c. By the cost minimizing property of
the unit cost functions we get for the equilibrium prices p’
> p} (I - A) or, since A is assumed to be

* *

wa_ +p A>p or wa,
productive and hence (I - A)"1 20 waj (I - A)"1 2 p’ which implies
L = a, (I - A)'lc 2 % (p’c). On the other hand, if we take the input
output ratios which are valid in equilibrium we have

pw - a F w + pw A*
o
hence
* ¥ -1 _ ¥
Yoo (I - A) =p
hence * " ¥ -1 1 -
L = a, (I - A") "¢ = = (pec)

The optimum Input Output ratios (which minimize the labour requirements)
are the ratios which are selected under equilibrium conditions., They are
independent of ¢, This last property is the so called Nonsubstitution
theorem of Arrow, Georgescu-Roegen and Samuelson., It is important, since
it says that under conditions of a single nonproducible input the equili-
brium prices of all commodities do not depend on the structure of final
demand but only on the production technologies available, The choice of
techniques problem can be completely separated from the problem of find-
ing the correct composition of output, Let us also emphasize that the
labour theory of value is vallid with or without the possibility of sub-
stitution,

Chapter 3, The Static Input-Output Model with more than One Nonproe
ducible Factor of Production

There is no mathematical difficulty to extend the model to more than one
nonproducible (original) input. Let there be r original inputs., The num-
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ber of input output ratios per industry is then r + n, Again we can de-
fine production functions

XJ = xj (l.lJ, . . . ) lrJ’ ylj’ . . . . ynj)
where the 1 represent direct original inputs in the j-th industry.
kJ

Let us call ka the input output ratio of original input k and output
J. Let B = (bkj) be the r times n matrix of these input output ratios,

Let w be the vector of prices of the original inputs. We then have unit
cost functions ¢J (w, p) which form a system of equations

p = ¢ (w, D)

whose solution p’ determines the equilibrium prices. In a similar manner
as was done above we can show existence and uniqueness of such an equili.
brium price vector p' for given w. The function p'(w) determines unit
costs of the products as a function of the wages of original inputs. To
such a unit cost function p; (w) for the j=-th produced commodity corres-
ponds a linear homogeneous "production function" cJ (llj’ oo lrj)

in term of the original inputs only. This "net" production (net of inter-
mediate products) is what from the point of view of the cconomy as a
whole we are:interested in, It is an obvious generalization of the con-
cept of labour content of a commodity. Such a net production function can
also be computed directly from the production functions in the different
industries; but such a computation is not easier than the computation of
the unit cost function p;(w) and the computation of the netproduction

function from it.

It is well known that the independence of prices from final demand breaks
down as soon as we have ‘'more than one original factor., There is no a

priori principle which could determine the relative Wages Wy, Woyee oW,

of the different original factors., They have to be determined in the
market, If for example the total supply of the original factors

L1, L2, .« oo Lr is fixed then their relative prices are fixed by the
demand functions for them, But these derived demand functions depend on
the final demand for consumption goods, If demand is high for such con-
sumption goods whose production (directly and via the intermediate pro-
ducts) uses factor 1 in large quantities then the equilibrium price of
this factor will be high, Given a different demand structure the equi-
librium price of factor 1 may be lower (say relative to the equilibrium
price of factor 2), But this implies that also the methods of production
will be influenced by the structure of final demand. If factor 1 inten-
sive products arc in high demand and thercfore the ecquilibrium price of
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factor 1 is high, firms will use methods of production which save on
factor 1 inputs. The situation is different, when the equilibrium price
of factor 1 is low, Given any net production function cJ (zlj, 123) with

two original inputs we can construct a factor price frontier, We use
for this purpose the unit cost function p; (ﬁl, §2) where ﬁl and G2 are

the money wage rates., The real wage rate il ﬁe
w S — w = —
1 pj* ’ 2 pjd‘

can be computed. Since pj* is a linear homogeneous function of ﬁl and
ﬁ2 w1 and w, are completely determined after the ratio of the wage
rates is fixed. By putting pJ* = 1 we can determine w, as a function of

w, from the equation

1 _ #*
1 = pJ (wl, w2)

This function Wy (wl) is called the factor price frontier, This factor

price frontier is of course closcly rclated to the production function,
Thus it's slope 1s given by the following computation, Differentiability
assumed we know that the slope of the unit isoquant corresponding to the
production function is given by the cost minimization condition

dg2J Wy
where = -.}il and = _1_2-1
815 © ¢ 8oy © ¢

are the 1input output ratios of the net production function, Putting
unit cost equal to unity (the good J is the numeraire in which the real
wage rates are cxpressed), we have

1=p,7 = +
TPy T By W tEy W
Total differentiation yields
o = glj dw1 + Wy dg1J + g2J dw2 + LP dg2J
This together with the cost minimization condition yields

o = gij dw1 + g2J dw2

or
Mo L L By
aw, 823

The curvature of the isoquant is determined by the elasticity of sub-
stitution
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g g
d log -il d log _141
¢ = 52 - €2j
W
d log Wg d log | slope of isoquant]
2

In a similar way the curvature of the factor price frontier character-

ized by Wy wy
d log w d log oy
2 2
T = = =
o d log | slope of fpf] 4 1o 321
g
gl,j
b
d log i
= 1 = 1
g -
d log NP g
823

Thus the two indices of curvature o and o' are recciprocal. The more
curvature there is in the 1soquant (the lower the value of o) the less
curvature there is in the factor pricec frontier.

To obtain a graphical represcntation we can represent every technique

of production by a straight line in the Wiy W diagram, This line re-

presents the combinations of wy and W, which ian be paid to the original
factors of production, given that this technique of production is used.
The slope of this line represents ratio of the intensities with which
the two original factors arec used (directly and indirectly). If we draw
the different lines corresponding to different techniques of production
then the relevant factor price is the upper envelope of all these lines.
For every given value of Wy the technique is chosen which maximizes the

wage of the other factor of production (and vice versa)
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Part II

Circulating Capital

Chapter 1, A One Scctor Model

We now want to introduce the time dimension into the production process
explicitely. Inputs have to bc made aailable before the outputs are
avallable, We first consider a very simple model with only one producible

commodity and one nonproducible good (called labour). To produce one unit
of the commodity we need a units of this commodity as input (O<a < 1)
and a, units of labour input. Both inputs have to be avallable one period
before the availability of the output. But we assume that the wage is
paid to workers only after the output has become avallable. Hence there
is no interest cost on wage payments. If the price of the commodity is p,
if the nominal wage rate is w and if the interest rate is r we have the

unit cost equation

P = a, W+ (1+r) ap
or a, W
P = T(Tvma
The real wage rate w = % in terms of the commodity is
W = w- 1 - (1+4r) a
a, w a,
1-(1+r)a

The real wage rate is a linear downward sloping function of the rate of
interest. It reminds
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one of the factor price frontier. The slope is given by - %— . On a
o)

macroeconomic level we assume that labour supply L grows at a rate g.
The total volume of production under conditions of full employment of
labour is then given for time t as (Lt 1s the amount of labour paid at

time t) 1
X, = = L
t ao t

Commodity inputs will then have to be at time t - 1

Yga1 = 3¢

Since Xigq = (1+g) Xy s we then have y, = (1+g) Yeoq © (1+g) ax,

Total consumption Et is then

- _ _ - _ 1-(1+g)a
Cp = Xy = ¥y T X - (1+g) ax, = X (1-(1+g)a) = Lt ——EZ—EL—

Consumption per head c is

c = EE = 1 - (1+g)a
v T - a
t (o}

The relation between consumption per head and the rate of growth is
mathematically identical to the relation between the recal wage rate and
the rate of interest.

We are interested to find out how much capital or wealth is in the eco-
nomy at any given moment. Let V be the value of the stock of commodities
in the cconomy. The stock must grow at the rate g and hence nect invest-
ment I = g V., Net national product Q is then Q = I +¢ = gV+c¢e =
gV+cL=(gv+ec)L, where v is the value per worker, On the other
hand we must have Q = r V + wL = (rv + w) L . Hence
gv + c =rv+w
or, if r + g

C = W

V=r-g

Since ¢ and w can be determined as functions of v and g we compute

v = 1 - (1+g) a =(1-(1+r)a) 1 . a_ r-g _ a_
T - g a a, Tr-g a,

v is then the slope of the wage-interest curve and the consumption-
growth curve,

We now introduce substitution., Let there be a curve a = w(ao) along which

firms can seclect one point which then determines the two input output co-
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efficients, We assume ¢ (ao) to be differentiable - which is not a very
important assumption - and

¥'(a)) <0, ¥'' (a)) > O

The cholce of technique now depends on input prices, Every technique of
production can be represented by a straight line on the r - w - dlagram,
The slope of the line 1s equal to the

w

(negative) ratio of inputs - §— + For any given wage rate the firm will
o
choose the technique which maximizes the rate of profit and thus now the
outer envelope of all lines will be what we call the wage-interest curve
of the economy, To put it the other way round., Given a certain interest
rate, firms can afford to pay a real wage rate which is equal to the
maximum of all wage-interest curves at this interest rat. Demand for
labour will be higher than supply until the wage rate has risen to that
level, Only the technique(s) which can pay the maximum wage rate will

actually be used,
If the isoquant a = g (ao) is differentiable the same is truc of the

outer cnvelope of the different wage interest curves. By the envelope
theorem the slope of the wage-interest curve must always be

aw . _oa. . _
dr a_

where %— refers to the technique which is in use at that point. But since
o

we have for net output per worker qQ = ry + W
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we obtaln dg = rdv + vdr + 4w
dg . dr dw
av rot YW Y w
dw _
Because of T - v we have
dw _ dw dr dr

r - and hence

d dr dr _
WErTrVE-VE T

The marginal product of capital is equal to the rate of interest. We are
then able to develope, what Samuelson calls a surrogate production funct-
ion which rclates net output per man to capital per man and which has the
property that the marginal product of capital 1s equal to the rate of
interest,

This"production function" is not a technical relationship in the strict
sense, The technology has becen described in terms of the input output
ratios a and a, and the unit isoquant a = y (ao). But we can treat it, as
if it were a technological relationship. Thus for example the Solow-
growth model takes such a "production function" and treats it as a tech=-
nological relationship. Our analysis here shows that such a procedure may
be legitimate even though the underlying technology is different. But the
limits of this procedure will become clear in the next chapter.

Chapter 2., Many Goods, no Substitution
We now return to the many goods case. But we assume that there 1s only

one kind of original input, which we call labour. If workers arc paid at
the end of the period but all other inputs are paid at the beginning of
the period we get the following price equation for good J

n
Py = agy W + (1+r) 121313 P; J=1,...n
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or in matrix notation
p=ia, (I-(1-(1+4r) )77
If the system 1s productive then for sufficiently small r the matrix

(I =(1+r) A)'1 is nonnegative so that the solution of the price equations
makes secnse,

In order to derive a relation between the real wage rate and the inter-
est rate we have to deflne the real wage., For this purpose we take a
standard commodity basket s = (31’ “ 0 e e sn). The real wage rate is

then defined by the number of standard baskets which one can buy with a
given nominal wage rate and at given prices. The price of the standard
basket 1is Py 84 + Py Sy ¢« v Py S, = P .S and hence the real wage
rate is defined to be _
=
w = 5 s
where W is the nominal wage rate. Then we get

W 1

W = =
#a, (I -(1+r) M-1s a, (I-(1+r) A)"'s

If we look at an exponentially growing economy with this technology we
have for the vector of inputs at time t

y" = (14g) y¥1 = (14g) a4 xP

hence for the vector of total consumption

C=x-y = (I - (1+4g) A) x
or, for any given vector ¢ we find the production vector

x = (I - (14g) A)~1 3

The consumption level per head 1s defined in analogy to the real wage
rate, We assume that the vector ¢ is proportional to the standard

basket s S = s

where ) 1s some skalar, The level of consumption per worker (per head)
is then defined to be the number of commodity baskets per head which is
available for consumptive purposes in the ecconomy. We call it ¢, which

is a skalar, We have N

c S -
L
But we have an equation for L

L=a, x=a (I -(1+g) Mtz

o
= a, (I =(1+g) A'i) A s

Dividing this equation by L yields
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i} -1
1 = aj (I -(1+g) A7) s c or

1

a, (I -(1+g) A)"1 s

We observe the following important duality property: The dependence of

¢ on g has the same mathematical form as the dependence of the real wage
rate on the interest rate. Thus the wage-interest curve has a dual inter
pretation as the consumption-growth curve of an economy using the pro-
duction technique 1n question.

It is perhaps worthwhile to make @ remark on Marxian value theory in
this context, As is well known there is a difference between value and
price in the Marxian system, The value of a commodity is proportional to
the specific labour content of the commodity. But Marx and his successars
know that in a capitalistic economy goods are traded at prices which are
not necessarily equal to the values, Equality of prices and values ob-
tains only (if one disregard technical progress for this exercise to
which we will turn later in a similar context), if the rate of interest
1 . e . the degree of exploitation is zero. "Bourgeois" economists have
frequently asked the critical question: what is the use of a concept of
value as distinct from the concept of price if you want to understand
the functioning of the capitalistic system? We cannot discuss this quest-
ion here: let us only note that the Marxian concept of exploitation is
derived from value theory and could not be derived in a similar way from
the Marxian price theory. In fact the pricc theory (of Volume III of

Das Kapital) presupposes the theory of exploitation (of V.lume I of Das
Kapital). Let us grant for the purpose of the argument that it makes
sense to have a theory of value as distinct from a theory of price.

The next question then is this: is the specific Marxian definition of
value the appropriate one? What are the criteria from which to derive an
appropriate concept of value? Values for Marxian theory are the form in
which in a capitalistic system the social costs of production of commodi-
ties appear. The labour theory of value says that the value of a commodi-
ty is proportional to the labour time socially necessary to produce it.
While values may be something specific to capitalism we can compute the
soclally necessary labour time in other systems too, say in a rationally
organized soclalist system., In such a system, according to Engels there
exists a production plan and "the utilitiles (in German: "Nutzeffeckte")

of the different useful objects, weighed against each other and against
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the quantities of labour necessary to produce them will determine the
plan", In other words one of the main purpsegof the plan in a soclalist
economy is to allocate the quantities of labour in such a way that they
yleld a maximum of use value, It is the idea that the labour content of
a product represents it's opportunity costs of production, Instead of
producing it society could have produced any other thing requiring the
same amount of labour, A soclalist soclety would thercfore value each
product according to it's socially necessary labour time.

Using this unit of account the total "value" (value here is not necessar-
11y exchange value, since no market relations need exist) of final pro-
ducts of a society with given expenditure of labour is the same whatever
the specific product mix of these final output may be. Given the decision
about the composition of the basket of final products the planners deter-
mine the quantities of intermediate products that have to be produced
according to the technological conditions of the economy.

Let us now go back to our model and try out this labour unit of account
Let Ty be the "value"of good 1 . . . . . and let T be the vector
(nl, ¢ ¢ o o o nn). Then it is required that in an equilibrium system
with a given supply of labour the total value of final products be the
same and idependent of the composition of the vector of final products
which we called ¢, Now we have the equation

L =a, (I-(1+g) )71 3

If we put 1 = a_ (I - (1+g) A)”" then the "value" of & (val) is given by

val = nm¢c =1L
and hence for given L it 1s independent of the specific structure of c.
Now observe that the price equation 1s given by

p (r) = wWa, (I -(1+r) A)72

Hence the value vector I can be identified with

p (g)

=2

The values of commodities are proportional to their prices which would
prevall in a market system if the interest rate would be equal to the
"rate of growth,

This result 1s not consistent with the Marxian definition of value, This
would only be the case, if the rate of growth of the system were zero., We
have to keep 1n mind that the Marxian definition of value was developed

in a time in which there did not yet exist a well developed body of know-
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ledge of growth economics, Thus he and Engels implicitely assumed a
stationary cconomy when they believed that the specific labour content
of a commodity is the right indicator of social opportunity costs in
producing this commodity. They did not ralize that one has to weigh
labour units according to the date of theilr availability and that this
welghting system depends on the rate of growth of the system., - It 1is
probably casier to understand the problems involved, if we turn to the
method of computing the flow of labour inputs which are necessary for
the production of final products.

Chapter 3. Dated Labour Inputs and the Thcory of Value and Exploitation

If we want to produce one unit of good J at time zero aoJ units of la-

bour have to be available at time -1 and have to be paid at time zero.

In addition the vector le = (alj’ o« e e anj) has to be available at
time -1. In order to producc this vector agq a1J + ago a2J + "‘aonanj=
= ay le units of labour have to be made available at time -2 (and have

to be paid at time -1). In addition the vector of inputs y2J = Ay'J has
to be available at time -2, This again requires labour in the amount

a, y2J and so on, We can give a tabular representation of this comput.

ation in the following way

commodity| y7d =ay6d | y63 =ay5dyod say ¥yt 2ay 38y 3 2 ay2dy 20 o pytdyd
inputs
4 1 ) " ' 2 1 1 )t
Ce e .| -7 1 -6 ‘ -5 l -4 l -3 \ -2 | -1
The time series of labour inputs 1s then (we put the inputs on
the time axis according to the payment of wages)
6.1 5.13 4 13 313 213 13 1J
aoA y aoA y aOA y aoA y aoA y aoAy ay ayq
1 d P 1 1 . 4 ;t
o« o e s -7 -6 -5 -4 -3 -2 -1 0

This last scquence shows how the 1Intermediate products can be dissolved
into a flow of labour inputs which is a prerequisite of the final output.
Let aj(t) be the labour input necessary at time -t for the production of
unit of good J at time zero., Then we have “J(°) = a,y aj(l) = aoylj, in
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general: te1 1

aJ (t) = a, A YJ
In a similar way we are able to compute the labour requirements for any
commodity basket s. Let us call them as(t). Then we have

ag (o) = as, ag (1) = a, As and in general

_ t
a_ (t) = aj A’s

The cost of production of any commodity basket s can be understood to be
the sum of the present values of the labour costs of the required labour
flow of the basket. This cost ks is then equal to

k. =% ) a_ (£) (141)°®

=wa, Ja% () = Fa, (I- (14r) M)7s = ps
t=0

since we had derived earlier

p=wa (I-(14r)A)7"
That is, we get the correct results for the prices of the commodities if

we compute their production costs via the flow of labour requirements.

If we are now in an integrated growing economic system then in any given
period of time the economy is as it were working at the production of
consumption goods for many future periods simultaneously. The cconomy is
at the same time engaged in the last stage of production of the consump-
tion goods to be available in the coming period, in the last but one
stage of production for the consumption goods to be avallable one period
later and so on, That is 1t synchronizes the production of consumption
goods for different future periods. The following table applies to a
system which grows at a rate g and gives an impression of the working of
this synchronization, (p.24) If we now look at period O, we see that
labour is used in a total amount of

a, s ¢ L, (lowest line) + a, A s c L (1+g) (line above)

+aoA2SCL0(1+g)2+aoooo

The total amount of labour used can of course not exceed Lo and thus by
dividing through Lo we get the equation

1= ] aj ats ¢ (1+g)% = a, (I - (1+g) M7l ¢
t=o

which determines the level of c. It 1s of course the same cquation as we
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had already derived. Our "theory of value" now perhaps becomes clearer,
Because we consider steady state situations an additional provision of

one unit of consumption good 1 today implies that we provide (1+g)
additional units of good 1 tomorrow, (1+g)2 additional units of the same
good the day after tomorrow and so on, This implies that we have to pro-
vide today a;(0) + (1+4g) a; (1) + (1+) a; (2) + (1+48)° oy (3) + o o . o
additional units of labour which means a corresponding sacrifice in terms
of another consumption good. But this total labour requirement of this
additional unit of the consumption good is exactly represented by it's
costs of production (for a nominal wage rate w equal to one), if the rate
of interest at which earlier labour costs are compounded is equal to g,
the rate of growth of the system,

Now of course the question is: why should we restrict our attention to
steady states only? The answer in this context 1s threefold. We are inten
ested to give the concept of"value" (as opposed to price) an operational
meaning. It is a well known fact in modern theory that relative prices
(and not what Marx calls values) are an indicator of the marginal rates
of transformation between two consumption goods, if we are Jjust inter-
ested in a single trade off between two goods (that is a trade off limit-
ed to one period), Thus it must be this stcady state trade off between
goods which remains for the purpose of Jjustifying the concept of value,
Secondly, under conditions of no substitutability in the methods of pro-
duction the usual case will be that a onc period deviation from a steady
state situation can only be accomplished by not fully utilizing all
available recources (due to bottlenecks in other resources), so that
relative prices underrepresent the opportunity costs of additional con-
sumption of some commodity. Thirdly and most importantly: A rational
planner must have an independent Interest in these steady state payoffs,
perhaps even a dominating interest in these kinds of payoffs: if he is
for example interested in an improvement of the housing condition of the
population he must calculate the cost of a permanent increase of the
supply of square meters of housing spacec per inhabitant, For this purpose
this steady state calculation is exactly what he needs.,

The concept of a labour unit of account or "value" as opposed to price
may therefore be useful in dlscussing problems of rational planning. But
the value should then be computed by glving the labour {nputs of a commo-
dity time dependent weights and thereby taking account of the rate of
growth of the system, It should be noted that according to this concept
of value, price and value coincide when the rate of interest 1is equal to
the rate of growth which means that the sum of profits on capital and the
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value of net investments are equal,

This concept of value can of course not replace the role of prices in
the planning process, It only applies to steady state comparisons and
and in any real planning situation with given initial conditions the
dynamic problems of the transition from one state to another are import-
ant, In this context the usual prices are indispensable., The distinction
between the value concept and the price concept is somewhat similar to
the distinction between the Golden Rule of Accumulation and a true dyna-
mic theory of optimal accumulation,

Marxian theory relates the theory of valuc to the theory of exploitation.
The theory of value has to explain how exploitation is possible in a
situation in which every agent operates on the basis of free contracts,
Marx explains the possibility of exploitation from the fact that the
commodity labour power produces more value than corresponds to it's own
value, The value of the commodity labour power is equal to the amount of
labour necessary to reproduce itself: if this is less than one unit of
labour then the surplus of value produced by the commodity labour power
over the value of labour 1s the surplus value which is appropriated by
the capitalist, 1.e. the owner of the means of production, The degree

of exploltation is then defined by the ratio of surplus labour to
necessary labour (i.e., labour time necessary to reproduce the labour
power)., Thc labour theory of value thus glves the key which connects the
distribution of values produced in the economy between the classes with
the degree of exploitation in the economy. By the definition of value it
is true that the degree of exploitation, e, is

surplus labour = surplus value

¢ necessary labour necessary value
This degrece of exploitation 1s not correctly reflected in the distribut-
ion of national product as evaluated in market prices and therefore can-
not be easily computed from "bourgeois" national accounting statistics.
Indeed I shall argue presently that the distribution of income in
"bourgeois" terminology is a grossly misleading indicator of the degree
of exploitation in the Marxian definition,
Marx discussed at length the difference between prices and values and
Marxists who have understood what they call the transformation problem
are well aware of the fact that the distribution of national product in
market prices corrcctly reflects the degree of exploitation only if one
commodity, namely labour power has a price equal to it's value, Only
then and if we have a truly stationary economy the folowing equation
holds: share of wages in national income in market prices = value of
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labour power divided by value produced by labour power., But there 1s no
reason to assume that labour power has a market price equal to 1it's
value., This would only be true if the means of substistence of the work-
ers would sell at their value which presupposes that the "organic compos-
ition of capital" of the industries producing the means of subsistence

is equal to the economy's average organic composition of capital. There
is no reason to assume that this must be so. Thus value computations,
i.e. computations in terms of socially nccessary labour remaln necessary
i1f you wish to keep traeck of the degree of exploitation,

Let us for the purpose of simplifications assume that the labour force
is stationary in our following excrcise., A similar analysis can be made
under different assumptions such as an exogenously or endogenously grow-
ing labour force, We now assume that productivity grows exponentially
where for our prescent purpose it does not matter whether this productiv-
ity growth 1s exogenous or (which is more ralistic and more in the Marx-
ian tradition) endogenously determined by what Marx calls "production of
relative surplus value", In terms of our input output system we assume
that the labour input vector a, declines exponentially through time so
that

a, (t) = (1+4y)"t 3,

The Marxian values of the commodities, i.e, their specific labour con=-
tent are then given by 1 = (Hl, .« oo nn) with

n
HJ(t) = aoJ(t) + 1§1aij Hi(t-i)

or i1n matrix notation

n(t) = ao(t) + n(t-1) A

Now, due to the growth of productivity the value of the commodities de-
clines exponentially through time and we have

m(t) = (14y)~! n(t-1) or
N(t-1) = (1+y) 1n(t)
It therefore follows

n(t) = (1+4y)"°F 50 + (1+y)n(t) A

n(e) (I - (14y) A) = (1+y)™" &

M(t) = (14y)"° & (I - (14y) a)-t

o
If z (t) 1s the vector of final products or consumption and if z (t)
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grows exponcntially at rate y we have the equation

x (t) = (I =(2+4y) A)7Y 2 () = (I -(1+y)8)" (1+y) %
and the labour requirements are

L=ay (8) x (8) = (1+y)"" 5 (T -(14y) 8)71 3 =

(o}

=1 (t) (1+v)% 2 T (y) z (t)

The total value of final products is thus equal to L and hence indepen-
dent of time, The value of wage payments, W and the value of profits
(surplus value) S are given by

= = - _L
L=W+S5=W(l+te) or W= g7

How can we measure the rate of exploitation empirically in an easy way?
We observe that the total value of consumtpion n(t) z (t) is equal to L
and hence the rate of exploitation can casily be calculated from the

formula
=L . I(t) 2 (%) or

w o= T+e 1 +e

e = I (t)% (t) -W
W

The rate of exploitation is the difference between the value of con-
sumption and the value of wages divided by the value of wages, If for
the sake of simplicity we assume that this ratio is approximately equal
to the ratio of the corresponding value in bourgeois terms then the rate
of exploitation is simply

C = W _ c 1

= - -

e =
w w

the ratio of consumption per worker to the wage rate minus one.The simpli-
fying assumption just made is in general justified: it is equivalent to
the assumption that the"organic composition of capital" of the wage good
industries is equal to the "organic composition of capital" of all con-
sumption good industries., But the former are identical with the major
part of the latter, Therefore they must have similar "organic compos-
itions of capital™,

Clearly the ratio of profits to the wage bill in terms of bourgeois
national accounting is a completely misleading indicator of the rate of
exploitation, To get a quantitative impression of the relation of the
distribution of income in bourgeois terms to the rate of exploitation,
assume that - in bourgeols terminology - only capitalists save and let
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the ratio of savings (or investment) to profits be denoted by a., Then we
have national income equations

y==c+l=rv+w
where 1 = investment per worker, r v = profits per worker (in bourgois

terms). We then have {zarv

and therefore
ctarvsz=prv+w

(1L -a)rv

]
=
"

_c =-w _ rv
e = = = (1 -a) S

\

The rate of exploltation is 1 - o times profits divided by wages in
bourgeols terms., A realistic savings ratio of capitalists is 75%. Then

1 -« a 1s equal to % The ratio of profits to wages in modern economies
is about 1:3 (if you count as wages part of the income of the self-
employed), Thus the rate of exploitation appears to be about T%' In

bourgeoils national accounting terms the ratio of profits to wages is %.

Let us investigate the situation of no exploitation for a moment. No sur-
plus value 1s produced, workers receive all additional value produced in
any given period and spend it on consumption goods. The rate of profit

is zero. No accumulation of capital takes placc. The prices of the
commodities relative to the wage rate coincide with their values

lp=n=@ma (1-an)7?

w
The Marxian values indicate the steady state social payoff between any

two goods and so do the prices., The prices and Marxian values are pro-
portional to what we have called values in the model with a growing
labour force and no technical progress,

In bourgeois trms we would tell the story as follows. In recal terms, i.e.
in constant prices, the economy grows at the rate y. The share of wages
in national product equal to the share of consumption in national pro-
duct, The share of profits i1s equal to the proportion of national pro-
duct which 1is invested. The rate of profit is equal to the rate of growth
of the system, The capital stock also grows at the rate y, This differ-
ent description of the same process should be kept in mind when the two
schools of thought try to understand each other. The "bourgeois" schools
of thought like (to take two schools existing today) the MIT School or
the Cambridge School tend to reckon in real output i.e. output at con-
stant prices. The Marxian school reckons in Marxian values whence there
cannot be a sustalned growth of produced values unless total labour time
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in the economy increases,

If we look at developed capitalist economies of the twentieth century

the major part of cconomic growth 1s due to the growth of labour product-
ivity and only a comparatively small fraction of growth is due to an in-
creased expendlture of labour time, Thus in Marxian value terms growth is
several times smaller than in boyrgeok real output terms. As a conse-
quence of this only a small fraction of net investment in bourgeols terms
is capital accumulation in Marxian terms, The bulk of it is the conser-
vation of already accumulated constant capital in the form that new means
of production replace the means of production consumed in the process of
production. Correspondingly the profits in bourgeois terms, out which the
investment is financed, are mainly not realized surplus value but repre-
sent part of the value of the consumed means of production.,

In as much as our model of a stationary labour force (in terms of man
hours) reflects certain laws of motion (certainly not all important laws
of motion) of advanced capitalist countries the Marxian theory of value
does indeed give a better picture of the division of labour time between
"necessary labour" and "surplus labour" than the bourgeoils figures of the
distribution of national income do, This must be so , if we properly
understand what is meant by the Marxian concepts. But it can also be seen
from the time structure of production, We have shown above how one can
derive the flow of labour inputs which are necessary to produce a given
vector of final outputs. The Marxian theory of value rests on the assump-
tlon that such a computation of the socially necessary labour inputs is
possible, Now let in our model for every t and every T > O LtT(n) be the

quantity of labour expended at time t for the production of final goods
avallable at time t+T for the consumption by the working class, Let
LtT(s) be the quantity of labour expended at time t for the production of
final goods available at time t+T for the (nonproductive) consumption by
the capltalist class, Then the degree of exploitation e at time t is gi-
ven by

ne-g
o

=

ct

-3
~~
w
N

(]
n
-3

I

ne-1g

oLtT(“)

-3

In the "stationary" system which we are considering and which in Marxian
terms 1s a special case of the model of "simple reproduction” we can
apply what can be called a fundamental law of synchronization: the degree
of exploitation is also reflected in the distribution of the value of
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final products among the two classes. Indeed the stationarity of the
system shows itself in the equations

Ltr(“) = Liyg(n) = L, (n)

LT(s)

Lep(8) = Liyg(s)
for any pair t and t'. The value of final products consumed by the work-
ing class at time to is of course given by

;o ;o

L ,t -t (n) = L (n)
t*"o tete to-t

toew

= L.(n).
oo I

In a similar way the value of final products consumed by the capitalist

class 1is
;° (s) ;° L, . (s) = J L.(s)
L ,t -t = s = L _(s
tzmw ©° O tz-w Uo~t 120 ¥

which shows that the degree of exploitation is reflected in the value
ratio of consumption of capitalists to consumption of workers.

I should 1like to stress the similarity of the value formula as it was
derived above for a socialist economy and the Marxian value formula for
the model of a capitalist economy which we discuss just now. The formula
for the socialist economy was

m=a (I- (14g) )7

The Marxian formula for the capitalist economy is

s ag(t) (I+ (14y) A7

where ao(t) = (1+y)'t 50. In both cases we see that the real rate of

interest(i.e. in an accounting system with constant commodity prices)

is equal to the rate of growth of the system whenever the prices are
proportional of the values. And in both models this rate of intcrest
implies that total labour time is devoted to the production of present
and future commodities for the consumption of the working class. We will
come back to these considerations in part IV of these lecture notes,
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Chapter 4, Dated Labour Inputs and the Period of Production

The Austrian school, in particular Carl Menger, thought of the product-
ion process as being a linear process which went through a finite num-
ber of stages. In the first (or highest) stage only nonproducible inputs
produce "goods of the highest order". In the next stage nonproducible
inputs together with goods of the highest order produce goods of the
second highest order and so on until in the last stage nonproducible
inputs and goods of the second lowest order produce goods of the lowest
order which are consumption goods., It 1s clear that the matrix of input
output coefficients has to have a certain structure in order to confirm
with Menger's model of production, If you order the indices of the
different goods according to the order number of the goods then the
matrix A would look like this., Every stage g¢+$,

T -' 4 —t-
| |
| |
I M
————— —T——1——_——-_——-;
I o tArT TII |
4 L___1_ ______ .J'_______I
| | |
| 1 |
| ) IA [
111 | f111, 1V
]
| | |
Lo mm oo R S q
| | |
Lo 1A |
I |
w , Ay, v
b b ———- -
| | |
| : |
{ | |
I
v | ° fV,VI |
! l [
. o mm— = ———
| |
! 1
vI 0 L0 rhAyr,vix
I O
|
|
!
|
VII I o
]
|
L

say, a roman number (in the matrix drawn there are seven stages of pro-
duction). The input output coefficients aiJ are zero unless 1 belongs
to a stage one above the stage of J. For every stage J (except the low=-
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est or last stage) there exists a submatrix AJ J+1 containing all the
H]

nonzero coeffients linking this stage with the next one, Thus these sub-
matrices are located above (or to the right) of the diagonal submatrices
indicating flows of inputs within the same stage which by assumption are
noncxistant,

Assuming such a production structure the total production process takes

a maximum of m periods,where m is the number of stages. It is not diffi-
cult to compute the flow of labour inputs corresponding to any production
process leading to some consumption good. It was B&hm-Bawerk who intro-
duced the concept of the average period of production., By this he meant
the average time distance between original inputs and the final output.
If there are m production stages we can define the average period of pro-
duction for commodity i

m=1
I a ()t

t=o0

m-1
1 a(t)

t=o
The importance of this concept lies in the fact that the average period
of production is in some way or other related to the quantity of capital
that is involved in the production process,Béhm-Bawerk believed that he
ecould directly derive the relative capital intensity from tne average pe-
riod of productionIn order to make this plausible let us assume a stationary
production system and we shall for the moment assume that the rate of
interest 1is equal to zero, Given the wage rate w thc value of the product
of the earliest stage is equal to W a (m-1), the valuec of the product of
the next stage is W (a (m-1) + &« (m-2)) and so on, Now in a stationary
system every stage of production is active at the same time, so that the
total value of means of production in the system is given by

Vzuw ((a(me1) ) + (a (m-1) + a (m=2) ) +

((! (m-l) + a (m—2) + a (m"B) + .. . ¢t (G(m'i)"’... +G(1)) =

m-1

w ] ta (t).
t=o0

If we divide this by the value of net product (or consumption), Q, in the

system (which is equal to _ m+
w o) oa (t))
t=o0
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m-1

Wl ta(t)
t=o0 _
I a (t)
t=o

we get

|

V.
5

The capital output ratio in the cecconomy 1s equal to the average period
of production,

This result does of course not depend on the Mengerian structurc of pro-
duction, Several authors (Morgenstern, Knight) have criticized the con-
cept of average period of production on the ground that the production
process usually 1s circular in the sense that some good 1 is an input
of good 2 and good 2 is directly or indirectly an input of good 1. In
such a case, as can easily be shown the flow of required labour inputs
for some final output extends into minus infinity. Thus the production
process has no wcll defined beginning. This was concidered to be an
obstacle to the definition of an average period of production, But it
need not be one and usually it is not,for the expression

a (t) t

ne- 8

s
o

a (t)

e~ 8

ct
o

usually 1s finite and hence well defined. In probability theory we are
used to probability distributions extending over an infinite range which
have a finite expected value, Hence even though historically the concept
of an average period of production was developed under the influence of
the Menger theory the assumptions of this theory arc not necessary.

The real difficulty of B&hm-Bawerks approach to the mecasurement of capi-
tal is that the valuation of a given stock of intermediate products de-
pends on the rate of interest. The capital output ratio 1s therefore in
general a function of the rate of interest, So far we only have shown:
capital output ratio and average period of production are cqual when the
rate of growth and the rate of interest are zcero. Bdhm-Bawerk circumven-
ted thls valuation difficulty by assuming a peculiar kind of computing
present values, He applied the principle of simple interest payment in-
stead, what would have been correct, compound intercst payment. Thus
interest is pald only on those parts of capital which are the direct
result of an outlay of labour costs, while those parts of capital which
are due to earlicr interest payment do not get interest payments. Given
this procedure we can compute the éosts of production of a commodity
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(we drop the index of the commodity)

p=Ww a * W (1+r) @y *+ W (1+2r) a, + W (1+3r) a3 e

or
p =W

a, (1+tr)
t t

nesg

[o}

In a stationary system net output per worker (in physical units) must be
equal to

The value of net output per worker is pc

) ap (1+tr)
pc = W

Z G

This value of net output is distributed between workers and capitalists

e hav -
and we have pe = W + rv

where v is the interest earning part of capital. We then can compute

] o (1+tr) _ ] a, t
rv=pc-v7:=\}'l ——L——-—-i):wr .._—.t—
) %t ) %t
and hence
1: Zatt =T
71

The ratio of interest earning capital v to the wage bill is given by the
average period of production, But it should be clear that this is not
total wealth in the economy. There is additional wealth which does not
earn interest, Bdhm-Bawerk called capital the subsistence fund, by which
he meant: since labour has to be expended long beforec the final product
accrues there must be some funds out which worker can be fed before the
product is avallable., This is the subsistence funds which allows round-
about methods of production that is methods of production in which final
output accrues only with a substantial time lag after the inputs, But it
1s important to sce that this subsistence fund is nothing but the inter-
mediate products of processes of production which are under way. The sub-
sistence fund does not consist of a great heap of goods ready for con-
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sumption, but it is embodied in intermediate products which will slowly
turn into consumption goods., Here it 1is important to realise that differ-
ent processes of production which at any given moment of time are in
different stages of maturity are synchronized properly so that a steady
flow of consumption goods 1s supplied even though any given process of
production is not able in itself to provide it's final products in an
evenly distributed manner. This principle of synchronization is import-
ant if the stock of intermediate products is to serve as a BShm-
Bawerkian fund of subsistence.

Chapter 5. BOhm-Bawerks Law of Increased Productivity of Increased
Round aboutness, The Point-Input - Point Output Model
Bdhm-Bawerk was interested to explain why there 1is a positive rate of

interest, One of the special and particularly important reasons for a
positive rate of interest which he gave was his law that labour producte
ivity incrcases with an increasing round-aboutness of production, The
degree of roundaboutness 1is measured by the average period of product-
ion., Since the average period of production is a difficult concept we
shall now analyse a model in which there can be no doubt about what 1is
meant by the (average) period of production. This is the point input -
point output model. We assume that all labour inputs of a process of
production are concentrated in one period and that the same is true of
outputs, Entrepreneurs have the cholce between different production
processes which differ in the time distance between labour input and
final output and in the productivity ratio (final output per unit of
labour input).

On the following diagram we draw a line showing the maximum obtainable
productivity ratio q as a function of the period of production T.

—
>
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B8hm-Bawerk assumes that this function q(T) is monotonically increasing.
But this is at the moment not a necessary assumption, It is plausible at
least for a certain range of values of T. Which period of production
will be selected by entrepreneurs? For a given real wage rate w (in
terms of the final output) a given interest rate r and a given period of
production T thecosts of employing one worker and compounding the wage
paid until the final output accrues is given by

W e rT.

In equilibrium there cannot exist a process which provides an extra pro-
fit (in excess of the normal profit on capital) and hence we have for
each T the inequality

q (T) ;werT or e'rTq(T) W

On the other hand at least one process of production must exist which 1s
able to cover it's costs. Thus

-rT _
q (T) = we rT or e q (T) =w
for some T, This is then the value of T which is selected by the entre
preneurs,

We now show that there is an inverse relation between the rate of inter-
est and the chosen period of production.Let To be the period of product-
ion chosen at interest rate ry and wage rate Wos let ‘I‘1 be the period of
production chosen at interest rate ry and wage rate Wy Let ry > rg.

We then have

-r T -r T
e ©°°q (T 2e °la(r)

n
=
v

-r T, -r, T
e 171 q (Ty) e 1O q (Ty)

n
=
nv

Upon multiplying the two left hand sides and the two right hand sides we
optain '(roTo*rlTl) '(roTl*rlTo)

e a(T )al(Ty) 2 e a(T )a(Ty)
or

roTo * r1T1 < roTl * r1To
or .

ro(Tg = Ty) ¢ 7y (Ty = Ty)

Since ry is greater than r, this implies that To - T1 cannot be negative
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which was to be shown., Thus the lower the interest rate the more round-
about are the methods of production. An cconomy with a given "subsistence
fund " cannot afford an arbitrarily large period of production becausc it
would be in danger to run out of consumption goods before the processes
which are under way provide new consumption goods. It is then the funct-
ion of the rate of interest to induce producers to choose an appropriate
degree of roundaboutness in thelr production methods,

If the"production function" q(T) is differentiablc then the following
holds, Since the expression

q (T) - e+rT w

is maximized at the optimal point T for given r and w we have at this

%% - re"Tw = o

%% - rq(T) = o or G%T) %% = r

point

and it follows

That is the logarithmic rate of change of productivity as a function of
the pceriod of production is just equal to the rate of interest in the
optimal point.

The relation betwecen the wage rate and the rate of interest 1s given by

w=e T o(1)

where T itsclf is a function of r, Upon differcntiation with respect to r
we get

ﬂ:?l Q.?.*»ﬂ
dr " 3T *dr 3r
but
W _ -rT -rT dqg _
Hrore TTam e TG
= -re 7T q(T) + e -rT q(T) = o
Hence
dw _ 3w _ _ -rT =
a?—s-;- T c Q(t)--TW

If we conslder the rate of intercst as the factor price of capital then
we know from part one that the slope of the factor price frontier is
given by the ratio of the factor quantities times minus one. So here Tw
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would have to represent the capital intensity. It 1s in a way what Bdhm-
Bawerk has called the subsistence fund per worker, as we have discussed
in the last chapter: that is the wage rate times the period of product-
ion. As we shall see later, we can generalize this formula, and hence
strengthen the argument that there 1s some meaning to talk about capital
as being the wage fund or fund of subsistence.

The value of capital in the usual sense of the word 1s something else.
It is the sum of the values of the intermediate products. Intermediate
products which are due to labour inputs T periods ago now have a value

of rT

Lt-T e w where Lt-T

time t-T., If we assume that labour inputs grow exponentlally at the rate
g we have for the total value of capital

is the amount of labour used as input at

o
= rT =
v, = -4 Li_p © ar =
o (g-r)T
- -gT rT _ 1 -e
= L -4 e w dT = WL, =g
o
forr $ g and V,c = Lt f w dr = thT for r = g. Thus the value
-T

of capltal per worker Vt/Lt coincides with the subsistence fund if and

only if r and g are cqual.

We shall refer to this model as the point input point output model or

the standard period of production model. We shall refer to the model
presented in the first chapter as the standard production function model.
In both cases the models have been constructed in such a way that certain
concepts can bc casily applied and yield the correct results, But the two
models already are inconsistent with each other. The results derived with
respect to the production function do not work in the standard period of
production model and vice versa. The definition of capital as a factor of
production does not work in the present model and the definition of "time"
as a factor of production as developed in the present model cannot easily
be applied to the standard production function model. Thus the law of
higher productivity of higher roundaboutness fails to hold in the stand-
ard production function model.
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Chapter 6, The Period of Production in More General Models

It 1s not surprising to find that the summarizing of a complex structure
of production relations by a small number of indices or variables should
cause difficulties, Yet such attempts have to be madé by economic
theorists, if they want to improve thelr understanding of real cconomies.
The fact that production 1s a process extending through time makes it
reasonable to try to summarize this time dimension in onc way or another,

Under the assumption made in this part of the book - the absence of fixed
capital - the time structure of the production process can be reduced to
a frequency distribution of labour inputs on the time axis. In probabili-
ty theory we are used to summarize distributions by their moments and
this is what we try to do in this chapter., The average period of product-
ion is the first moment of this distribution, and Just as the expected
value of a distribution plays a prominent role in probability theory the
average period of production should play a prominent role in capital
theory. It now turns out that the BShm-Bawerkian definition of the period
of production causes certain difficulties. We have already seen how Bdhm-
Bawerk tried to get around some of these difficulties. From the point of
view of present day economic theory some of his devices, such as the
adoption of the simple 1nterest rule instecad of the compound interest
rule, are not legitimate, Following Hicks and others we therefore intro-
duce a concept of the period of production which weighs labour inputs
according to their present value and thereby shifts weights when the rate
of interest changes. This may not be very appealing at the first sight,
but it turns out to have important advantages.

It appears to be simpler to work with a continuous time model., So we
adopt such a model, To produce a cecrtain final output we nced a preced-
ing flow of labour inputs { o (T) } where T represents the time distance
of the input in question from the output. Strictly specaking such a con-
tinuous time distribution cannot in general be derived from an input
output model with a finite number of distinct commodities. But we con-
sider it to be an approximation to a discrete time model with very small
time units,

At the moment the output becomes available the present value of the
labour input used T periods ago is given by

we T o (1)

Thus total production cost of the output is given by
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e ™7 o (1) ar

=
o8

If we express the real wage rate in terms of the output in question then
the price of the output must be unity. Hence

1=w e T o (1) ar
o

or

1

etT a(T) dar

oO— 8

Now we define the average period of production to be

efT (1) T ar

etT o(1) ar

]
"
Oo*—8jo—s8

That is the time distance of the various labour inputs from the output
is weighted by the present value of these inputs. If we now different-
iate w with respect to r we get the following from the condition that
the price of the output is unity

0 = %ﬂ [ e rT o (r) dT +w [ Te rT (1) dr
T
o )
or
w/freT™ o (r) ar
aw _ _ 0 = -wT
dr T T
f e a (T) dar
o

The slope of the wage interest curve corresponding to a given production
technique 1s given by what we have called the fund of subsistence, if we
introduce the new definlition of the average period of production., This
again places the fund of subsistence at the place where "capital” as a
factor of production should stand.

We see that the period of production, as just defined, could be a reason-
able indicator of the "capital intensity" of a certain method of product-
ion. To make this clearer, we could keep the nominal wage rate constant
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and see how the costs of production of a final product change in conse-
quence of a change in the interest rate. If the cost price of the output
is called p then differentiation of

e T 4 (1) ar

o]

"

=1
O~ 8

with respect to r yields

rT

g-%:ﬁ T e a (T) dr = T p

oO“— 8

3

Ir
to the costs of capltal are represented by the average period of product-
ion., The relative price of a commodity with respect to another commodity

Then the relative sensitiviy %——B of the production costs with respect

will increase in consequence of rising interest costs, if it's production
is more capital intensive thatis if it's average period of production is
higher than that of the other commodity. In terms of elasticities we get

r ap .
5 ir r T

This is to be compared with the usual cost elasticity formula which says

3p Wi oo W43y

b P
where a,y 1s the quantity of some input i used per unit of output.

We are of course interested to see how this fund of subsistence is relat
ed to the usual value of capital, For this purpose it is convenient to
use the national accounting relations

ctgv=w+ry

where v is the value of capital per worker. The left hand side says that
net national product per head is cqual to consumption per head plus net
investment per head. The right hand side says that net national product
per head is equal to the wage rate plus profits per hecad. Given the
technique of production, ¢ is of course independent of the prices and
hence we obtain upon differentiation with respect to r

dv _ dw dv
€Fr *IF T rTw t

If r = g this implies
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Thus at thils point we have

dw

= = =y _ ¥
Ir - v w T or T b s

The fund of subsistence and the value of capital are equal if the rate
of interest 1s equal to the rate of growth; also the average period of
production 1s equal to the ratio of capital to the wage bill or the ratio
of capital to consumption,

We have proposed to use the concept of "value" of a good as the price
which prevalls, if the rate of interest 1s equal to the rate of growth,
Thus, 1f reckonecd in "values" the fund of subsistence and the stock of
capital coincide. Moreover the period of production, if calculated at
the weighting system corresponding to our value definition, had the
following intultively appecaling property. We can ask the question: what
1s the average time distance of todays labour inputs from the final out-
put to which they contribute. We could call this the system's period of
production which would be distinguished from the period of production of
the single production process which measures the average time distance of
it's inputs to 1it's output., The system's average period of production
would then be computed in the following way: If C (t) 1s the production
of consumption goods at time t and if this production i1s exponentially
growing then the number of workers LT who are engaged in the stage T of
the production process at time zero is given by

L, =a (1) C (1) = a (1) ¢ &T C (o)

T

Thus the average time distance of outputs from todays labour inputs 1is

given by
[ LT ar [ e 8 a(m)T ar
r =0 - )
g ] L) T
[ Ly ar [ 8 a(m)ar
[0} o

which 1s equal to the period of production if computed with the rate of
interest equal to the rate of growth,

We now turn to the case r } g, We then compute v = %—E—%

Graphically the value of capital per worker is given by the slope of the
line which connects the (c,g) -point and the (w,r) -point on the wage
interest or consumption growth curve, Since Tw 1s the slope of this curve
at the (w,r) =-point the two variables are related like the marginal

change of w to the average change of w as r moves away from g, Thus, if



L

the wage interest curve of a given technique 1s concave and if the rate
of interest 1s greater than the rate of growth, then wT will be smaller
than

v or T will be smaller than %. Below we shall prove that T is an in-

creasing function of r. Since a convex wage interest curve implies that
v decrecases with increasing r we get from ¢T = v at r = g that

cT >v for r>g or T> %. We thus have an upper and a lower bound

for the estimation of T

v v
-— < < -
[ T w

For empirical purposes this allows to get close approximations for the
real value of T, given that we can estimate v, ¢ and w,

As for two cxamplcs we may take a quick look at the two standard models,
The standard production function model has, as we have shown, a linear
wage interest curve. This implies that wT = - %; is a constant, Hence

T must increcase as r increases and therefore w falls, On the other hand
in the standard period of production model T is a constant. This implies
that w = e -rT q declines exponentially with>increasingvr (we exclude
here the substitution of techniques). The value of capital clearly also

declines as r incrcases, since the wage interest curve in this case is
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convex.

We are now interested better to understand the curvature of the wage
interest curve for a given technique of production. For this purpose we
differentiate the equation

%% = -wT
and get
a®w _ _ dw ., _ 4T
i
Now we have to compute %% from the formula for T
i (f " a(myar) ( f ™7 a(r)rar )
0 o)

e™T o (1) ar ) 2

~~
oO—38

(J T a(1)T ar) (}erTaurmr)
[e]

T o™ a(m)ar
= 0 -T2 =

[ e™T a(1)ar

o

T .rr rT

[ e _a(1) (12 -1%) ar = var ( &—olr) )
[ e"s a(s)dg [ eFT a(1)ar
o o

The first derivative of T with respect to r i1s then given by the variance
of the distribution of labour inputs (corrccted for present value), The
curvature of the wage interest function as expressed by the second deri-
vative 1s hence

2
a“w _ aw aT _ 2 2
S Froviovrovs

where 82 is the variance of the input distribution,

The second derivative 1is zero everywhere when 82 = T2 cverywhere, This 1is
only the case for the exponential distribution a(T) = a(o0)e “YT, We thus
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see that the standard production function model presupposes an exponen-
tial distribution of labour inputs.

It should be noted that in the circulating capital model all information
about the flow of labour inputs 1s contalned in the wage-interest curve,
If we know the latter then the flow of labour inputs per unit of output
is uniquely determined. To prove this, note that without loss of general-
ity we can assume that the labour input integral

? a (T) 4T =1
o

(this is simply a matter of choosing the appropriate unit of measurement
for the output). It then can be treated like a probability distribution,
By differentiating the expression

= efT o (7)ar

L.
W

o“—38

with respect to r at r=o we obtain

(%) = [ 1e"T a(mar = ? T o (T)dT = my
e} o

2 1
d — © o
(-—-1FQ = f 12 oFT a(r)dr = | 72 a(T) a1 = m,
dr - o o
r=o0
1
dk "1; o« )
"Ti I = f Tk e rt a(T)dr = f Tk a(T)dT = mk
ar r=o o ©

The k-th derivative with respect to r at rzo is equal to the k-th moment
m of the distribution, We therefore know: If w(r) is a wage interest

curve of a circulating capital technique of production then it is in-
finitely often differentiable at r=o and the k-th derivative of % with

respect to r is equal to the k-th moment of the input distribution, But,
by assumption there exists r»>o that

1

) L k
7 (o) a(T)dT = J jiﬁ%l- a(T)dr =

o) k=0 o

[o R ]

e TT a(T)4T = f
o
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X ;%_rk is finite. But by a theorem in probability theory a dis-
k=0
tribution is uniquely determinded by it's moments, if there exlsts

r > o such that o rnk K
T T is rinite (M.Fisz, Probability Theory and
k=0 7°
Mathematical Statistics, 3rd edition, New York 1963,p.73).
This 1s the proof that the wage interest curve w(r) contains all infor-

mation about the distribution of original inputs.

Chapter 7. Substitution, Switching of Technigues

In the first part of these lecture notes we considered substitution in
the context of more than one original factor of production, We saw how
the ratio of the wages of the primary inputs determined the choice of
the technique of production, We are now interested to apply an analogous
analysis,in a context where one of the primary inputs is replaced by
"capital" and the corresponding input wage rate is replaced by the rate
of interest. We know from the preceding chapters that the wage interest
curve for a given technique of production is not necessarily a straight
line. Thus the concept of employment intensitics of the two inputs
labour and capital does not have an unambiguous meaning., The problems
for analysis thcreforec become more complicated.,

This should not come as a surprise, After all the correct generalization
from part onc is to say the following: the introduction of the time
dimension into the production process makes 1t necessary to distinguish
between as many different primary factors of production as we dis-
tinguish unit periods of time.If we would work in such an infinitely
dimensional space cecvery technique of production would be represented by

a hyperplane in the wage space that is by the natural generalization of

a straight line in the two dimensional space. We could prove nonreswitch-
ing theorems etc, From the cconomic point of view everything would be
straightforward., But this is not the interesting question to ask. What

we should investigate in capital theory is the possibility of aggregation
over thesc different dated labour inputs in one way or another. What do
we gain by mapping this infinitely dimensional space into the two dimen-
sional (r,w) -spacc?

If different techniques of production are available in the economy then
the following diagram shows how a technique is chosen as a function of
the rate of interest. Competition on the labour market will bid up the
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the wage rate until there is only one technique (or in certain special
cases two techniques) which can be operated without loss at the prevail-
ing interest rate and wage rate, If the number of different techniques

is finlte, then a given technique, if it 1s applled at all, 1s applied
at every interest rate within a given interval., The border points of
these intervals on the r-axis are points at which two techniques (or, in
exceptional cases, three and more) are equally efficient 1n the sense
that they can operate at the same maximum wage rate, These border points
are called svitch points. As the ratc of interest increases the economy
switches at such a point from one technique to another technique.

Consider now such a switch point ry where the two wage interest curves
wi(r) and w2(r) intersect so that wl(ro) = wz(ro). We assume that

wl(r) > wz(r) for r <r_ and r sufficiently close to r_ and wz(r)>w1(r)
for r > r, and r sufficiently close to rye This means that as the rate

of interest increases the economy switches at point ry from technique 1
to technique 2. Since we can always differentiate the wage interest curve
of a glven technique which only uses circulating capital we have
dw2 dw1
> d it thus follows that
dr dr an
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-W, T2 (ro) > - Wy 'I‘1 (ro) where T2 and T1 are the periods of product-
ion of the two techniques. Since wy (ro) = w2(r°) we then get

- T2 (ro) > - T1 (ro) or
T, (ro) <Ty (ro)

Thus we obtain the following result, At any given switch point one
switches from the technique with the higher period of production to the
technique with the lower period of production as the rate of interest in-
creases, We have argued earlier that the period of production is a good
measure for the "capital intensity" of a production technique., This last
result reenforces this view: any substitution between methods of product-
ion is characterized by a tendency towards a reduction of capital inten-
slty as the rate of interest increases,

Our defintion of the period of production is not independent of the rate
of interest. We then cannot rule out that at one rate of interest tech-
nique 1 and at another rate of intcrest technique 2 is more capital
intensive, Thls may lead to the following situation (assuming that there
are only two techniques available in the economy).

Technique 1 1s more efficient than technique 2 at very low and at very
high interest rates., In the intermediate range technique 2 is morec effi-
cient, There 1s no general principle which could prevent such a situation.
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To fix ideas let us take the following example. Let technique 1 be of the
point input - point output type with a given time distance T1 between
input and output. The wage interest curve is then an exponential curve,
Let technique 2 be of the standard production function type, which im-
plies a straight line for the wage interest curve. The period of pro-
duction increases as the rate of interest increases. In fact the time
structure of direct and indirect labour inputs 1is exponential in this

case. We have a (T) = a EYT and thus the period of production T2 is
given by f e-yTerTT ar 1 )
T, = 0 = [Y-Yj = -——1
2 bd Y=
afe”YTe Tar L
o y-r

T2 varies from % to infinity as r varies from zero to y. At r=y the wage
rate becomes zero, If now 'I‘1 > % then for small interest rates we have
T1 > T2 and then the point input-point output technique is more capital

intensive than the standard production function technique. Hence at some
point ry the latter technique becomes more efficient. But as the rate of
interest rises T2 rises too and hence from a certain rate of interest

onwards T2 i1s larger than T1 and we now have to consider technique 2 to
be the more capital intensive technique., From a certain rate of interest
r, onwards the wage rate that can be paid by technique 1 is again higher
than with technique 2 which now bears a much higher burden of capital
intensity.

It 1s essential for our argument that onc technique has a much higher
dispersion of labour inputs than the other technique, It is then necessa-
ry to introduce at least the second moment of the labour input distri-
bution and we could try to replace the traditional mean-time distance
approach by a mean-variance approach. For example the discrepancy between
the value of the capital stock pcr man and the slope of the wage interest
curve could be explained in terms of the variance of the labour-input
distribution,

The maximum number of switch points can be related to the characteri-
zation of the input distribution by it's moments. Assumc there are n
different switch points betwecen two techniques, Consider two adjacent
switch points.ri and Ti41 with Ty < Pyyqe Then wl(ri) = wz(ri),

wl(ri+1) = w2(r1+1) and let w2(r) > wi(r) for Py ST <Py Then clearly

w2' (ri) > wl'(ri) and w2'(ri+1) < wl'(ri+1) which implies there must
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" L ] 1]
be some "switch point" for the derivative, r' such that ry <r < ri*1 and

w2'(r') = wl'(r'), since wl(r) and w2(r) are infinitely differentiable

and thus all derivatives are continuous.Thus there are at least n-1
"switch points" of second order, that is, points where the derivatives
of the wage interest curves are equal, In a similar way we prove that
there arc at least n-2 "switch points" for the second derivatives w{(r)
and w"(r), in general that there are n-k "switch points" for the k-th
derivatives of w,(r) and w,(r). This implies the. following: If for two
wage interest curves wy (r) and w, (r) the k-th derivative L (k )(r) is
unambiguously greater than wy k (r) then there are at most k switch
points between wy (r) and W, (r), Similarly we can derive° If the k-th
derivative of -_T—T is unambiguously greater than _—T_7 then there are

at most k switch points between wl(r) and w2(r). The k-th derivative of

1 . 7 o.rT
TET G £ e 'a(T)dT 1is given by
1 (k) _ T .k rT
(W?'T) = £T e a(T)ar
Let mk(r), the k-th moment of the input cost distributlon be given by
[ 1T a(r)ar ()
m (r) = =2 = w(r) ()
[ eT a(m)ar
o

mk(r) varies of course with the weighting system ch of the labour in-
puts. But we may find a k such that k-th moment of ({ ay (T) } is un-

ambiguously reater than the k-th moment of { P (T)}. We then get the
following theorem: If the m (r) is unambiguously greater than m_ (r)

then there are at most k switch points between the two techniques. This
theorem is a generalization of the theorem that reswitching cannot take
place 1f the period of production of one of the techniques 1s un-
ambiguously larger than the period of production of the other technique.
Proof of the theorem, Assume the contrary. Then we find n > k switch

points, This implies that we can find two switch points such that

1 1 (x)
( - has opposite signs. But then m (r) - my (r) has
wilr) w2(r))

opposite signs at these switch points which contradicts the assumption.
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It should be stressed that this is a theorem about the maximum number of
switch points, The actual number of switch polnts between any two tech-
niques may be much lower.,

The possibllity of the existence of two switch points between two tech-
niques shows that consumption per head (and hence output per head) in a
stationary economy is not necessarily a monotonically decreasing function
of the rate of interest. In a statlionary economy we have the equation

¢ = w(r)+ rv
Hence for techniques 1 and 2
¢, = wy(0) , ey = wy(0)

In the particular case we discussed earlier we have cy > Co

Now c(r) ¢4 for r < ry and r > r,

c(r) ¢, for r, <r <r,

This implies that c¢(r) is greater at some value r > r, than at some

value r <5 Similarly the value of capital does not necessarily de-
crease as a more "capital intensive" technique 1is replaced by a less

"capital intensive" technique., From thec equation above we have for a

stationary economy

At the switch point r, ¢ increascs as we switch to a less capital inten-
sive technique. Hence v increases too and therefore in the neighborhood
of r we have the result that the value of the capital goods used at a
higher interest rate is higher than the value of the capital goods used
at the lower interest rate, even if the capital goods are evaluated at
the same prices, namely those prices prevalling at the interest rate Ty
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Chapter 8. The Dynamic Nonsubstitution Theorem. Generalization of the
Elasticity of Substitution.

In part I we have proved the nonsubstitution theorem. The proof rested
on the uniqueness of the solution of thc system of the price equations

P =9 (ﬁs p)

for any given w, where ¢ was the unit cost function as a function of
input prices. In the model where time enters into the production pro-
cess the unit cost function changes to ¢ (w, r, p). But otherwise it
keeps all relevant properties. For given r ¢y remains homogeneous of
degree one in w and p, and ¢i remains a strictly increasing function of
W, if agy is positive. This 1is true for all 1 and thus we can show
the uniqueness of the solution of the system of price equations

p=¢ (W, r, p)

for given w and r. We thus can prove what sometimes is referred to as
the dynamic nonsubstitution theorem: If the rate of interest is given
then all relative prices in the system and the optimal technique of
production are determined.

This dynamic nonsubstitulon theorem tells us that the technique which
maximizes the real wage ratc for a given interest rate 1s independent
of the standard commodity basket s in terms of which the real wage rate
is defined.

I now want to introduce the concept of elasticity of substitution
between techniques., The elasticity of substitution usually is defined
for linear homogeneous production functions with two inputs. It is a
measure of the possibility to substitute one input for the other input
when input prices change. Its standard definition is given by the
equation

w, /ow, dlay / q,)
q, / a5 d(w1 7 w2)
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where Wy and w, are the input prices and qQ and q, are the input quan-

tities., It 1s well known that o can be written in the form

} w da1
g = = — —

1 W1

where a, is the quatity of input 1 per unit of output. In particular,

if input 1 1s "capital"™ in thc standard production function modell,
and if a, is the capital output ratio then

A O
a1 dr a1 dr

that is the elasticity of substitution is the absolute value of the
elasticity of the capital output ratio with respect to the interecst
rate,

In the more general framework which we consider here we know that it is
difficult to use the value of capital per man as a mecasure of the
capital intensity of production. The reason is not so much that even
with given techniques of production the value of capital depends on
prices, e.g. on the interest rate. This difficulty could bc overcome.
But the fact that the value of given physical capital goods depends on
the rate of interest is only the dual manifestation of the decper diffi-
culty that the value of the capital goods for a given technique and
given prices depends on the rate of growth of the system, Even 1f we
decide about the prices with which to measure the size of the capital
stock this measure of the capital stock is not unigquely defined by the
methods of production used., It can thercfore not serve as an unambiguous
indicator for the possibilities of substitution. The period of produc-
tion as a measurec of capital intensity does have the advantage that it
is uniquely defined on any point of the wage interest curve and thus
does not depend on the product mix between consumption and investment
goods, It is therefore a better starting point for measuring the sub-
stitution possibilities between techniques.

But we have to be careful when we give a precise definition of the elas-
ticity of substitution, since the period ©f production for a given tech-
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nique glso depends on the rate of interest. We have to distinguish be-
tween changes in the period of production due to changes in the weigh-
ting system and changes in the period of production due to changes in
the techniques of production. We introduce the following notation. Let

® be an index for the techniques of production, A specific technique
gets index eo, say, if it is the most efficient (wage rate maximizing)
technique at the interest rate r = Go. We thus parametrize the tech-
niques according to the rate of interest at which the techniques are
used. But 1n order to distinguish the technique parameter from the rate
of interest itself we give it the symbol 6, If a technique is used at
more than one interest rate then we treat it as i1f it were a different
technique at each different interest rate at which it is used. But this
is just a matter of convention since the physical characteristics of the
"differcent" technique are the same in such a case., Our measure for the
elasticity of substitution will be zero in such a case. To give a pro-
per definition of the elasticity of substitution in terms of derivatives
we have to assume that all magnitudes involved are differentiable func-
tions of 6. This assumption is not satisfied if there are only a finite
number of switch points. But under analogous conditions the ordinary
concept also brecaks down. Generalizations for the discrete case are
easlly developed. They are less elegant, though.

We then consider T, the period of production, as a function of the para-
meter for the weighting system of the time flow of inputs, r, and as a
function of the parameter of the technique in use, 6. For a given 6 we
already know that T(®,r) has the following partial derivative with
respect to r

T2 (O’r) = 9_'1‘_52‘1'_) = S2 (Q’r)

ar

where 82 is the variance of the time flow of inputs. A change in the
relative capital intensity which is not just a consequence of a change
in the weighting system is reflected in

T(6,r)

= 3
Tl (O,I’) - ae

We already have shown that T1 (8,r) will always be nonpositive., One way
to define the elasticity of substitution might therefore be

-7 (8,r) %
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But this concept of elasticity of substitution is not yet optimal. First-
ly,it does not agree with the usual definition in the special case of

the standard production function model, But secondly 1t reflects too a
superficial view of the changes in the cost of capital which bring about
the substitution,

We have shown earlier that the elasticity of total production cost of a
commodity with respect to the rate of interest 1s given by rT. This was
compared with wiailp the elasticity of total cost with respect to price
changes for some input i. This latter elasticity 1s equal to the share
of input 1 in total costs. We now can interpret the usual elasticity of
substitution to be an indicator of the ability of the production system
to compensate input price developments in their impact on the relative
cost weight of the input, by changes in the input quantities. If the
elasticity of substitution 1s less than one this compensation is not
completely succesful, If the elasticity of substitution is equal to one
the input output coefficient is proportinal to the inverse of the input
price (in terms of the output) and thus wiai/p is a constant, If the
elasticity of substitution 1is greater than one we have overcompensation
of price changes by quantity changes and wiai/p is a decreasing function
of Wy

In our more general model we represent the relative importance of capital
for the production process by the expression rT(er)., This is an express-
ion which 1s well defined whenever r and © are determined, just as

Wyd4

is well defined whenever Wy and the method of production in the

conventional model are determined. We therefore define the elasticity of
substitution to be the percentage change of rT due to a change in the
technique of production which is elicited by a one percent change of rT
dwe to a change in prices (here it is a change in the rate of interest).
This means

SR 3 (rT(r,®) , _1 3 (rT(r, )
rT(o,r) 30 rT(8,r) ar

evaluated at the point © = r, The numerator of this expression shows the
percentage change of rT, when the technique parameter changes by one
unit (as a consequence of a change in the interest rate by the same
amount, since in equilibrium we always have © = r), The denominator
shows the corresponding change of rT, when the price parameter changes
by one unit, The elasticity of substitution 1is then
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3 (T(r,6)) r 3T (r,8)
e o el B o

o = =

T+ p T(rle) 1 +%'_ aa'I' ir.@)

This definition ylelds the results which we want in several special
cases. For example it is a generalization of the usual definition of
elasticity of substitution. To prove this we apply the formula to the
standard production function model. Here we have the equation

q=f (v)
where q 1s net output per worker and v is the capital intensity. We
furthermore have r = £ (v)
w="r~(v) «=v ' (v)
The capital output ratio is then 8 =?%;7 and hence the elasticity of

substitution in the conventional sense is

_ rds _ _ (Z dv. _ _r af(v) ) =
° " ¥ v dr flv) "dr B
_ r dav af(v) y _
- v ( vy ) -
- _ rdv ( rv ) rdv _w
v dr - TV v dr T(v)

On the other hand our new definition of the elasticity of substitution
in this case implies the following

_ 1 dw _ 1
T=- g &%V

Now v 1s constant as long as © is constant and for w we have

3Wl
— =0
30 e=r
since w 1s maximized with respect to © at ©=r, given r., So we get §¥ %ﬂ
and
2T 2T aw v oaw . v@ | 2
ar Iw jr w23 W2
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and

2T 1 v

30 w dr

% }%. = % %% from which follows
r dv r dv

s = Y dr . v dr . _r dv w
142V £(v) v ar T(v)

w W

Thus the two definitions give the same result and the new definition
can be considered to be a true generalization of the old definition.

The next example is concerned with an economy in which the relative
shares of capital and labour are independent of the rate of interest. It
is a generalization of the Cobb-Douglas case in the standard production
function model. For a fixed & let the wage interest curve be given by

w=7¢f(r, 8)

Now assume that there exists a class of wage interest curves correspond-
ing to a class of production techniques such that

f (8,8) = (%)Y £ (85,8),y >0

where by f (6,08) we mean f (r,9) with r = 6, and
(75,8
£(8,98)

8

£ (r,®) = £ (8,0) (§)7 £(rg,®

This implies that the different wage interest curves have similar shape.
They are different only in their slope and thus for different

interest rates different techniques maximize the wage rate, If we assume
that £ (r,8) is maximized at the point © = r with respect to © then the
envelope of all curves f(r,®) and hence the economy's wage interest curve
is given by

w(r) =f (r,r) =8 £ (8,8 r7Y

In a stationary cconomy we obtain the following formula for the distri-
bution of income. The value of the capital stock is given by

£(0,0) - f(r,e)

v = = = = for © = r, hence
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E)Y £(0,8) - £ (5,8)

v = (F T

5.Y
v (P (£(0,8) - £(8,8)) f (0,8 - £(8,8)

w Y = iy (5,5)
£(8,3)

o]

el

Here the distribution of income 1s independent of the rate of interest.
In this special model we have for 6 = r

éY (é é)r‘(i*Y)
T (r,8) = - % %% . oy £ i %

8'r (8,8)r"Y

This implies that

rdlT _r AT , 5T _
T T GstE s -t
or, since 6 = r
3T _ ri7T
risc- (1 +rw5s)
and hence
)T
. T30 .
o‘_-————T—--i
1 + L3t
Tivr

It should be noted that the distribution of income is no longer in
general independent of the rate of interest, if the rate of growth is

not equal to zero, The income distribution is in general then determined
by %. But 1t can be shown that it 1s not possible to find a class of wage
interest curves such that the relative income distribution is independent
of the rate of interest at all rates of growth unless the single members
of the class of wage interest curves has the property that the income
distribtulon 1s independent of the growth rate. This latter property im-
plies that the wage interest curves are straight lines which is only the
case in the standard production function model,

The third example which I want to discuss is the point input - point out-
put model. Here T 1s fixed whenever ® 1is fixed and thus the elasticity
of substitution can be written as

- 63T
°F-T3E  OF
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simply rdT

¢ =" Tar
The wage rate and output per man q(T) are related by the formula

w (T) = e “TT q(7)

and thus the share of wages % depends on the rate of interest in the
following fashion

a X d log ¥

s el = g_g.T.hua

oY £ I

In particular if the elasticity of substitution is a constant we obtain
for o = 1

a(T) = q(T)e™

q (T) = A ™ R % s W =€ a(T)

we get for a = 1
g
B8 lea
T T _ -a
q (T) = Ae - r = 8 T
w(T) _ -rT _ a7t ¢
a(m

This is very similar to the usual CES function. For o <1 and hence

a > 1 we see that q(T) is bounded above: the share of wages approaches
one as the methods of production become more capital intensive, For o>1
we have q(T) as an unbounded function and the share of wages approaches
zero as T becomes large.

Chapter 9, Wicksell Effect, Marginal Productivity of Capital

In general rclative prices of commodities change as the rate of interest
changes, This is only not the case in the standard production function
model wherc there is basically only one commodity and therefore there
exists no problem of relative prices of produced commodities, The fact
that the value of a given physical capital stock depends on the rate of
interest (via the prices of the capital goods) is known as the Wicksell
effect, Wicksell was the first to study 1t systematically. It is this
Wicksell effect which makes it difficult to trcat "capital" as a factor
of production like any other homogencous factor of production,



-61 -

The size of the Wicksell effect can be computed from the wage interest
curve for a given technique of production, By the dual interpretation of
the wage interest curve as the consumption growth curve we know that

forr - g $ 0
v = &= - f(g) - f(r)

- g r-g

]

e}

holds, where f is the wage interest curve. By differentiating v with
respect to r we obtain

av _ - (r-g) f£'(r) - (f(g)-f(v)) _
dr ( r-g)<c

;%g ( ™(r) w (r) - v )

The Wicksell effect is thus proportional to the difference between the
fund of subsistence Tw and the value of the capital stock.

There exists a dual of the Wicksell effect: the change in the value of
capital due to a change in the rate of growth of the system., It is

dv _ (r-g) f'(g) + (f(r) - f(r))
E! - r-g g r

g (r-g)<
o1
v (v-"@ c(g))

The change in the value of the capital stock per man as a consequence of
a change in the rate of growth indicates that the distribution of income
is not 1independent of the rate of growth, But this is just a special

case of the fact that at a given rate of interest the income distribution
depends on the composition of final demand whenever the capital intensity
of production varies from commodity to commodity.

We now turn to the question whether the concept of marginal productivity
of capital has any clear meaning. For this purpose we have to consider an
economy with possibilities of substitution, We parametrize the techniques
agaln by ©, the rate of interest at which they are used, For the purpose
of the following argument it 1s useful to write the value of the capital
stock as the product of a quantity vector and a price vector v =p . 2 .

Now for a given rate of growth the quantity vector depends only on the
technique © whereas the price vector depends on the rate of interest and
.the technique in use, But, if for any r the most efficlent technique
(which is ® = r) is used then we can think of p just as a function of r.
The nonsubstitution theorem grants that p is uniquely determined by r.
We therefore can write v=p (r).z ()
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In equilibrium the prices are such that it is not possible to make pro-
fits in production in excess of the normal interest return on capital.
This implies that at given equilibrium prices r, w(r), p(r) for all © the
value of net national product is not greater than the income of the
factors of production. Thus for every 6 we have

c(e) +gp(r)z(8) ¢ wi(r)+rp(r)z ()
which we also can write

c(8) + (g -r)plr)z(8) -w(r) <O

For & = r we have the equation

C(®) +(g-~r)p (r) z(8) -wi(r) =0

® = r then maximizes the left hand expression with respect to ©, If the
function of 8 can be differentiated with respect to © we therefore ob-
tain at 6 = r

%§+(g-r)p(r)§%=0

or Kreom F=ro () F

The left hand side is the marginal change in the value of net national
product at constant prices as we change ©, The right hand side is the

rate of interest times the marginal change in the value of the capital
stock. We then obtain the result that, if measured in constant prices,
the marginal productivity of capital is equal to the rate of interest.
Moreover therc exists a (local) law of diminishing marginal returns to
capital: If we can differentiate again we get

2 2 2
d-c d"z d"z
+ gp (r) <rp (r)

The rate of change of net national product declines more rapidly than r
times the rate of change of capital, Moreover the inequality from which
these relations were derived is analogous to a weak global law of de-
creasing marginal returns to capital, If we put 0¥ = r we have

¥ (r,8)-y(r,0") = c(e) - c(e®) + g p(r) (z(0 - z (8"))
srp(r) (z(8) -2z (e")) = r (v(r,8) - v (r,6"))
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We can extend this result on the marginal productivity interpretation

of the rate of interest to the case when ¢ (®) and z (®) arec not differ-
entiable with respect to 6, This 1s the case of a finite number of tech-
niques., Let us consider a switch point between technique 1 and technique
2. We then have at this switch point

¢, - wy(r) = (r-g) p'(r) 2
¢y - wyr) = (r-g) p3(r) 2°

Because of the switch point property we have wy (r) =W, (r) and because
of the nonsubstitution theorem we have p (r) = p (r) = p(r)

Therefore

¢, +gp (r) 2t =w(r) +rp (r) 2*

c, +gp (r) z2 =w (r) +rp (r) 22

or
(e, +gp (0) 2° ) - (cy +gp (r) 2! ) =
rp (r) ( 2% - 2t )

The difference in net product associated with the two techniques can be
explained in terms of the difference in the value of capital and the
rate of lnterest in the economy. Thus the marginal productivity inter-
pretation of the rate of interest carries over to the case of a finite
number of techniques,

This marginal productivity result 1s the static counterpart to the well
known theorems of Solow about the equivalence of the rate of interest
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and the marginal social rate of return on savings. Indeed this is easily
established, Consider any dynamic path on which the techniques which are
competitive at the switch point in question are both used, Assume that
the prices remain the same from period to period and are cqual to the
steady state prices p. Then in each period we have

y (£) =c(t) +p (z (t+1) - 2(t) ) =w + rpz (t)

We can multiply this equation with the labour supply L(t) .

We can compare total consumption C(t) = L(t) ¢ (t) with total consump-
tion on any other path with the same property of constant prices

C'(t) = L(t) c'(t) obeying the equation

y'(t) = c'(t) + p-( z'(t+1) - z'(t) ) =w + rp z'(t)

starting from the same initial capital stock z'(o) = z (o) and having
the same labour supply. The difference in total consumption AC(t) is

then AC(t) =T (£) -8 (t) =L (t) (e (t) = c(t) ) =

= L(t)p (- 2'(t+1) + 2' (t) + rz'(t) + 2z (t+1) z (t) - r z(t))

We then obtain

tZoA C (t) '(-1—3?7‘”1 =ptzo (Z(t+1) - Z'(t+1)) ﬁ%“"l

+p 7 z2'(t) - z(t) itr L(t)p (z'(o) - z(0))
téo ( ) (1+4p)°*1

if we assume that

1im 2L . gy 2'(E)L(E)

:O.
tro  (14p)t*1 tow  (1+r)0*1

The present value of differences in consumption streams is equal to the
difference in the value of capital stocks which implies: the internal
social rate of return on savings is equal to the rate of interest,

The only problem which may arise in such dynamic path is that duc to non-
proportionalities of certain specific inputs there may exist excess
capacitles of certain inputs with the consequence that their price is
zero for certain periods, which violates the condition that the steady
state prices prevail, This basically means that the synchronization of
production does not work as well on nonsteady state paths, or to put it
differently that the production possibility set of consumption goods has
a corner point at the steady state path under consideration. Then the
social marginal rate of return on savings would not be defined, It still
would be true that the right hand side and the left hand side social
rate of return on savings are scparated from each other by the rate of
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interest, This contrasts with a negative result on the average period of
production, B8hm-Bawerk showed for his model that an addition of one
small unit to the prevailing period of production would raise the pro-
duct per man by the factor 1+r, This result does not hold here., We only
have to refer to the reswitching case in which it happens that a rise in
the rate of interest can cause a rise in net national product while it is
associated with a fall in the average period of production (for a cone
stant weighting system).

We then obtain, what one could call a dual concept of capital. There is
the value of capital per worker and there is the average period of pro-
duction, Both these concepts are aggregates and in both cases the method
of aggregation depends on the rate of interest prevailing in the economy.
Each of the two aggregates is not a full substitute for the interpret-
ation of capital as a physical input such as labour or land; but it seems
that if they are used together as quantities representing the quantity of
capital we can get quite far, Let us recapitulate some of the results
which we have obtained.

l.Distribution: The value concept of capital gives us the relative shares
of capital and labour in national income for any given combination of
r and w, On the other hand the period of production concept of ecapital
gives us the slope of the wage interest curve just as the relative
intensity of two inputs gives us the slope of any factor price frontier,

2.Substitution and Marginal Productivity. A rise in the rate of interest
may have any effcct on the value of capital, But any substitution of
techniques causcd by a rising rate of interest will have a tendency to
diminish the period of production., On the other hand avchange in the
period of production due to substitution of techniques may have any
effect on net national products and may violate BShm-Bawerks law of a
positive marginal productivity of roundaboutness, but the value of capi-
tal, if mecasured in prices corresponding to some intcrest rate r has a

marginal productivity which at the point T on the r-axis is equal to

the rate of interest,
At last we want to derive what 1s known as the Golden Rule of Accumula-
tion., The Golden Rule is the solution of the symmetric problem to the
wage maximizing problem for a given rate of interest, if we use the dual
variables, By the market mechanism the technique 6 is sclected which maxi-
mizes the wage rate, We then have

w (r) = mgx w (8,r)

Now we know that the function c(®,g) has the same mathematical form as
w(®,r) and therefore we find
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max ¢ (8,g) = max w (8,g) = w (g)
]

In words: the technique which maximizes consumption per head for a given
rate of growth is the technique which would be selected by the market
machanism if the rate of interest werc equal to the rate of growth,

This is the Golden Rule of Accumulation.,

As was indicated earlier it would not be appropiate to call the Golden
Rule path the optimal path if we arec interested in a dynamic theory of
optimal growth, For such a thecory which is not the subject of these
lecture notes, we would have to investigate dynamic growth paths in their
relation to the objective function of the society., There the Golden Rule
path can only serve as a reference path with which the optimal path could
be compared.
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Part IITI Fixed Capital

Chapter 1, Machines

We have discussed the classical problems of capital theory by means of a
model in which only circulating capital existed. This was consistent
with the spirit of classical, Marxian and Austrian capital theory. All
these schools were aware of the fact that capital to a large extent con-
sisted of buildings, machines etc, which they called fixed capital. But
their theoretical line of thought emphasized that the labour inputs are
required before the final outputs become available, an idea which un-

ambiguously is only true for models in which only circulating capital
exists., It 1s the distinctive feature of fixed capital like machines

that they are used together with labour inputs over a stretch of time.
This has the consequence that final outputs become available before
certain labour inputs associated with this same machine are required. We
therefore have to consider the complications caused by the partial rever-
sal of the time sequence of labour inputs and final outputs.

Whenever a machine or a building or another piece of fixed capital is
used in the production process we have to deal with a production process
involving joint products. We can no longer separate completely the pro-
duction process leading to the production of final outputs in period 1
and the production process producing final outputs in another period, if
the same machine is used in these two production process., Final outputs
of different periods therefore become joint products.,

As an example let us assume that b machines and a units of labour to-
gether produce cither one new machine or one unit of a consumption good.
Moreover, after a machine has been used for one period it depreciates and
now represents the fraction y of one new machine.

Let us assume that we want to produce one unit of the consumption good
available at time zero. This inplies that b machines have to be available
at time -1, Then at time zero yb machines are still available, They can
be used to produce y comsumption goods at time 1. At time one y2b
machines are available., They can produce y2 consumption goods at time two
and so on, We thus get a geometric series of consumption good outputs., If
we date again the labour inputs at the time they get paid we have a
symmetric geometric time series of labour inputs a, ya, y2a, y3a etc.

If we would look at these outputs and labour inputs only, we would not
be able to maintain that labour inputs on average have to be made avail-
able earlier than outputs become availabe, But this is of course not the
whole story. The b machines available at time -1 had to be constructed
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earlier, If you want to have b machines at time -1 how many machilnes do
you need at time -2? x machines at time -2 can produce % new machines,
In addition of these x machines yx are still there at time -1, We thus
get the equation
X 1
b:B+yx=x(H+y)

or
1 b

Bty

In a similar way we show that the number of machines at time -3 has to

be 2

> (5~ )

and so on. We assume that T%7E <1, which means that machines are suffi-
ciently productive to be able to overcompensate depreciation by the
production of new machines. The labour inputs required to operate the
machines arc then given by

fOI't=-1, -2’ LRI

This is again a geometric series, We thus can describe the production
process in terms of final outputs and labour inputs as follows

c, =0 , t = -1, =2, ...
t -
= y", t =0, 1, 2, «us

o
ct
L

b
t a ( IT?B‘] s £ = -1, -2, ...

ay = aYt , t=0,1, 2, ...

2
n

Although there is a certaln amount of overlap of inputs and outputs on
the time axls it still is reasonable to think of the labour inputs
occurring earlier on average than the final outputs.,

To make this precise we can procecd as follows. For reasons of a simpler
exposition we agaln switch to the continuous time case, A given flow of

labour inputs L o can be identified with

an average period of production for a given interest rate by first com-

puting "the expected value" or "point of gravity" of the labour inputs

on the time axis which we call
+o

[ e arr ar

and consumption good outputs ¢

-
] +o

f e-rT @ dr
=
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In a similar way we define the point of gravity of the outputs by

TAT

+o
-£ e-rT ct

Tc =

4+ rT
[ e e, ar
- 00

The average period of production is then defined by

T = Tc - Ta

As in the model of circulating capital we can establish a relationship
between the wage interest curve and the period of production., The rela-
tion between the wage rate and the interest rate is determined by the no
profit - no loss condition which implies

+o rT +o T
-£ cpe dT - w _i a, € dT = 0

For any given r this is an equation for w, Differentiation with respect
to r yields

-rT -rT aw -rT
- TdT + T - . T =
f Cp © d w f ape Td T faTc d 0

or using thc equation for w

+o +oo

- [ c.e “FTrar [ ae “FTrar
T T
== + ke - Ll aw
e -rT i -rT w ar
[ eqe dr [ age ar
- 00 - 00

which can be written as

1dw _ _ _
sar - " Tt T, =-T

Thus this reclation generalizes to the case of fixed capital.

In the model of circulating capital we had found a onc to one relation-
ship between the structure of the flow of labour inputs per unit of final
output and the wage interest curve. And any flow of labour inputs and
consumption good outputs which was conusistent with the wage interest curve
of a technigue could be generated by this technique. In this sense the
wage interest curve contained all technological information of this tech-
nique., This is clearly no longer the case in a model of fixed capital.

To see this we only have to look at our simple model discussed above. The
wage interest curve, as can easily be seen is given by
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1-b (1 -y +r1r)

w = a

This wage interest curve could also be generated by the simple circulat-
ing capital model which we discussed at the beginning of part II. We
only have to put the labour input coefficient in that model to be equal
a
t and the input output ratio of the commodity itself to be equal
o I p p y q

tOIE—YE.

But clearly by using the simple circulating capital model we can produce
a flow of labour inputs and consumption good outputs which cannot be pro-
duced by the corresponding fixed capital model, The latter is restricted
to flows of consumption good outputs which do not decline by a rate
greater than 1-y per period. Otherwise some of the machines would be
underutilized which means that the wage interest curve could not be
supported by the system., Thus the wage interest curve does not give us
complete information about the constraints under which we can generate
labour input consumption good output paths,

The constraints not reflected in the wage interest curve are not relevant
for steady states with which we are mainly concerned in these lecture
notes, From any feasible labour consumption path whose integrals converge
we can construct an exponentially growing economy in the following way.
The production process characterized by these two paths of inputs and
outputs has a certain point T = O, This point can be arbitrarily chosen,
but once it is chosen we have to kecep it fixed. If the production process
would not extend into the infinite past we could give the starting point
the index T = O, If, as in the circulating capital model is the case,
the production process does not extend into the infinite future we could
give the end point the index T = O, Otherwise we arbitrarily have to iden-
tify some stage of the production process with T=0, After that 1is done

we can date a specific production process in calender time by determining
at which moment t it reaches stage T = O, We now assume that the scale
x(t) at which production processes of date t are operated is exponentially
increasing by the rate g > O.

Total labour input at time t 1is then given by the sum of the labour in-
puts of all production processes at time t., Now the labour input at time
t of a unit production process of date t' is given by % thre T=t-t!',
The scale of production processes of date t' is x(t') = B (o).

So we have

+o g +o T £
Lt = _£ e8 x(0) a )dt'=x(o) -£ e 8T 8% ar

(t-t! T
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In a similar way we show that consumption Ct is given by

t M T
c, =e® x (o) [e "8 ¢ ar

t T
ct
Consumption per worker ¢ = T 1s therefore given by the equation
t
e gr 2 gr
c _i e a, AT = _£ e c, dr

which shows that ¢ (g) = w (g). All the technological information rele-
vant for the payoff between consumption per head and the steady state
rate of growth is therefore contained in the wage interest curve, More-
over the two payoff functions are identical,

In a similar way as 1n part II we also can derive the derivative of T
with respect to r. From the derivation there it follows that

daT
£e=-52 —= - s, (r)
r

where Sc2 is the variance of the distribution of outputs and Sa2 (r) is
the variance of the distribution of inputs. Hence we get

where we define S to be the difference between input variance and out-
put varlance, We then get for the second derivative of w(r) that
d2w- o dw _ dT _

- - w -
dr ar

For the logarithm of w we obtain

dloE W % %; = =T (r)

w (T2 - 8)

ar
dzlog w o o_ _ 4T _ - S (r)
dr ar

It should be stated explicitely that S can be negative as well as positive,
If S is negative, then the dispersion of outputs 1s greater than that of
inputs. This case 1is not at all unrealistic, I am thinking of processes
with comparatively high setup costs where the resources involved in the
setup activity are labour intensive, What comes to one's mind are such
activities as research and development, education and, to a lesser degree,
construction of buildings for use in private consumption, These activities
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seem to increase their share in total national product, I am therefore
not sure whether in reality S is positive or negative.

If S were zero then the point input - point output model would apply, at
least as far as steady state properties are concerned, It would be an
interesting question for empirical research to find out whether the
standard production function model with a straight line as the wage
interest curve for a given technique or the standard period of production
model with a semi-log linear wage interest curve is the better simplify-
ing paradigm for economic theory and empirical work.

It is perhaps worthwhile to mention that there is no good reason to ex-
clude the technological possibility of a ncgative capital stock or a
negative average period of production, The wage rate would then be an in-
creasing function of the rate of interest. If the economy is organized
along the lines of private ownership of means of production we may try

to exclude this curiosum by assuming that a firm may be able to stop the
process of production any time it wants. If this 1s so the capital value
of a process of production never can become negative,It is dso thls assump-
tion which allowed Arrow and Levharl to derive the uniqueness of the
internal rate of return of processes of production. But this assumption
is problematic. Firms may be obliged by law not to leave processes of
production half finished, if this would cause negative external effects,
But given that truncation is not allowed and given that the technlques
available all have a negative period of production, it is unlikely to

see the economy being organized with "private property of mecans of pro-
duction", There will be too many difficulties to enforce payment of
liabilities. Fortunately the world we 1live in happens to be such that we
don't have to bother about this curiosum,

Chapter 2, The General Case of Joint Production and a Generg;_Nonsub—
stitution Theorem

We have so far assumed that it is possible to reduce the production pro-
cesses to the two flows of primary inputs and final outputs., This is not
possible in general, if Joint production is allowed in the model, In

this chapter we want to treat the more general case with joint production

We take the discrete time model. The production possiblities are defined
by a subset A of the nonnegative orthant of the 2n + 1 dimensional
Euclidean space, where n is the number of different commodities., If and
only if the vector (L, Vys ooe Vs Xqs ...xn) is in A, can the economy
produce the commodity vector x = Xgs oo X by means of the produced in-
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puts y = Vs ooe ¥ and the labour quantity L. The set A consists of all
technically possible input - output combinations, The outputs become
available one period after the inputs are available, But, as we did in
the more special cases of discrete time models we assume that labour is
pald at the end of the unit period.

The following conditions can be stated as equilibrium conditions, If
x', y’, L* are equilibrium quantities,if p*, are equilibrium prices and
r and w are the interest rate and the wage rate respectively then the
nonprofit condition implies

* * #* #* ¥ 4
Py Xg = (L4rg_4) Pyy Yeoq =W Ly =0

x *
Py X - (1 + rt-l) Peq ¥ - w.l <0

for all ( L, y, x ) in A,

On the other hand, the demand for a commodity cannot exceed supply, and
if supply exceeds demand the price must be zero, If z is the consumption
vector we then have

* F # # ~
pt(xt-yt-zt)"o

x 4 &
p(xt-yt‘zt)

>0 for p > 0O

We shall not discuss the question of existence of an equilibrium here.
What we shall discuss are the steady state specifications of the equi-
librium conditions Just introduced. For this purpose we again specify

a standard commodity basket 8 in terms of which the recal wage rate and
real consumption per head are expressed, Without loss of generality we
can 1limit our analysis to nonnegative price vectors which satisfy the
equation ps = 1, We are then able to identify the nominal wage rate with
the real wage rate, since we have W = wps and we can identify the nomi-
nal value of consumption with real consumption,

In a steady state (golden age) equilibrium prices are constant through
time. The nonprofit condition then recads

* _x ¥ X F
p x - (+r)p y,_4 -wL o =0
*
P (x =(1 +r)y)-wL <0
for all (L, y, x) in A

In a steady state the quantities grow at the constant rate g. We there-
fore can write the demand supply conditions as
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F 4 * * »
po (xy - (14g) yy 4 =2, ) = O

* * #*
P (x" - (14g) ye 4 -2, ) 20

for all p » O, If we restrict ourselves to price vectors with p 2 O
and ps = 1 and if we define recal consumption per head

P Z.*
c:_"——

L

then the relations above can be written as

* # & E 4
p (x - (1+g) yi_4) - cLy =0
» * >
P (xt - (1""8) yt-i) - C Lt _>_: O

for all p 2 O with ps = 1

Now let the values with # refer to an equilibrium situation with some
interest rate r and some growth rate g. Let the values with * rcfer to
an equilibrium situation with the same interest rate r and a growth
rate é = r and the same volume of labour used. The nonprofit condition

and the supply-demand condition then imply

* _ 4 ¥ * + -
Low 2 p (xp = (24r) yo o) 2p (%, - (14r) y, ) >

> p (xg - (1+r) yt-l) = Lo w

The first inequality follows from the nonprofit condition, the second
inequality follows from the supply-demand condition when we keep in mind
that é = r, Thus we have shown: for a given interest rate the wage rate
attains it's minimum when the rate of growth is equal to the rate of
interest., This is if you wish thc dual theorem of the golden rule of
accumulation which we shall prove presently. We are no longer able to
show that the wage interest curve is independent of the rate of growth
of the system. The nonsubstitution theorem is not valid under such gene-
ral conditions.,

To prove the golden rule of accumulation in this model let the #
variables be defined as above and let the * variables refer to a situ-
ation in which the same rate of growth rules as in the # situation but
in which the rate of interest is equal to g. We then have
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=p (x;° = (1+g) y:_1) sp (xg - (1+g) y¢_4) = ¢ Ly

The first inequality follows from the supply-demand condition the second
inequality follows from the nonprofit condition, The combined inequali-
ties prove that consumption per head for a given rate of growth 1s maxi-
mal if the rate of interest is equal to the rate of growth.

These two results can be used to derive a further inequality. In the

more speclal case where the wage-interest curve was independent of the
rate of growth we could derive the result that the wage interest curve
also represented the payoff function between maximal consumption per
head and the rate of growth, Now we have to say: maximal consumption per
head for a given growth rate g is equal to the minimal wage for the given
interest ratc r=g. The minimum wage frontier 1s the maximum consumption
frontier and this frontier separates the set of possible (w,r)-combina-
tions from the set of possible (c,g) -combinations

c‘w

(w,r) area

P 'y g

It 1s worthwhile to note that under the general conditions of Jjoint pro-
duction not only the nonsubstitution thecorem but also any classical or
Marxian or modern labour theory of value breaks down, It i1s no longer
possible to define clearly what the specific labour content of a commodi-
ty or"the labour-time socially necessary for its production" is, This is
borne out by the fact that even for a given rate of interest the price of
a commodity depends on the rate of growth of the system,
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In a global sense we can of course still determine the amount of labour
contained in the sum of all consumption goods produced in a single period.
If we give the labour inputs of time t-T the weight (1+g)T then total
labour inputs corrected with these welghts are the same every period. The
"value" of consumption good outputs remains the same even though the
quantity increases exponentially. In terms of weighted labour inputs it

is therefore clear that the quantity of labour contained in the consump-
tion goods of period t is equal to the quantity of labour expended in
period t.

We now want to show that the following three statements are equivalent,
Each statement implies the other two statements, All three statements
only apply to steady state situations.

1. For every nonnegative standard basket s the real wage-interest curve
i1s independent of the quantities of commodities produced.

2. The specific labour content of a commodity can be defined for every
interest rate and for every exponential welghting system of labour in-
puts and consumption good outputs and independently of the quantities
of commodities produced.

3, For every interest rate the relative prices of commodities are deter-
mined independently of the gquantities of commodities produced.

Let us assume that 1) is true. The real wage rate w for a given commodity
basket is given by the equation wps = W where W 1is the nominal wage
rate, Assumc now that the vector s is given by s = (1, 0, ... O0). Then

the equation above reads wpy, = W or p, = w/ w or

=1 Il-?
n
=

p
Since w is only a function of r the same is true for -é. In a similar way
w

p
we find that :3 is only a function of r, or in general g is fixed
W w

whenever r is fixed, This implies statement 3),

The converse also holds, If 3) is true then clearly the rcal wage rate is
determined for every s, whenever r is known,

3) implies 2). For any given interest rate r and any given y consider a
system growlng at rate y and using production techniques which have zero
profit at interest rate r. Morcover the system sells to the consumption
sector only some good i, By 3) the relative prices of all commodities are
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given, By the supply demand equations the price of a commodity is zero,
if there 1s excess supply. Thus by 3) there 1is no excess supply of any
good whose rclative price is not zero at this interest rate. We then are
are able to impute all labour inputs to the final output i, Consider now
a weighting system attaching weight (1+y)"t to labour inputs of period t.
Then, since unweighted labour inputs grow at rate y, weighted labour in-
puts are constant, By the same argument weighted consumption good outputs
are constant, The specific labour content of good i with weighting system
(1+Y)'t with the technique applied can then be defined to be the coeffi-
cient of weighted labour inputs per period to weighted final outputs of
good 1, Hence we have given a natural definition of specific labour con-
tents., Note that even for a given rate of interest r and a given weight-
ing system y the specific labour content need not be uniquely determined,
If for instance r happens to be switch point of two techniques the speci-
fic labour content will depend on the technique mix which is applied.
But for every mix of technique it 1s always possible to compute the real
wage interest curve in terms of good i which is implied by the zero pro-
fit'condition and by the physical outputs and inputs corresponding to a
given technique mix and a given growth rate, This being so and keeping
in mind the duality property of thc wage interest curve for a given tech-
nique we actually can compute the labour input - final output ratio for
a system growing at rate y , by looking at the value of the wage rate of
this wage interest curve at the interest rate y, We therefore can actu-
ally compute the specitfic labour content of every good i for every
weighting system (1+y)'t from the national accounting data of a system,
given that condition 3) is fulfilled., Note that this auxiliary wage
interest curve can be computed from national accounting data hecause we
keep the physical quantities and hence the techniques fixed., It 1s of
course not identical with the wage interest curve of the economy which
takes account of the possibilitics of substitution,

2) implies 3), If 2) is valid apply for every given r the weighting
system (1+r)'t. Then the prices of commoditites must be equal to their
specific labour contents and arc thus independent of the composition of
final demand, which proves 3),

It is perhaps a little pretentious to call this equivalence theorem a
General Substitution Theorem., What it shows 1is the equivalence of the
modern Non-Substitution condition and the possibility of defining speci-
fic labour contens., In view of this equivalence the modern search for
nonsubstitution theorems can be seen as a continuation of the classical
theory of price and value,
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A careful examination of part II of these lecture notes shows that most
results which were derived there carry over to the case of fixed capital
as long as the wage interest curve of the economy is independent of the
rate of growth and the composition of final output. By our equivalence
theorem this 1s the case if and only if prices are independent of final
demand and specific labour contents of commodities can be defined,



Part IV

Genceral Equilibrium of Steady States
So far we have not introduced any consideration which would allow us to

decide which point on the wage interest curve 1s becing chosen by any
given economy growing in a stcady state, To solve this open problem we
have to introduce the households in the economy and their intertemporal
decisions. We first consider a single household whose lifetime extends
from some periode to to some period to+x. We assume perfect certainty
and we assume that the wealth of the houschold is zero at to as well as
at to+x. We then have the following accounting identy

Ct + Vt = Wt + th

where Ct is consumption, W_ is earned income (wage income), V_ is wealth-

t
is the rate of change of wealth, i.e,

t
r is the rate of interest and Vt
savings. This can be interpreted to be a differential equation for Vt'

On integrating it we get
r(t-to) -r(T—to)

t
v =e (Veo! tf (W,=C.) e ar)

o)

Putting to=o and remembering that Vt = o and that Vx = o we get the
o

equation A

_ -rT
0 = é (wT-CT) e

ar

which is the equivalent to a budget constraint of the household for its
decision with respect to the supply of labour and the demand for con-
sumption goods.

We can now introduce a concept analogous to the concept of the average
period of production., We call it the average waiting period., It is the
mean time distance between the supply of labour and the demand of con-
sumption goods by the houschold. It is

T = Tc - Tw

where Tc is the point of gravity of consumption good expenditure

-rT

CT e

T 4T

-rT
Cqp € ar

o
O *—>|O0—>

and Tw is the point of gravity of wage income
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If we write wt = wMt whete w is the real wage rate then we can find the

following result, Let there be a simultaneous change dr of the rate of

interest and of the real wage rate dw. We ask the question whether the

household is able to maintain the old {Mt, C }path. For this we differ-
entiate

A A
-rT -rT
();e chT-w£e M, ar
and we get
A A
-rT -rT
(-({Te CTdT+w£Te MTdT)dr
-(}e'rTMdT)dw
L T

A A
We divide this expression by [ e'rTCTdT which equals w fe'rTMTdT
o o

dw _ 1
and get (—Tc + 1) dr - === - Tdr -2 aw

For positive dr this expression has the same sign as - wT - g%.

Thus whenever - WT - %% < 0 then the change is such that the old path can
be sustained since this means that the present value of consumption be-
comes smaller than the present valuec of wages. But this implies that
utility rises, because now consumption can be raised keeping the labour
supply the same, By a similar argument we see that utility falls if

aw dw
- Wl - 37 > 0, and utility remains constant, if 3 - wT. We get the

the following table

%¥ > - WwT 1implies g% > 0
dw _ du _
T - wT 1mplies T - o

%;i <=« WP implies g% <o

If we move along the wage interest curve as given by the technology then

we have % %; = -« T = - period of production. A rise in the rate of inter-

est along the wage interest curve will improve the position of those

households whose waiting period is greater than the period of production
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and it will hurt those who have a waiting period less than the period of
production.

du

T > T implies ir
T = T implies g% =0

> 0

du

T <T implies ar

<o
In part II we have shown that a rise in the rate of interest will always
have the effect of a substitution in the direction of reducing the period
of production, Here we now can show that a rise in the rate of interest
and a fall in the wage rate such that utility remains the same will tend

to raise the average waitlng period. Let r® and w° be given and let

{Cg woMg} be the corresponding consumption labour path, Let r1, w1 be
another wage interest combination yielding the same utility as r°, w°.
let {C%, wiMTl} be the corresponding consumption labour path, We then
have the inequalities

A o

/ (et -womd) e Tar > o

T T -

o

A 1

[ (S - wi®) e Tar > o

° T T -

Proof: If one of these inequalities would not hold it is easily seen
by a revealed preference argument that not both paths would be utility
maximizing, Indeed if for example

A o

/ (c: - womt) e T T ar <o

T T

o
then the budget constraint given by wo, r° would allow a path with more
consumption than C% for every T, hence with more utility than

{ C% , M% }« Since { C?, Mg } is utility maximizing with respect to

the same budget constraint this would imply that the utility of

wTi, MTi} is smaller than the utility of { CTO, MTo } which was excluded

by assumption, In a similar way we obtain the other inequality.

Consider now the curve w’(r) defined by the equation

A
/ (CTo - w*M;)) e TTar =0
o

that is the set of all combinations (w’,r) whichare just sufficient for

financing the path { CTO, MTo }. We then know that wl 5w"(r1).
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In a similar way we define w"(r) by

A
1 A2 1 -rT -
[ =w M) e dT = o
o
F3
and we have w® = w’(ro) :'w* (r®). Also wh o= w**(ri). In a similar way
as we have done above we can show that
x
*
%%— R To(r)
¥y
e
%%—— = - W Tl(r)

where To is the average wailting period of path { CTO, MTO} evaluated at
1 1

interest rate r and T1 is the average waiting period of { CT R MT }
Assuming that r,>r  we therefore obtain the inequality
1 T *
#
[ T (r)dr=- [ S%%&JL- dr = log w‘(ro) - log w (ry) =
r, ry
= log wo - log w}(rl) < log w - log Wi <
r
1 FE
*#, 0 ,F _ dlog w -
log w (r°) - logw (ry) = - £ e ar -
ry °
= [ T1,(r) dr. "On average" therefore the rise of the rate
r
o

of interest causcs a rise of the waiting period. In particular, if
ry = ry is sufficiently small we get

T, r
/ T (r)ar ¥ (r -r )7 (r ) =< i 7y (r)dra (ry-r )T (r )

r'0 o

Or, if ry is 1n a sufficiently small neighborhood of ro
T,(r) 2 T (r))

the walting period is greater or equal, if evaluated at the same rate of
interest. The following diagram illustrates what we just have shown.

We could draw indifference curves into the (w,r) diagram. A single in-
difference curve is the locus of all (w,r)-combinations yielding the

same utility. The indifference curve is the inner enveclope of all
(w¥,r)-curves supporting { Ct, Lt}-paths with the given level of utility,
By the envelope theorem the slope of the indifference curve at any given
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point 1s equal to the slope of the (w*,r) curve going through this point
which 1tself is equal to the average walting period.,

We shall now discuss the equilibrium in this economy. We start from the
assumption that all households are alike in their preferences and that
they all 1live for A years. Therec i1s no inheritance of wealth in the eco-
nomy. Population grows at the rate g, which means the number of house-
holds coming into existence at time t, Nt is exponentially growing:

Nt = Ndag . Total population at any given moment t is

t t 1-¢~ 8

NY = f Ng dt, = N

t-2 t

Total supply of labour time at moment t is given by

t t A
- = -g(t-to) - -gT
L, f Ne Mgt dto = Ny [ e Mt-’co at, =Ny [ e ™= 'M, ar
t- t-2 o

Total consumption Ct in the economy is given by

t t A
= = -g(t-to) = -gT
T, tlx Ngo Cpog, Oo = Ny t{A e Coot, %o -Nté e”0g, ar
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Consumption per unit of labour supply 1s thus

-gT
e CT aT

-g'r
e MT dar

ct
O >0 =—d
*

where W' (r) is the wage rate necessary to support the given path

{CT, MT} at a rate of interest r. Hence - just as in the case of the pro-
duction technology - a w (r)-curve derived from a given path {CT’ MT}

has a dual interpretation as being the economy's consumption growth curve
for the given individual consumption work pattern {CT’ MT}.

Under conditions of equilibrium the supply of consumption goods per
labour unit must be equal to the demand. Thus in equilibrium the wage
interest curve of the techniquc used w(r) and the wage intcrest curve of
the consumptlion work pattern precvailing w* (r) must be equal at the pre-

vailing interest rate and at the growth rate

w (r) = w (r) and w(g) = wt (g)

This is a necessary and sufficient condition for a stcady state equili-
brium if r §¥ g. Apart from these two points r and g the two curves will
in general be different, The time pattern of consumption and work of the
households need of course not coincide with the pattern of labour inputs
and consumption good outputs of the production technique., This is another
application of the synchronization principle, While an isolated individu-
al confronted with a single production opportunity of labour inputs and
consumption goods outputs has no possibility to deviate in his work -
consumption pattern from the technologically determined labour input con-
sumption goods output flows this possibility exists if there are over-
lapping generations of households and production opportunities, This syn-
chronization principle exerts its fullest force in golden age growth,
Every deviation from the steady state has negative effects on the work-
ing of the synchronization principle, I believe that this principle is
quite important for the welfare of most individuals and that this is
among other things a reason why stecady states will always bec particular-
ly important in the theoretical analysis of growth processes, In sub-
stance and form the synchronization principle has of coursc great simi-
larities with the insurance principle under conditions of stochastically
independent risks. And both are special cases of gains from trade.
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It is easy to generalize our model by introducing several groups of
households such that within each group households are homogeneous but
between groups they are different, But we have to assume that each group
grows at the same exponential rate g.

Before we proceed to prove the existence of an equilibrium we have to
discuss what we mean by a market equilibrium if the rate of interest is
equal to the rate of growth, If the rate of interest is equal to g then
it follows that the demand for consumption goods per unit of labour
offered 1is equal to the wage rate and this 1s independent of the speci-
fic time pattern of consumption and work, The wage rate is also equal to
the production of consumption goods per hcad. Thus in a way the condi-
tions of market equilibrium can be considered to be fulfilled for r =g
no matter what the specific time patterns of the individual households
and production processes are, Only by investigating in more detail what
the institutional set up is can we decide whether such a constellation
can be considered an equilibrium,

In the Arrow-Debreu theory of general equilibrium it is essentially
assumed that all transactions of goods take place at the same moment of
time, This assumption is clecarly a difficult one for a model in which
there exists no moment of time such that all relevant persons are alive,
Let us for a moment assume that t and T arc not time parameters, but,
say, space parameters so that we arec able to imagine complete simultane-
ity of all transactions., Then a "rate of interest" equal to g would in
fact correspond to a possible general equilibrium: every firm maximizes
profits, every household maximizes utility and all commodity and labour
markets are cleared. It is essential that this spacial world is infinite:
for every person and every individual process of production must be inte-
grated in the same way, which, for g { o, implies an infinite extension
of the parameter t.

If t 1s again interpreted as time then complete simultaneity of trans-
actions is impossible, Capital markets play the role of a substitute for
transactions which cannot be performed now because at least one of the
partners in the transaction docs not exist, We can assume that there
exists a market for bonds issued and bought by the different firms and
households. In this way general claims on future conssumption goods can
be bought and sold, Assume for cxample that the bonds have the form of
perennial annunities ( consols ). Then each of them is a claim

on a unit perennial flow of the consumption good, Because future trans-
actions on the bond market are possible, bearers and issuers of these
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bonds are able to transform this infinte constant flow of consumption
goods into any other flow of future consumption goods with the same pre-
sent valuec, Thus, under conditions of certainty, and in a steady state,
the form of claims on future consumption (e.g. consols) 1is not really
relevant, It is not necessarily related to the substantive claims on
future consumption goods and labour services which are determined by the
techniques of production used and the set of consumption work pattern
consistent with the budget constraints of the households, The possibili-
ty of recontracting on the bond market makes this severance of formal
claims from actually anticipated deliveries possible, a severance which
is necessary in a situation in which the future transactions of future
generations are anticipated but cannot yet be performed,

So we replace all futures markets in labour and commodities by one mar-
ket: the market in, say, consols. Now it turns out that at an interest
rate r = g the bond market is not necessarily in equilibrium, The supply
of capital VT of a household in its year T is gliven by the difference of
the present value of future consumption and future wages. We thus get

A

- -r(s-T)
VT = [e (CS - W Ms) ds

T

At time t there are e-gTN such households, whose supply of capital

s t
VT then for r = g

A A
= o —8T -g(s-T) - - -gs -
= e Nt£ e (cs w M) ds = N, { e ( Cg st)ds

Total supply of capital is then

A A A
S _ S - -gs -
v® o= £ v, dar = Ny £ { e (cs -w Mw) ds dT =

A S A
- .—8s - -gs _
= N, £ e (Cg = wMy) £1 dr ds = Ng £ e (cg st) s ds

For the supply of capital per unit of the consumption good demanded we
obtain (since Ct = th)

A A
-gs -gs
[ e7%%c_ sds [ e wM_ sds
Xi i N o s ) Ne 5 s
A A
¢ Ne [ e™8c_ as Ne [ e85 wm_ as
0 s 0 s
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In a different way we have shown earlier that for r = g demand for capi-
tal is VD = T C. Thus supply and demand on the capital market only coin-
cide at r = g if the average waiting period is equal to the average
period of production, We thus consider the position r = g only as an equi-
librium, if T(g) = T(g). For r ¥ g equilibrium on the commodity markets
implies equilibrium on the capital market.

It 1is not self evident that a steady state equilibrium exists. Indeed we
easily can construct examples which do not have a steady state equilib-
rium, We shall give one below after having shown the following property
of steady state equilibria : In a steady state equilibrium there exists p
lying between g and r such that for the welghting system C'pt the average
period of production and the average walting period of the households

are equal,

Proof: For the following let the parameter 8 indicate the technique
which is used in equilibrium, If several techniques are used simultane-
ously we can think of © representing a mix of techniques, Since we will

not vary © we de not have to bother about mathematical properties of ©
and of the depcndence of w on 6, Let n stand for the consumption-work
pattern which is used in equilibrium. The proposition is certainly true,
if in equilibrium r g, for then T (g) = T (g). If r ¥ g then we have
the equation for © = r w (r,8) = w' (ryn) 3 w (g,0) = w' (gyn)

w (0,8) T (p,8) = - 2w(p,8) w(o,m) T (pyn) = - 3w*(p,n)

3 p 3 p

r
hence log w (r,8) = - [ T (p,8) dp + log w (g,H)
g

r
*
log W' (ryn) = 1= T (p,n) do + log w'(g,n)
g

T and T are continuous functions of p. Thus by the mean value thecorem
there exists p* such that

r
0= [(T (6,8) - T (p,n))do = (r-g) (T (6%,8) =1 (o*,m)
g

p* is the value of p which we were looking for.

In other words: if we take the average over all weighting systems e'pt
for all p between g and r then the "average" average period of produce
tion and the "average" average waiting period are the same. In this weake-
sence it 1s true that equilibrium requires the walting of consumers for
consumption goods and to be in line with the walting of producers for
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final outputs., This result suggests how we can easily find examples for
which no steady state equilibrium exists., We have to find a technology
which does not allow a period of production T less than A, the lifetime
of a household and combine this with the assumption that consumers do not
leave wealth to their heirs., Take for exahple the point input point out-
put model and assume that there is only the choice betwecen techniques
with T > A , Now for any weighting system T is less than A. Hence there
exists no p such that T (p) = T (p). Therefore no equilibrium exists,

No matter how high the rate of interest 1s, there will always be positive
excess demand on the capital market,

This example already suggests which case causes a difficulty in proving
existence of an equilibrium: The case in which excess demand for capital
has the same sign for every rate of interest. It would be cumbersome and
not terribly interesting to try to find various sufficient conditions

to exclude such a case, It appears not to be very realistic.,

In the following we will give an existence proof for a steady state equi-
librium,

Theorem: A steady state equilibrium exists if (i) the number of differ-
ent techniques available to the economy is finite, and every technique
has a wage interest curve independent i1f the rate of growth (ii) the de-
mand for consumption goods and the supply of labour of the household
sector are continuous functions of the rate of interest and the wage
rate, (iii) there exist two steady state constellations such that not
both show the same sign for the excess demand for capital,

Condition (iii) is, as just shown above, essential and not trivially ful-
filled., Conditions (i) and (ii) can be generalized if we are prpared to
use more sophisticated mathematical techniques than the ones used in the
present proof, Condition (ii) is fulfilled if preferences of consumers
have the property of strict convexity of "the preferred sets", Modern
general equilibrium theory shows that weak convexity would do as well

and that nonconvexity can be dealt with if the economy is "large"

Proof of the theorem: Let 6 =1, 2, ... n be the parameter for the tech-
niques available to the economy. Given the different wage interest curves

w (r,e) of the techniques the wage interest curve of the economy
w(r) = max w(r,®) can be constructed, Since all w(r,8) are continuous
S]

functions of r, the same is true for w(r), the maximum of continuous
functions 1s continuous, Let n be a parameter characterizing the differ-
ent steady state consumption work patterns. Every consumption work
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pattern is characterized by a wage interest function wt (ryn) which
gives the wage rate necessary to support pattern n for any given inter-
est rate r. Choose the parameter n in such a way that it indicates the
rate of interest at which this pattern is valid., Thus if n = r, then n
is the parameter value of the pattern prevailing at the rate of interest
r and the wage rate (w(r)= mgx w(r,®). By assumption (ii1) and by the

continuity of w(r) the consumption work pattern varies continuously with
r and hence with n.

Note that demand for capital per worker VD is not necessarily uniquely
determined for a given interest rate, if at this interest rate there are
at least two techniques which maximize the wage rate. If only one tech-
nique is used demand for capital is equal to

vP(r,0) = w(g,8) - w(r,e)

T—& r g
Pig,0) = T(g,0)u(g,0) = - LI | -
r=g
= 1im w(g,g)-- w(r,8) . 1lim vD(r,e)
r+g & r+g

If several 6 can be applied at a given r, there is a whole interval of
possible demands for capital, since the different technique can be used
in any convex combination. To formalize this let R(€) be defined by

R(®) = & | w(r,8) = w(r) }

It is the range of interest rates at which technique © is efficient.
We then can define 6(r) to be the set

o(r) = {6 | reR(8)}

i.e. the set of techniques which are efficient at r. Now demand for capi-
tal at the rate of interest r can be any number vD which can be written
as a convex combination of the vD(r,e). The set of admissible demands
for capital VD(r) is given by

vP(r) = (v | vP = Jugv® (r,8) with Jug = 1,ug> 0}
8eé(r) 8cb(r)

The supply of capital is given by
*

v(n) = wi(gan)ow (n,n)

n-8g
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Excess demand for capital is then
z = vD - v3(r)

D D

Equilibrium exists whenever there exists v eVD(r) such v =vs(r). We say
the set VD(r)-vs(r) > 0 1f for any vDsVD(r) we have vD-vs(r) > 03
similarly for VD(r) - v3(r) <O0. Now we show that the set

RY = (r: VD(r) - vs(r) > 0} and the set R = {r: VD(r)-vs(r) <0 }

are both open. To prove that R+ is open assume that R+ is not empty
(otherwise r? is open because the empty set is open). Let T ¢ R+. Then
w(iz = w(E,ei) = w(¥,8,) for any 6,, 6,¢ ® (%) and w(r,8) <w(r) for any
©4¢€ (r). Since the set of different © is finite and since w(r,®) is
continuous in r we can find a neighberhood N(T) such that w(r,8) <w(r)
for © ¢ o (r) for reN(T) which implies é(r) = é(F) for reN(r). Thus for
reN(r) we have

min VD(r) = min vD(r,e). But
0eH(P)

wig,®) - w(r,8)

vP(r,8) = £t

is a continuous function of r, It 1is also

continuous at r=g since, as we have shown vD(g,O) = 1im vD(r,e). Hence
rog

min vD(r,e) is continuous, hence min VD(r) is continuous in N(r). Hence
8e6(F)
there_exists a neighborhood of F,N°(F)eN(F) such that for reN°(%T)

orV (r) - v°(r) > 0 or VD(r) « v3(r) > 0. Thus there exists a neigh-
borhood N°(F) such that reR+, if reN°(F). This proves that R' is open.
In a similar way we show that R~ is open.

If R+ and R~ were both empty every rate of interest would be consistent
with an equilibrium. If R+ is empty and R™ is not empty then by assump-
tion (iii) there exists r such that excess demand is nonnegative. If it
is zero at this r an equilibrium exists. If it is positive R+ is not
empty. Similarly, if R+ is not empty then there either exists an equili-
brium or R™ is not empty. Thus there only remains the case that both R~
and R+ arc not empty. But since both are open and since R fi R'f is empty
the set R+ UR™ is not connected. But the rcal line R is connected, hence
rR* UR™ $ R. There exists r which is neither contained in R' nor in R™.
This proves the existence of an equilibrium.

It should be noted that an equilibrium at r=g can always be established,
if there is an institution, say the government, which keeps bonds

in its portfolio if there 1s excess supply of bonds or sells bonds, if
there is excess demand for them, so that the
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capital market can come into equilibrium. The goods and labour markets
clear automatically at r=g, if the government does not interfere in these
markets. This implies that the net holdings of bonds by the government
grow at the rate of interest which 1s equal to the rate of growth so that
the system remains in steady state equilibrium. This is only so at r=g.
Whenever the rate of interest 1s different from g either government net
holdings grow at a different rate than other assets, i.e. we are not in

a steady state equilibrium, or the government has to engage in net trad-
ings on the commodity markets and thereby interfere in the market equi-
librium.,

This observation could serve as a starting point for a generalization of
a theory of exploitation as we sketched it following Marx, in chapter 3
of part II.There we assume that of the two classes "workers" and "capita-
lists"™ only the latter class saves., The Marxian degrece of exploitation in
a model with technical progress and no population growth was equal to the
amount of labour time devoted to the production of consumption goods for
capitalists divided by the amount of time devoted to the production of
consumption goods for the workers. As is well known many people are wor-
kers and at the same time owners of capital. This makes it more difficult
to formulate a degree of exploitation of one class of people by another
class of people.,

Government interference in the accumulation process will affect different
groups of people 1n a different way. If government policy shifts the
steady state cquilibrium from a higher to a lower interest rate - along
the technologically given wage-interest frontier - one group of people
will obtain a higher utility level other pecople will attain a lower utili-
ty level, This difference couldbe used as a criterion for an economic
class distlnction: we call "capitalists" those people whose utility rises
(falls) as we move across steady states along the wage-interest frontier
in the direction of a higher (lower) rate of interest. We call "workers"
those people whose utility is inversely related to the prevailing steady
state rate of intcrest. These definitlions, unfortunately, are not precise
except locally: there may be people whose utility 1s not a monotonic func-
tion of the steady state rate of interest. But Marxist theory (less so
western economic theory) would consider it a methodical error to refrain
from the use of the class concept simply because the question what the
empirical criterion of class distinction is cannot unambiguously be
answered, Moreover there may exist a solution to this problem in the pro-
perties of the golden rule path,
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A steady state equilibrium usually implies that the different groups of
people characterized by their different work consumption patterns keep
their relative weight in the population and the economy. Each of these
groups therefore grows at the same rate g. Given that this is so, it is
easy to see that on the Golden Rule path each group only works for the
production of its own consumption goods. The argument to show this is
simple: clearly total population works only for the production of con-
sumption goods for its own use, Now consider an economy in which only
one of the different groups 1is present and in which, by mcans of a
corresponding public debt policy of the government, the Golden Rule
state prevails. Then in terms of production this economy is a mirror
image of the original many group economy only at a smaller scale. The
group which is present in this smaller economy firstly produces and con=-
sumer all consumption goods and is therefore not exploited by any other
group and secondly is in terms of their consumption work pattern exactly
in the same situation as it 1s in the larger economy. This shows that
also in the larger many group economy any single group is not exploited
by any other group.

Two things have to be made clear. The first is that a similar analysis is
not possible for a steady state with r # g. For then, as was pointed
out, the steady state equilibrium does explicitely depend on the aggre-
gate savings behaviour of the populatioﬂi The rate of interest and hence
the work consumption pattern will be different in the single group eco-
nomy and in the mixed group economy. Also, if the government has non-
zero net holdings (positive of negative) of assets, it interfcres on the
commodity markets., The second thing to be remembered is the assumption
that there 1s only one type of labour. As soon as we introduce different
types of labour which are not complete substitutes of each other the
separation of one grouph?rom the restof the economy affects the produc-
tion possibilities of this group., I think that a complete theory of ex-
ploitation will have to say something about the social and cconomic re-
lations of different kinds of labour (e.g. male and female labour)., But
I do not want to discuss this interesting, important and complicated
field of analysis here.

Whenever we distinguish more than two different groups the definition of
exploitation becomes difficult, in particular if we want to quantify the
rate of exploitation., We would have a whole matrix of rates of exploi-
tatlion, but it seems to be impossible to define them in unambiguous way.
The analogy of multilateral international trade will make this clear:

if there arc two countries and their balance of trade and services is
not in cquilibrium (assuming for simplicity that their net credit posi-
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tion does not change) then we can in some way consider one country's
welfare beling improved at the expence of the other. In multilateral trade
it makes no sense to consider bilaterally balanced trade balances to be
of significance. Only the overall balance of trade of every country is

of interest. Similarly it makes no sense to define bilateral rates of
exploitation between two groups, 1f more than two groups can be distin-
gulshed. We only can speak of rates of exploitation of a group in their
relation with the total rest of the economy. In the spirit of Marx we
define these rates of exploitation of any group as follows. Let Lit be

the quantity of labour supplied by group i, let L*it be the quantity of

labour expended at time t and used for the direct and indirect produc-
tion of consumption goods to be consumed by group i, Then the rate of

exploitation of group i is defined to be
*

o bgp =1y Ly

R, = T e - 1
1 ¥ =
1t 1t

The rate of exploitation is positive if the group is exploited by the
rest of the economy. The rate of cxploltation is negative, if the group
exploits the rest of the economy. If we concentrate on steady states we
can write the rates of exploitation as functions of the steady state
rate of interest R; = Ri(r). We then know already that Ri(g) = 0 for
all i,

Of particular interest is of coursc the exploitation relation between
"workers" and "capitalists", In the simple world in which capitalists
don't work and workers don't accumulate our definition is basically the
Marxian definltion of exploltation. This 1s literally truc when there is
no population growth. In the more complicated case in which there is a
large group of people who supply labour and accumulate capital we pro-
posed to distingulish between capitalists and workers according to the
criterion whether there exists an isotone or an antitone relation between
the level of utility and the rate of interest. This definition can of
course be given a less subjectlivistlic slant by the following reasoning:
If the rate of interest rises and the wage rate falls accordingly there
1s one group of people who are able to maintain their former work con-
sumption pattern and indeed are able to consume more in every period or
work less 1n every perlod. They clearly benefit from the rise in the rate
of interest and thus can be called capitalists. There is another group

of people who are not able to maintain their former work consumtpion
pattern due to the fact that the real wage rate has fallen. They can be
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called workers, We do not need the "bourgeois" concept of utility and
preferences to introduce this definition of the two classes.

Another way to distinguish between these two classes is by using our
definition of exploitation. Divide the population into groups which are
internally homogencous concerning work consumption patterns. For any
given rate of interest r > g count as "workers" those groups whose rate
of exploitation Ri(r) is positive and count as "capitalists" those
groups whose Ri(r) is negative. The rate of exploitation of workers by
capitalists, R(r), would then be given by

I L
_ Lw _ lew 1 _
R= — -1-:= ' - -1 =
Ly I
lew
) * I *
1ew (Ri*1) Iy L . tew By
= - - S
I L § L
iew i lew i

where the set of indices w(r) = {1 | Ri(r) > 0 }. The ratec of exploi-
tation of the working class 1is thus a weighted average of the rates of
expolitation of those groups who are exploited. The weights are given
by - in Marxian terms - the necessary labour time to reproduce the
different groups, that 1s by the quantities of labour allocated to the
production of consumption goods of these groups.

Both definitions of the class distinction depend on the rate of inter-
est. There may exist groups which may belong to the capitalists at one
rate of interest and to the workers at a different rate of interest. It
is possible to relate both definitions to the capital theoretic concepts
which we have used earlier, The first definition refers to the average
walting period if we use the weighting system e'rt. As was shown earlier,
a rise in the rate of interest improves the standard of living for those
whose average walting period is longer than the average period of pro-
duction. Hence 1n this definition capitalists are those groups whose
average walting period i1s longer than the average period of production
using the prevailing rate of interest, i.e. the prevailing price system
as the welghting system. This definition corresponds to the traditional
period of production approach to capital theory.

The other definition of class and exploitation can be related to the
"supply and demand of capital" approach to capital theory. For a rate of
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interest r $ g the value of capital Per worker is given by

c =W _ W (g,0) - w(r,8)
r - g r - g

where © is the parameter of the technique (or mix of techniques) in
actual use. Now a group which neither exploits nor is expl9ited has, as
was shown earlier, a consumption per unit of labour expended which is
equal to w(g,0). For any group the budget constraint can be written

cy - W (r,06)
i - r-g

where vy is the amount of wealth (or capital supplied) and cy the
amount of consumption per unit of labour supplied. Hence for a group
which is neither exploited nor exploiting we must have vy = Ve If a
group belongs to the exploting class then clearly cy > w(g,0) and this
implies for r > g

vy >V
Similarly for the exploited groups we have

vV, <V
i

This justifies the name capitalists for the exploliting class and workers
for the exploited. The latter are short of means of production (given
the technique of production ©) and therefore have to work part of their
time for the benefit of those groups which can supply the lecking means
of production.

We have not yet made use of the consumption maximizing property of the
Golden Rule path. If we are on a steady path with r $ g the loss in
terms of consumption per labour unit for the exploited is twofold. Not
only do they receive less than the full product of their work, but in
addition less consumption goods per unit of labour are produced. Also
some of those groups which we have considered exploiters may in fact
receive a smaller amount of consumption goods. We could incorporate this
loss in total production in a revised concept of exploitation, but this
may lead to confusion. Similar attempts of Marx and modern Marxists
like Baran and Sweezy to consider certaln costs to the economy as part
of surplus value or (in the case of Baran and Sweezy) of surplus are, I
believe, confusing rather than helpful, indeed, I think, they are not
consistent with an important concept of Marx, the "social character of
production”, There is no space here to argue this point in detail.
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While we dlscuss the economic consequences of a deviation from the Golden
Rule path we should state a theorem which is a pendant to the well known
consumption maximizing property of the Golden Rule path., For a given
household we can construct indifference curves in the wage interest dia-
gram w(r,u) combining different wage interest combinations of equal uti-
lity u. Let n be a parameter for the different consumption work patterns
such that the parameter value n = r refers to the consumption work
pattern prevailing in a situation where the rate of interest is r and

the utility level obtained is u. Let w*(r,n) be the wage rate necessary
to support pattern n at the rate of interest r. For any given r the in-
difference curve representing utility level u will go through the point
w(r,u) = w*(r,r), that is the wage rate necessary to support the pattern
n = r at the rate of interest r,., On the other hand, as was already de-
rived earlier, w(r,u) is the lower envelope of the curves w*(r,n).

Hence w(r,u) = w*(r,r) = min w*(r,n). In addition we know that consump-
n

tion per unit of labour c(g,n) at the rate of growth g and pattern n is
given by

c (g’n) = W*(g,n)

If we now try to minimize consumption per unit of labour for a given le-
vel of utility across consumption patterns we get the result

min ¢ (gy,n) = min w*(g,n) = wt (gsg) = w (g,u). The theorem says in

other words: If the rate of interest is equal to the rate of growth the
households implement a work consumption pattern which minimizes the con-
sumption per unit of labour necessary to support a given level of utility.
In its formal structure the theorem is symmetric to the Golden Rule
theorem and so is the method of proof,

The theorem has the following implication. In a nonexploitative economy
with a homogenous population, consumption per labour unit for this homo-
geneous group of consumers is restricted to the technologically deter-
mined production of consumption goods per worker, Compare the utility
level on the Golden Rule path with the level on any other steady state
path: consumption per unit of labour necessary to maintain the utility
of the Golden Rule path is higher, actual production of consumption goods
is lower than on the Golden Rule path. This clearly implies that utility
is maximized on the Golden Rule path, If the population is not homoge-
neous it 1s not necessarily true that utility is maximized on the Golden
Rule path., But by a similar argument it is easy, to show that for every

rate of interest there must exist some group whose utility is not as high
as on the Golden Rule path,
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