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Preface

Although it rightly claims to be the most rigorous of social sciences, economics
does not progress — as a typical natural science docs — in a straight line. Like a
broad river slowly winding its way across a flat plain, economic thought advances
in curves and loops. It turns left and right and divides from time to time into
separate branches, some of which end up in stagnant pools, while others unite
again into a single stream.

One of the divisions of this kind occurred between the Hast-Furopean and
Western theoretical thought, Mathematical economics in the U.S. and western
Furope began to resemble in its playful elegance the artificial fountains of Ver-
sailles, while Marxist thought in the Fast became under its smooth surface rather
shallow.

However, in recent vears the power of the mathematical method has been
rapidly gaining recognition in socialist countries; and at the same time the builders
of theoretical growth models in the West become conscious of the fact that their
approach has more in commeon with Ricardo, Marx and other classical economists
than with Marshall or with Keynes.

While the driving and the steering mechanisms of centrally planned socialist
and guasi-competitive free-enterprise economics are, in principle at least, entirely
different, the basic struclures of both systems can be described in terms of the
same kind of parameters. Karl Marx, employing esoteric Hegelian terminology,
distinguished universal *logical” from the transitory “historical” aspect of eco-
nomic phenomena. Oscar Lange was the first among the eastern Marxist scholars
to recognize that it is the first type of relationships that determines the possible
orowth paths of socialist and capitalist economies alike. He also was the first to
introduce input-output analysis in the East.

Andras Brédy’s book carries on from where Lange left off. He advances in this
book the solution of theoretical guestions discussed in curkent issues of western
economic journals, but in doing so he shows how both the questions and the
answers go back to Karl Marx and other classical cconomisis. He makes effective
use of powerful tools of formal mathematical reasoning, but also of intuitive con-
jecture that, after all, is the ultimate source ol all analytical insight. Engaged in
theoretical inquity, he is aware - and makes the reader aware — of the peculiar
problems that arise wheuever we have to pass [rom the observed facts (o mathe-
matical formulae and from mathematical formulae back again to observable
facts.
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A theorist will find in this volume an original and interesting discussion of the

fundamental problems of economic growth. To a general econemist ot familiar

with input-output analysis or the modern mathematical theory of economic

growth, if offers a systematic introduction to both subjects.

Cambridge, Massachusetts

August 1969 Wassily Leontief

Introduction

Since the publication of Wassily W. Leoniief’s first papers on Taput-Output
Analysis, communication among economisis around the world has become easier
and more froitful. It turned out that his and a number of related methods of mod-
ern mathematical economics are not only important aad useful in application
but also serve to generalize a very wide set of problems. Mathematics has acted as
a welcome and friendly translator of diverse verbal theorems and theorics into a
commen language that is internationally understood.

With increasing technical penetration of the subject matter of economics we
begin to realize that its deepest questions have much in common everywhere.
This unity was obscured for a fong time because the different coonomic schools
used different approaches and different terminolegy to answer them. Until very
recently these differences seemed to be irreconcilable. Yet slowly and laboriously
we are becoming aware that widely differing views may be crystailized into similar
mathematical models; that mathematical transfermations can carry over one
method of reasoning into another that at first seemed alien.

My task here is to probe a little further into these interconnections and to iry
to bridge the gap from one side: labor theory of value, or more precisely, Marxian
economic thought. The purpose of this book is {o translate Marx’s original ap-
proach into mathematical terms and to indicate the path leading from it to modern
quantitative economic reasoning. Once this is done it is possible to prove strict
mathematical equivalence of a whole family of theories and models: the labor
theory of value, game theory, open and closed static and dynamic Ieontief sys-
tems, linear programming, the mathematical theory of optimal processes and
other general equilibrium models. Their common basis becomes all the clearer
when they are applied to everyday economic tasks: analysis, forecasting, planning
and control of economic systems,

The scope of the material considered here is restricted. Theories of money and
rent are not discussed, although a parallel mathematical approach to them is
much needed and indeed within reach. Neither do we enter deeply into problems
of technological change. Limited to questions of freely reproducible goods, the
text may serve as an introduction to a mathematical labor theory of economics.

The methodology will draw heavily on the eigenvalue— eigenvector reselution
of matrices. This particalar mathematical representation is all the more appealing
that it helps to wunify various theoretical approaches. The eigencquation can
represent deterministic or causal relations of the sort that the classical economists,
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Smith, Ricardo and Marx, set up. It can also be used in a Lclcologwal and opti-

mizing approach such as that of the marginalist schools.

The book is divided into three parts. The first sets up the model. Full quotations -

of Marx’s writings are required to provide correct documentation. The second
one elaborates the theoretical implications of the model set up in the first part.
The third part takes up questions of implementation, application and planning.
The more complicated mathematical theorems and proofs are relegated to the
Appendices.

1 am indebted to many members of my Institute where I was free and indeed
stimulated to do my research. I am also grateful to the Ford Foundation for a
rescarch fellowship at the Harvard Economic Research Project in 1964-65. I am

- particularly thankful to Anne P. Carter who encouraged me to trapslate and partly
rewrite the Hungarian text, who understood what I had on my mind and helped
to express it in English,

A. Brody
Institute of Econonuics
Budapest, Hungary

A = {aik}

o, ©

4] = «
(1A =

B
b ik

B = {bik}

i

|BQ] = ¢

Symbols

flow coefficient

flow matrix
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stock coefficient
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resources tied up in reproducing manpowes
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tie targover time : | o | S o o Part 1
v | labor input vector . : . . . oA
- Setting up of the Model
w wages '
Xx oulpuf vector
X derivative of the output vector

This first part of the book discusses a mathematical model of value and production
theory. Three chapters are devoted in turn to Simple Reproduction, Extended

X complete output vector
Reproduction and Related Models,
¥ final demand Value theory and production theory or, to stress the continuous renewal of the
] . processes, reproduction theory are dual reflections of society’s great metabolic
z variable capital process by which mankind expropriates and assimilates nature’s resources. They

can be stated mathematically in two systems of equations, two models. But these
two models will be tied together by a close interdependence and symmetry, usu-
ally called duality. This duality stems from the fact thal both models or systems
of equations have the same coefficients. These coefficients represent the structural
interdependence of the whole economic process. Value theory and reproduciion
theory will be thus developed in parallel as dual interprefations of a single central
structure.

The models of value and reprodection that we study are similar to a family of
models now well known in theoretical and applied economic analysis throughout
the world. Its intellectual roots are traced back to Leontief, Neumann, Walras,

' even Quesnay. It is not generally recognized that many of the central concepts
originate in Karl Marx. A prime goal of this book is to point out their logical
rools in Marx and show that his analysis is not only compatible with these
newer forms bui also provides a firm and consistent theoretical basis for their
development.

In the Marxian tradition we emphasize the historical frame of reference for
abstractions. Cur cxposition begins with the definition of Simple Reproduction
appropriate to prehistoric and ancient forms of production, yielding no surplus,
or almost none, This idealized model of production plays a crucial role in Marx’s
system of thoughts, as the following quotation shows:

“It is evident that when the laborer needed his whole day to produce his own
means of subsistence . . . no surplus value was possible, and therefore no capital-
ist production and no wage labor. In order for the latter (o exist, the preductivity
of society’s labor muost be sufliciently developed to create ... surplus labor of
some amount ... [But] the existence of that necessary minimum productivity
of labor does noL in itself make it {surplus wmk] actual. The laborer must first

i be compelled to work in excess .

At a lower stage in the dcvelopment of the social productive power of labor,

when therefore the surplus labor is relatively small, the class of those who live on
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the labor of others is in general small in relation to the number of laborers™
[T. 308].*

Thus he considers production without surplus, Simple Reproduction, a logical
prototype of production before the advent of capitalism. It is a state of economic
stagnation. Engels ties the “law of value” to this phase of history:

“In a word: the Marxian Iaw of value holds generally, as far as economic laws
are valid at all, for the whole period of simple commodity production, that is,
up to the time when the latter suffers a modification through the appearance of
the capitalist form of production. Up to that time prices gravitate towards the
values fixed according to the Marxian law ... " [[IL 900L

Or quoting Marx himse)f: ' :

“The exchange of commodities at their vakues, or approximately at their values,
thus requires a much lower stage than their exchange at their prices of production,
which requires a definite level of capitalist development . . . it is quite appropriate
1o regard the values of commodities as not only theoretically but also historically
prius to the prices of production™ {IH. 177].

He also stressed the inappropriateness of Simple Reproduction under capital-
ism: _

“Simple reproduction, reproduction on the same scale, appears as an abstrac-
tion, inasmuch as the absence of all accumulation or reproduction on an ex-
tended scale is a strange assumption in capitalist conditions . .. However, as far
as accomulation does take place, simple reproduction is always a part of it, and
can therefore be studied by itself. .. [II. 399].

Later history brings capliahsm and growth, more accurately charactenzed by
Extended Reproduction and prices of production. Let us now define all these con-
cepts in turn, stressing their historically and logically parallei evolution — a char-
acteristic feature of Marx’s cxplanation — from the very outset.

* The brackets refer to Karl Marx's writings as indicaled in the References, p. 187

. Simple Reproduction

The central task of every econormy —~ whatever its specific institutional form
is to allocate society’s labor, manpower to pasticular activities or areas of employ-
ment. In the course of history this task has been and wilt be accomplished under
many different varicties of social organization. Robinson Crusoe’s economy iilus-
trates a very clear and simple form of allocation.

This Boy-Scout economy is one of the oldest thought-experiments of our science,
It abstracts from the perplexing welter of institutional forms and concentrates
on the theoretical problems of human production and consumption in a one-man
closed economy. Robinson is technologically sophisticated: his work can create
diverse products. Nevertheless this thought-experiment studies division of labor
in a simple, highly idealized social environment. Robinson's “economy” is divi-
sion of one person’s labor, the organization of his diverse functions and capacities.
But all the many diverse activities are centered around himself. Robinson is the
manager, the aggregate producer and aggregate consumer of his economy.,

Amnalyzing Robinson’s deceptively simple economy Marx writes:

“Necessity itself compels him to apportion his time accurately between his
different kinds of work. Whether one kind occupies a greater space in his general
activity than another, depends on the difficulties, greater or less as the case may
be, to be overcome in attaining the useful effect aimed at. This our friend Robinson
soont learns by experience, and having rescued a watch, ledger and pen and ink
from the wreck, commences, like a trueborn Briton, to keep a set of books. His
stock-book contains a list of the objects of utility that belong to him, of the opera-
tions necessary for their production; and lastly, of the labor-time that definite
quantities of those objects have, on an average, cost him. All the relations between
Robinson and the objects that form his wealth of his own creation, are here . .
simple and clear . .. and yet those relations contain all that is essential to the de-
termination of value™ L. 76 —7].

This quotation singles out important concepts in Marx. First it states that the
chief “measurable™ in economic science is time. The second is the concept of value.,
In a theoretical sense *“those relations contain all that is essential to the determi-
nation of value™ because, as Marx puts it, ““... that which determines the magnitude
of the value of any article is the amount of labor socially necessary, or the labor-
time socially necessary for its production” [f. 391

In Marx, the notion of value becomes meaningfol the moment there is a choice
among diverse activities and diverse products. This rotion, according (o him, may
remain latent and hidden in history for long periods. It comes to the surface only
with the advent of commadity-production, that is, when products are produced
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explicilly as commodities for exchange or sale, satisfying other people’s wants
and allocated to them in exchange for and in proportion to their respective prod-
ucts, He believes that in absence of com modity-production there will be no value~
in-exchange. Nevertheless, the underlying, deeper notion, value itself will remain
with us as long as there is division of labor, as long as there are different activities
to compare. As long as we have to economize society’s labor, the notion of value
is helpful whether thete is a market (where values are expressed in prices) or not.
As Marx puts it:

“Secondly, after the abolition of the capitalist mode of production, but still
retaiiting social production, the determination of value continues to prevail in
the sense that the regulation of labor-time and the distribution of social labor among
the various production groups, ultimately the book-keeping encompassing all
this, become more essential than ever’ [JIL. 851}

The whole process of production and allocation can be deseribed, anajyzed“

and even solved in principle without open recourse (o the notion of valde. Let us
see how Marx pictured this to himself. Continuing his analysis he speaks of eco-
nomic problems of the future “community of free individuals™:

“All the characteristics of Robinson’s labor are here repeated, but with the
difference, that they are social, instead of individual ... The total product of
our community is a social product. One portion serves as fresh means of production
and remains social. But another portion is consumed by the members as means of
subsistence . . . Labor-time ... apportionment, in accordance with a definite
social plan maintains the proper proportion between the different kinds of work to
be done and the various wants of the community” {I. 7891,

This second quotation makes it clear that for Marx it is not enough to measure
direct labor expended on particular products. One has to take into account the
quantity of products expended on production of the final, consumable products,
too, One has therefore to account for those parts which remain “social”” as means
of production. Tn principle Robinson ought to do this too, because it matters
whether he uses up few or many tools and other means of: production in the course
of his “goat taming, fishing and hunting”.

Marx makes this even more clear and explicit when setting up his tables of re-

production, He writes about the exchange going on inside the so-called “depart-
ment 17, responsible for producing means of production: :

“Products which do not serve directly as means of production in their own sphere
are transferred from their place of production to another and thug mutuvally
replace one another... If production were socialized instead of capitalistic,
these products of department I would evidently just as regularly be redistributed
as means of production to the various branches of this department, for Purposes
of reproduction, one portion remaining directly in that sphere of production from
which it emerged as a product, another passing over to other places of production,
thereby giving rise to a constant to-and-fro movement between the various places
of production in this department™ [I1, 428 --91.

And here we arrive at a crucial and tricky question. It concerns not only Marx’s
thoughts and the mathematical model to be built on them but also the general
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problem of planning and counscious management of human activity, Can those
cxpenditures, those “to-and-fro movements”; be measured? Are they a stable
enough basis for anticipations? Are they reliable at all — and how can onc rely
on them? ' '

VLY Input coe fficients

1 beliove these basic questions can only be answered in a historical perspective.
The proportionate expenditures of labor and of means of production ““that defi-
nite quantities of objects cost on an average” fake shape very slowly in the course
of history. Graduoally they do evolve (0 more or less stable proporticns, This does
aot mean they become rigid or unchangeable. To suppose their cons{ancy under
the conditions of rapid technical change so characteristic of our age would be
flagrant nonsense.

However, one can observe average proportions for any given historical moment,
This average has a certain stability and is considered “normal”. The actual spread
around this “norm’ may well be shrinking all the time. The lower limit of eXpen-
diture is fairly strictly given by technical possibilities existing at every given date —
and the upper limit is determined by considerations of efficiency. The upper limit
will be the closer to the lower one the more efficiently and economically the society
is organized. Thus average proportions of expenditure, average “input coeffi-
cients”, will be fixed technically and institutionally ata giventime and place not only
as to their order of magoitude but also as to their possible “elbow room” around
their “normal” magnitude,

Murx himself had a lot to say about the historical process shaping these norms
and gradually making them stricter. ¥irst he stresses the historical role of division
of labor in the “Manufacture’” - the historical forerunner of the modern factory,

“The labor-time necessary in each partial process for attain ing the desired eflect,
is learnt by expericnce, and the mechanisms of Manufacture, as a whole, is based
on the assumption that a given result will be obtained in a given time .. . Thus a
continity, uniformity, regularity, order, and even intensity of labor, of quite a
different kind, is begotten than is to be found in an independent handicraft or
even in simple cooperation” [I. 345}, And: ““In Manufacture . . . the turning out
of a given quantum of product in a given time is a technical law of the process of
production itself . .. The division of labor, as carried out in Manufacture, not
only simplifics and multiplics the qualitatively different parts of the social collective
laborer, but also creaies a fixed mathematical relation or ratio which regulates
the quaatitative extent of those paris — i.e. the relative nuraber of laborets, or the
relative size of the group of laborers, for each detail operation. it develops, along
with the qualitative subdivision of the social labot-process, a quantitative rule and
propottionality for that process” [, 345— 6].

He must add in footnote: “Nevertheless, the manufacturing system, in many
branches of industry, attains this resolt but very imperfectly because it knows
not how to contro] with certainty the general chemical and physical conditions ol
the process of production.”

2 pro vortions, prices aad planning
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The sitvation develops further with the advent of machinery and modern in- -

dustry: _ :
“Just as in Manufacture the direct co-operation of the detail laborers establishes
a numerical proportion between the special groups, so in an organized system of

machinery, where one detail machine is constantly kept employed by another, a -

fixed relation is established between their numbers, their size, and their speed”
[I. 380].

And nowadays, a century after Marx, we see this process in bolder relief. These
*fixed mathematical relations or ratios of production™ prevail on a far broader
scale. Newer developments: large-scale production, interchange of parts, industry-
wide standardization, “scientific management™, assembly-line-balancing, contin-
uous fabrication and finally automation, operafions research and systems en-
gineering have imposed greater and greater limits on the flexibility of proportions
for any given process. The fabrication process of a modern enterprise once deter-
mined, it will enforce rigorous proportions among the expenditures for different
sorts of manpower, raw and auxiliary materials, machine speeds and temperatures.
Ht even requires the exact measurement and control of chance deviations from
mean values. _

Nowadays the sociologist mourns already over the uniformity and standardi-
zation of the most individual social produci: human life. And sometimes even this
mourning and complaint seem 1o be prefabricated.

How much expenditure is necessary “on an average” under given circumstances
to produce “definite quantities of those objects™ needed by Robinson or the com-
munity is only one question. How much expendilure would be necessary to pro-
duce more or less of those objects, and how much expenditure will be necessary
to produce the same amount {or more or less) tomorrow or ten years hence, are
separate questions, We do not have to answer these additional questions here,
since we are concerned with the medel of Simple Reproduction. Simple Repro-
duction in its strict and rigorous sense precludes the possibility of technical change.
1t excludes per definitionem change of proportions, alterations in the scale of pro~
duction. Thus it requires no simplification beyond what is already implicit in the
notion of simple, that is, not expanding reproduction. This abstraction of Simple
Reproduction is analogous to concepls in other scicnces as, say, “frictionless free
fall” or “ideal gas™. In reality these do not exist but they help to understand the
mterdependencies and regularities of real gases, or real gravitational phenomena.

Even in the case of Extended Reproduction we circomvent the question of
changing input coefficients and we set up and solve the model neglecting techuical
change. Thus in both the first and the second pari of this beok fixed proportions
are assumed. They are real under given circumstances and at the given moment,
and may be measured with more or less accoracy. Thus they can be treated with
known tools of economic statistics and expressed with the necessary precision for
present purposes, '

By assuming approximate measurability we do not assume that input coeffi-
cients are stable. By assumingthe existence and measurability of the speed of a
car we do not deny acceleration. We are concerned only in the interdependence
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© and regularities among the coefficients themselves, emerging in the context of a

given moment. The problem of change will not be considered until _the third part
where problems of historical description and experiments in explaining and plan-
ning this very change are our subject.

Fo Parts 1 and 2 we are not yet considering whole processes of cconomic growth,
but only given states of a system. Thus the usual objections against linear models
of production - that they assume constant returns to scale etc. -- are not really

relevant.

1.1.2. Gutput propartions

The notion of value, the emergence of exchange and value in exchange, is a recent
phenomenon in the history of mankind. Let us begin by analyzing proportions of
production, velumes or scales of outpats.

First, we consider the “quantitative rules and proportionalities” of a very sim-
ple fictitious economy. In our example we simplify even Robinson’s ecconomy and
imagine that he produces only two products. To name them somehow we call them
“Tools” and “Materials™.

In choosing these names we do not mean to distingnish between means of pro-
duction and consumption, or between consumers’ and producers’ goods, or be-
tween the Marxian “department 1 and “department II”. Our distinciion is only
superficial. Later we shall extend it to the general case of » products, that is,
to deal with an optional but finite number of different products. Under modern
production conditions we are not generally able 1o distingnish ex ante between
producers’ and consumers’ goods. Distinction is made ex post: an article of con-
sumption is that which is already consumed. A great variety of important new
developments and products (electricity, electronic devices, ofl and its byproducts,
chemicals and synthetics, cars and motors, ctc.) can either enter personal con-
sumption or lend themseives to productive (thatis, reproductive} use as interme-
diate goods. Their quality, form and appearance do not determine their economic
role.

Let us now assume we measure “Tools” by number and “Materials” in kilo-
grams. The free disposition over units of measurement is more apparent than real,
because “To discover the various uses of things is the work of history. 8o also is
the establishment of secially recognized standards of measure for the guantities
of these useful objects” {f. 35--6].

Robinson now, as thoughiful accouniant and diligent economic statistician,
observes that the expenditurcs necessary on the average to produce

I Tool o 1 kilogram of Material
are the folowing:

0.2 Tools 0.7 Tools

0.2 kilograms of Material 0.2 kilograms of Material

I hour work 1 hour work.

2*
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I he knows his consumption needs from experience he now is ready to allocate

yearly Jabor power (the manpower of his society) among competing activities. This

allocation problem might be solved without recourse to any notion of value, vet

value is already implicit in the measurement of the necessary labor-time.

Lot us assume further that for keeping body and soul icgether Robinson needs
100 Tools and 600 kilograms of Material for himself each year, The question now
is: How much oughi he to produce to satisfy his needs and to reproduce ail the
means of produciion used up in the yearly production of his needs ? We state his
problem in the language of matrix-calculus,

Let the » by » matrix 4 designate the inpast coefficients. Each element gy, stands
for the amount of product { used to produce one wait of product k.

0.2 0.7]

! - ex 2 e
In ourexample A 02 02

let y=(yy,...,¥,) be the vector of Robinson’s needs, i.e., the personal
consumption necessary to reproduce the manpower of society. In our example
y = (100, 600). Finallylet x = (xy, ..., x,) stand for gross outputs, volumes of
production in the different branches of economic activity, We will speak about
this vector as the output or gross output vector whenever its absolute magnitude
concerns us and, interchangeably, as output proportions when we are interesied
only in the proportions of economic activities,

Now Robinson’s problem will be solved if he determines the oulput that, afier
covering the inputs necessary to this output (in Marxist lerminology “replacement
fund”, in Keynesian, “user cost™), yields the necessary final bill of goods, the ne-
cessities of life:

X~ Ax =y, (1)

Given y, this equation may be solved lor x if the matvix (f — A4) is regular. Here
1 stands for the # by » unit matrix. We provisionally assame {and later prove)
this regularity and thus the existence of the inverse @ == (1-.4)~%, In this way we
are ready 1o solve equation (1).

=0y - @

le 14

In our numerical example Q == [0 4 L6

‘ , and
therefore x = Qy = , (1}2 i: “ é£ —{ ;g;ﬁ '

Robinson has to produce one thousand Tools and one thousand kilograims. of
Material and expend on this preduction 1000 4- 1000 = 2000 manhours cach
year, Thus he must allocate his labor-time in equal proportions between its two
functiouns, tool- and material-making,
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By this ingenious method — simple equation solving ~ Robinson, and every
closed community, can allocate the different kinds of labor available, provided
that they can make their wants or needs explicit. Although the notion of value
remains implicit, the knowledge of the input coefficients reflecting the structure of
production is suflicient to determine “in accordance with & definite social plan”
“the proper proportions between the different kinds of work”, Depending on its
data processing and computing facilities ~ clay tablet, rune, quipu, abacus or
clectronic equipment - society may solve aljocation problems of increasing com-
plexity.

Accounting in kind — with “use values” as classical economists called them —
15 characteristic of division of labor in primitive communiiies, inside tribes or
families, in ancient Greek, Mexican or Asian societies, even in feudal economies
before money entered to blur the original setup. All these examples have social
organizations and technologies best charactesized by Simple Reproduction. Pro-
duction vields no significant surplus. When anything does remain after providing
for the everyday needs of society it is not accumulated and invested in produc-
tion for ecomomic growth. Simple Reproduction will usually entail a certain
traditional rigidity of wants and needs. This makes “planning™ and “anticipating”
relatively casy, as it was for the biblical Joseph in the years of the seven fat and
seven lean cows,

Allocation of labor requires some organizational skill, which seems to develop
simultancously with mathematical knowledge and the art of writing and account-
ing. I suspect the prehistoric forms of mathematics - counting, measuring,
cardinal numbers, the four operations of arithmetic ~ came info being and
developed as natural notions of “mathematical economics” for primitive and
rough economic formations. See, ¢.g., Chadwick [1958], particularly chapter 7,
where economic data reminding of fixed proportions emerge for Mycenacan
Greece.

Our rough and ready allocation model can do more than simply allocate.
it can also establish rigorous conditions for the feasibility of Simple Reproduciion
in terms of the input coefficients. With our model’s help we can define the criterion
of Simple Reproduction in exact mathematical {erms. We can state the quantita-
tive relations among the input coefficients necessary for a qualitative condition,
Simple Reproduction.

Robinson’s economy will be in a state of Simple Reproduction il and enly if
his net product, those 100 Tools and 600 kilograms of Material, suffice 1o restore
his labor power for a year, keeping him healthy and sane enough to carry on with
his usual work. Thus peiforming the same functions each year be is rendered able
to continue the same tedicus and boring process the next year.

If, at the given consumption level, he conld only work less than the necessary
2000 hours, his economy would deteriorate. Tn that case only Diminishing, Re-
stricted Reproduction could be carriecd on and he would eventually starve, But if
this consumption gives him strength encugh to toil more than 2000 hours, then he
can accumulate some surplus and may even enlarge his economy. Extended,
Expanded Reproduction is now possible and cconomic growth may take place.
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We may then define Simple Reproduction as the condition where the final bill
of goods, the net product, is just sufficient to reproduce the primary factor, labor

power, on a constant scale. . _ _

Simple Reproduction is not just unaltercd reproduction of productive activity
on a constant scale, nor simply conservatior of the same rates of ouiput. It also
implies the unaltered maintenance of the prime mover of production, manpower,
in the same, never-changing routine,

“Labor created the human being itselt”, said Engels. Human labor and produc-
tion remain the means of creating and inaintaining humanity. We should thus
specify a third product with the two products of Robinson’s economy already
enumerated. The most important product, purpose-and reason of production,
its prime mover and uitimate beneficiary, is Robinson himself.

This peculiar and perishable product requires certain inputs for its production.
We assumed maintenance of his 2000 hours per year of labor power required 100
Tools and 6060 kilograms of Materials. Now he may pass the remaining 6000 hours
of the vear relaxing, digesting and performing other cultural activities. On the
average the expenditure needed to maintain him will be 0.05 Tools and 0.3 kilo-
grams of Material per manhour. These inputs arc necessary costs of this partic-
ular product, as are the respective inputs for the other products.

Now Rabinson, when in danger of his life, might temporarily subsist on less.
He may work even when hungry and cold — for some time. Thus his usunal in-
put structure might be temporarily distorted. But even a small change in accus-
tomed proportions has been known to cause great political waves in modetn socie-
ties where 1he consumer is more delicate and susceptible. This causes a certain
stability in input coeflicients that may well exceed the stability of industrial in-
put coeflicients — making change in the structure of consumption slower and
smoother. We will return to this question later, Meanwhile we suppose that Rob-
inson takes his own input data from his stockbook as he does for other products.

We also assume that he can and will exert his labor power in full and without
obstacles. Unemployment seems to be a gift of Extended Reproduction and there
is no need o raise the question here.

Let us denote these input coeflicients by the vector ¢ = {cy, . . . , ¢,). This vec-
tor expresses personal consumption per manhour expended, and is in Robinson’s
case 1/2000 y = (0.05, 0.3). Let us also specify direct manhour coeilicients into
production as the vector v == (v, ..., 8,). In our example » = (I, I}.

With these symbols we are ready to spell out conditions of Simple Reproduction
as a mathematical equation:

v0c = 1. (3

Under Stmple Reproduction the consumption expenditure necessary to main~
tain 1 hour of labor power (c), needs a gross output {Q¢), which can be produced
in exactly one hour (2Qc¢).

If vQc < 1, Expanded Reproduciion is possible because reproduction of one hour
of labor power cosls less than one hour, Part of the product can be removed from
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“the great carousel of reproduction in each round without jeopardizing Simple

Reproduction. Tt can be invested anew in production to make it grow. But the
poteniial for Extended Reproduction might alternatively be dissipated in con-
sumption by others or massed into monuments, pyramids or cathedrals.

1 ¥Qc> 1, then the scale of production can by no means be maintained. The net
product is inadequate to reproduce labor power unimpaired. The system needs
outside help. Without it, it will deteriorate to Restricted Reproduction.

Mathematically we may define Simple Reproduction even motre concisely.
This definition will introduce the central mathematical tools used in this book:
cigenvectors and eigenvalues of matrices. We begin with a briel characterization
of these concepis.

The (right hand) eigenvectors of the matrix A are those vectors, x, which satisfy
equations of the form Ax == ox, where « is a scalar, The respective scalar quanti-
tics are called eigenvalues, We can transcribe the definitional equation to
(o1~ A) x = 0. This shows that the eigenvalues are those valies, o, that make
the determinant of the matrix (z1--4) singular. But expanding the determinant
we get an equation of degree v in «. This equation then will have n, not necessa-
rily distinct, roots. (Here » is the order of the matrix 4.) We can compute the
respective cigenvectors with the aid of the different singular matrices.

Here we are interested only in the maximal eigenvalue which, in our case, is
positive and has a totally positive eigenvector associated with it. The most impor~
tant theorems about all this are relegated to Appendix 1. For present purposes
we need only to know that such a maximal eigenvalue always exists for non-nega-
tive and irreducible matrices and that it can be determined unequivocally.

We single out the special case where the maximal eigenvalue equals one and
thus the eigenequation is Ax = x. The vector, x, remains unaltered after multi-
plication with A. The vecior, x, is then called the fixed-poini of the transformation
A. Tt is a right-hand eigenvector and we will later define the lefthand cigenvec-
tor p4 = p analogously.

Our matrix 4 contained only the input coefficients for intermediate products.
To describe the total, closed system we peeded the information supplied by the
vectors v and e, representing inputs of and consumption needs of manpower.
It is straightforward 10 complement the matrix A by these vectors, adding ihe last
sector, manpower, to the picture. Our new “complete” or “full” matrix will con-
tain all the input coefficients, thus subsuming all the information characteristic of
our production system. Let us designate this complete matvix

A, e
A [ .
v, o

The inner proportions given by the coefficients, a,, determine whether there is
Simple Reproduction in this closed system, Simple Reproduction is thus an in-
trinsic feature of the matrix A. In effect the following theorem may be stated:

The condition of Simple Reproduction is that the maximal eigenvalue of the
complete mairix, A, be equal to one, | A | == L If | A |<1 it is possible to extend

Sy
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the production process. f | A |>1 reproduction ceases to be complete, only Re-
stricted Reproduction is possible. '

This theorem is fundamental to the mathematical treatment that follows. It
can be proved in the following way: :

From theorems of Perron and Frobenius (see Appendix I} we know that a non-
negative irreducible matrix has only one positive eigenvector and this must be-
long to the maximal and positive eigenvalue. Thus if we find a positive eigenvector
to our matrix, the eigenvalue belonging to it must be the maximal one. We can
prove now that the vector, given by the prescription x == (Q¢, 1), is such a right-
hand eigenvector. It i a positive vector and from equations (4) and (3} and from

the identity 40 = @ - 1 it follows that*
4, ¢ Qe |AQc+¢] [(@—-De+e] [ Q]
Ax = = e = we YW,
AR (e 1 I

The vector x, given by the prescription above, must be a right-hand eigenvector
of the matrix A, its elements being unchanged by multiplication with the matrix,
At the same time it was shown that the maximal eigenvalne is eqnal to one.

Numerical example

02 0.7 0.05
In our case A={ 0.2 02 0.3

Qc:[05]
1 1 1

05

thus

0.2 0.7 005170357 105
0.2 0.2 0.3 0.5 |=]05
1 1 0 ji1 1

The fundamental theorem distinguishing quality of reproduction can also be
formulated in the following way:

Given the non-negative and irreducible mairix, A, comprising the inpui coeffi-
cients of a closed and complete system of production

(a) if there is a positive output vector, x, for which Ax = x, then Simple Repro-
duction is possible in this system;

(b}if there is a positive output vector, %, for which Ax < x, then Fxtended Re-
production is possible. In this case, the surples product is non-negative, x— Ax> 0,
and may be used to increase production, or it may be withdrawn from the system
without jeopardizing Simple Reproduction;

(1A =0, thos I =40 = Q40 _ .
This idenlity is a special case of the resolvent eguation discussed in Appendix 1L
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- (¢) if finally neither (a) nor (b) is fulfilled, then only Restricted Reproduction
is possible. Simple Reproduction would be possible only if the “negative surplus”,
x—Ax<0, were supplemented from ocutside sources,

- This aleeady proves that equation (1) has a solution in our two cases of Simple or
Extended Reproduction. In these two cases the maximal cigenvalue of A is equal
to or less than one. The matrix 4 being a minor of the matrix A (with one row and
one column, manpower, deleted) will have 1 maximal eigenvalue strictly less than
one. Now the eigenvalues of the matrix (I—4) will be the identical rational func-
tions of the matrix 4 (sec Bodewig, 1962). If therefore the matrix 4 has the eigen-
values ay, . . . , o, the matrix (1 —4) will have the cigenvalues 1oy, .., 1—a,.
As la; | <1, 1--o # 0 for all i Thus no eigenvalue of (1 ~A) can be equal o
zero; the determinant of the matrix (1-- 4), being the product of these eigen-~
values, cannot be equal to zero; hence the matrix (1 - A) muost be regular and
have an inverse,

But the important fact that the matrix A is irreducible, besides bein ¢ per defini-
tionem non-negative, still awaits proof. If, now, the matrix were reducible then there
would be a part — certain branches ~ of the ecopomy that forms a closed and
complete system in itself and does not need inputs from other branches of the
economy. But the existence of such a closed and complete subsystem is impossible.
This closed subsystem would necessarily contain the manpower sector since every
branch requires labor input. On the other hand the manpower sector cannot be
separated from the other sectors because, directly or indirectly, it needs the out-
puts of all the productive branches of the economy.* Since the economy cannot
be separated into two independent parts, one of them not needing inputs from
the other, it forms an irreducible system.

The irreducibility of matrix A is a consequence of the fact ohserved by the clas-
sical economists: the purpose of production is to satisty human wants directly
ot indirectly: “directly as means of subsistence, or indirectly as means of produc-
tion™ [I. 351,

On the other side, the fact that every product needs direct or indirect input con-
nects these branches into an interdependent whole, This fundamental observation
leading to the labor theories of value is expressed very clearly by Marx:

*“This common, ‘something’ cannot be either a geometrical, a chemical, or any
other natural property of commeodities . . . the exchange of commoditics is evi-
dently an act characterized by a total abstraction from use-value. Then one uge-
value is just as good as another, provided only it be present in sufficient quantity . . .
If then we leave out of consideration the use-value of commodities, they have only
one common property left, that of being products of labor” [I. 37--8].

Finally, note that in determining the gross output, x, as an eigenvector, we de-
termined only the proporiions of outputs. Every scalar multiple of x, say ex,
will be an cigenvector. Thus, for example, the vector (1, 1, 2) or (24, 24, 48) will

* Here we disregard certain blessings of Extended Reproduction, such as military and
goverment expenditures that might be separable from the rest of the system.
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solve the same elgem,qud.tlon equally well as the former vector (0.5, 0 5, l) This -

can be verified by muiltiplication by the maltrix A,

It is only outpuat proportions and not the absolute scale of production. 1hat are’

determined by the matrix A of the closed system. The system has one degree of
freedom — one product’s gross output can be chosen arbitrarily. Once ihis is
done, for instance if the amount of labor hours at onr disposal is given, afl the
other gross outputs become definite.

Thus Simple Reproduction is possible if total (personal and productive) con-
sumption, Ax, is equal to fotal production, x. Tetal consumption now means all
demand whether personal or not, Thus iotal production is severely double-
counted. Bt counts not only the total turnover, (ali the supply coming io the
market), but the supply of reproduced manpower, too. This notion is to be
distinguished from both the Western “total product”™ and the Eastern “‘social
without its product™. Tt is doubly double-counted.

1.1.3. Values

Why do we need the notion of value, (or its more specific variants, value-in-
exchange and price} if the production process can be balanced in principle
without its help?

As division of labor progresses the diverse functions of labor become separated
from each other and attain an apparent independence. The original clarity of the
production process becomes blurred. Some means of making partial processes
comparable without knowledge of the whole process, without requiring the whele
jig-saw puzzle be put together every time, becomes necessary. This means is mon-
ey, and the common something it represents is value, Money, once introduced,
will enhance and accelerate the progressive division of labor, the diversification
and apparent self-sufficiency of the different forms of labor,

As division of labor and commodity production (that is, production for an im-
personal market) makes direct and consciovs regulation of production more
diflicult, the labor of society will be dominated increasingly by prices, that is by
exchange-value.

The labor process that creates use-values is at the same time the process that
creales exchange-values. Therefore the notion of valoe should be developed from
the interdependencies already discussed. Let vs examine the production process
with this view in mind. We resume the line of thoughf taken by Marx:

“The various factors of the labor process play different parts in forming the
value of the product.

The laborer adds fresh value to the subject of his labor by expeading upon if a
given amount of additional labor, no matter what the specific character and
utility of that labor may be. On the other hand, the values of the means of pro-
duction used up in ihe process are preserved, and present themselves afresh as
constituent parts of the value of the product . .. The value of the means of pro-
duction is therefore preserved, by being transferred to the product™ [1. 199],
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-And to determine more exactly the value transferred by the means of production:

“H the time socially necessary for the production of any commodity alters . . |
all previously existing commodities of the same class are affected, because they
are, as it were, only individeads of the species, and their value at any given time is
measuted by the labor socially necessary, ie., by the labor nscessary for their
production under the then existing social conditions™ {f. 210).

Thus the value transferred by the means of production should be reckoned in
terms of the present value of the expenditure without taking inio consideration
the fact that at the times of their actual production they might have cost more or
less. Tt is not the expenses of actnal production but costs of potential reproduction,
replacement costs, that settle the accounts.

If we supplement our symbols with the vector p = (py, ..., p,)} standing for
the values of the respective products, then we may determine their magnitudes in
the following way:

p=v+pd. 5)

Value = new value added by the laborer + value of the means of production
used up in the process.

Onr input coefficients play a new role in this equation. Formerly the coefficient
. measured the amount of product /, necessary to produce one unit of product k.
The total amount of product 7 used up in the production process &k was given by
ayxy. Now we deduce from the same coefficient how much of the value of product
k can be ascribed to the product i, what is the original value, pua,,., preserved in
the process.

If equation (1) shows the flow of use-values in the metabolic process of production,
then the new equation (5) presents the flow of exchange-values in the process of
value creation. Equation (5} depicts the flow of “money” paid for the products used
up in the processes. These money-flows go in the opposite direction to the produact
ilows, and represent a dual view of the process. While 1he magnitudes x,, measiring
outputs of use-values, were not comparable among each other (because their units
of measurement usually differ), the magnitudes p,, measuring values of the products,
afl have the same unit for measurement. Hence, they are directly comparable.

Equation (5) can be sclved inthe same way and under the same conditions as

gquatior (1). 1ts solution, using the inverse (1~ A4)~" = (, can be written
p = ). (6)
Numerical example
1.6 147 '
== i = ]_, 1 ’ . = 2,3 .
=l gy ol e

In Robinson’s economy 2 kilograms of Material are worth 3 Tools. The value
of the products cxists and is computable in Robingson’s economy even though
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there is no value in exchange, beeause there is no exchange. This fact is indepen- '

dent of whether or not Robinson luxuriates in computations.

From the definition of value, given above, and from the mathematical cquauon '
(5), it follows that value is nothing but the total amount for labor, present and
past, direct and indirect, used vup in the production of the product.

It is well known that the inverse of the mairix {1 -- 4) can be written as an in-
finite series. If we use this form for equation (6):

p=ttod dod® . Fod" L

it becomes clear that value is direct labor expended on the products, », plus iabor
expended on means of production used up in this process, vd, plus labor expended
on means of production vsed up in the process of producing these laiter means of
production, v4”, and so forth to infinity — collecting all the labor expended at all
the past stages of production leading to the present output. The series is infnite
but convergent and its sum is finite because from | 4 | = x < 1 it follows that

A" .
J ifgﬂ i ] -

This was, then, the original definition of values as given by Marx. Let us deduce
an equivalent definition based again on eigenvectors and eigenvalues of the re-
spective matrices. We proceed analogously to the dual exposition given for out-
puts.

The essence of the former procedure was to augment the matrix 4 to arrive at
the complete matrix A. Is this legitimate ? Can manpower be handled as any other
product even from this dual viewpoint, with value creation in mind? Certainly
this conception is not alien to the classical economists and Marx:

“The value of labor power 1s determined, as in the case of every other commodi-
ty, by the labor time necessary for the production, and consequently also the re-
production, of this special article. So far it has value, # represents no more than a
definite quantity of the average labor of society incorporated in it... The labor
time requisite for the preduction of labor power reduces itself to that necessary
for the production of . . . means of subsistence; in other words, the value of labor
power is the value of the means of subsistence necessary for the mainienance of
the laborer” [I. 170--11.

In the general case the value of manpower is certainly less than the new value
it is apt to create. At advanced stages of technological development labor cun
produce more than it needs to consume. But our special assumptions concerning
Simple Reproduction entail equality of the value of labor and the value created
by it. Therefore we may compute the value of labor in the same way as the value
of any other product. Symbolically the yearly value of manpower (the value of
manpower exerted during a year) is py, the value of the means of subsistence
consumed per year. The hourly value will be pe, the consumption necessary to
maintain labor power to be exeried in 1 hour,
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Numerical example

Considering the input coefficients of Simple Reproduction in Robinson’s econ-
oray

= 2000. This is the yearly value of Robinson’s manpower.

005

z, 3
=@ )|600

=2 ],

The example now illustrates the conditions of Simple Reproduction already
pointed out, but in a new form. Formerly equation (3) v0c == 1, proved to be a
necessary condition for Simple Reproduction. Now, taking into account equation
(6), the hourly value of manpower can be somputed, by the same formula, as pe =
== v0¢, Thus the criterion of Simple Reproduction from the viewpoint of value
creation is equally

20c = 1. {h

The inferpretation of this latter equation, constructed from the dual, value,
side, 1s slightly different from that of the former. Formerly we interpreled the form
as v(Qc); now it is interpreted as (vQ)e. Surely the difference is only in the order
ol performing the mathematical operations, and the value of such a so-called
bilinear form is insensilive to the order of the operations. In a strict economic
sense, however, there is a difference - because we are computing the magnitudes
of differeni economic variables in the two cascs,

Formerly we computed total production (Qc) necessary for supplying consump-
tfon with adequate net product, This was a vector of use-values and its elemenis
were measured in different units. Now we compute (v0), value of producis, and all
elements are measured in value units,

Formerly we defined Simple Reproduction as a state where the total lubor in-
put into production necessary to maintain the labor power is equal to the labor
power maintained. Mow we define it as the case where the value of the means of
subsistence is cqual to the value the labor power built up on those means. If labor
creates more value than its means of subsistence are worth, then Extended Re-
production is possible. T it creates less, the process deteriorates and we have
Diminishing Reproduction.

'We, uontinue the pclrallcl dual developmcni; of the output dnd.lysis <md qhow

hcmd gigenvecior of the complete malux, A. The Iast clement, 1, is now thc valuc

of the “last produci”, manpower. In accordance with our earlier proof, consider-
ing equations {5), (6) and (7):

R IV o
pd = (p, _I)I_U 0] = {pd ¥ v, pry = (p, 1} = p.
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Numerical example
Agamn with data of Robinson’s cconomy:

foz 07 005 :
2,3, Doz 062 03 |=1(23 D
1 i 0

A Tool is worth 2, a kilogram of Material, 3, hours of labor. The value
vector, under conditions of Simple Reproduction, is the left-hand eigenvector
belonging to the rmaximal eigenvalue of the complete input coeflicient matrix,
A. The maximal eigenvalue equals 1. This cigenvector always exists and is wnique,
the matrix A having no other positive left-hand eigenvector. The existence and
unigueness of the solution are guaranteed in both cases by the non-negativity
and irreducibility ef matrix A.

It is easy to transform our fundamental theorem to its dual form:

Given the non-negative and irreducible mairiz, A, comprising input coeflicients
of 2 closed and complete system of production

(a} if there is a positive value vector, p, for which pA = p, then Simple Repro-
duction is possible in this system;

(b) if there is a positive value vector, p, for which pA < p, then Extended Re-
produciion is possible. In this case, the surplus value is non-negative, p — pA > 0,
and may be used fo increase production; or it may be withdrawn from the system
without jeopardizing Simpile Reproduction;

{c) if neither () nor (b) is fulfilled, then only Restricted Reproduction is possible.
Simple Reproduction would be possibic only if the “negative surplus”, p — pA<
< 0, were supplemented from outside sources.
~ Finally, note that in determining the value vector, p, as an eigenvector, we de-
terinined only the proportions of values, Every scalar muitiple, of p, say gp, will
be an eigenvector, Thus, for example, the vector (2f3, 1, 1/3) or (10, 15, 5) will

solve the same eigenequation equally well, as the former vector {2, 3, 1). This can
b(, verified by multiplication by the matrix A.

Tt is only value proportions and not their absolute magnitude that are deter-
mined by the matrix A of the closed system. The system has one degree of freedom
- one product’s valuc can be chosen arbitrarily. Once this is done, for imstance
the goid or silver content of money is given, all other values will become definite.

Economists traditionally circumvent this difficuity by fixing the value of labor
power, choosing it as the “numeraire”. If labor power is the n-th product, we
reckon with the values py/p,, PafPus - - PulP = 1. This is rcally the reason we set
the last element of our value vector equal to 1.

Thus Simple Reproduction is possible if the value of the product, p, equals the
value of its constituent parts, pA.
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1.1.4. Surplus

If the increased productivity of labor allows the creation of surplus, then the new
value added by the laborer -- according to Ricardo and Marx — will be greater
than the value of his labor power. Althougih this is a necessary condition for Ex-
tended Reproduction, i 1s by no means sufficient, The surplus may be wasted or
consumed unproductively, without any feed-back to production. In practice it is
difficult to draw the line between productive and unproductive consumption. In
theory we will take the distinetion as given.

i.et us see whether the possibility of surplus alters anything said thus far, First
assume that there is unproductive consumption, for instance the consumption of
the feudal landlords, constraining a production system, otherwise ready for growth,
to carry on Simple Reproduction. In this case we view our complete system as
having two different consumption vectors. One is the consumption of the laborer,
¢,. the other the unproductive consumption of the landlords, ¢;. These two con-
sumptions taken together, ¢, + ¢;, absorb the total net product,

In this case pe, < 1. The value of labor power must be Iess than the new value
added by it; otherwise there could be no surplus. Hence we may separate the hours
of work into two parts. The first part is necessary to reproduce the value of man-
power, The second part is devoted to producing surplus. As Marx writes:

“That poriion of the working day, then, during which this reproduction takes
place 1 call ‘necessary’ labor time, and the labor expended during that time 1 call
‘necessary’ labor, Necessary, as regards the laborer, becansc independent of the
particular soctal form of his iabor. . . During the second period of the labor proc-

“ess, that in which his labor is no longer nccessary labor, the workman, it is true,

labers, expends Jabor power; but his labor, being no longer necessary labor, he
creates 1o value for himself, He creates surplus value . .. This portion of the work-
ing day I name surplus fabor time, and to the labor expended during that
time, I give the name of surplus labor... The essential difference between
the various economic forms of society, between, for [instance, 2 society based
on slave labor, and one based on wage labor, lies only in the mode in which this
surplus labor is in each case extracted from the actnal producer, the laborer”
[ 216—7].

Let us separate labor time into necessary labor, w, and surplus labor, 5. Again
w4 & = 9, the two parts amounting to the total hours of work, the new value
added to the product. Under conditions of capitalism w takes the form of wages
and s is the well-known surplus value of Marx.

Since we partitioned only the vectors v and ¢, the form of the matrix A is not
changed. What changes is only the interpretation to be given to our theorems.

First, it is clear that | A | = 1 is the necessary criterion for Simple Reproduc-
tion whether there is unproductive conswmplion or not. In the present cxamplc
Simple Reproduction reproduces unproductive consumption, too,

The right-hand eigenvector, x, in this case gives outputs, that may include great
huxury. The left-hand cigenvector, p, still gives the value propottions. These value
proportions will not be affected at all by the allocation of net product between
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Qroductivc and unproductive consumption. The value of the pl‘OdI.IICtS is inscnsi-
tive to whether the laborer is paid in full for the value created by him or nrot.

The last elemc-:n_l: of the value vector, 1, which formerly designated the value of
manpower as equivalent to the value created by il, will now represeni only the’

value created, the value of manpower being less than 1. If we want to determine

tille ‘e;iact valie of manpower, we have to disaggregaie the manpower sector ex-
phicitly:

A, ¢,
E
A =lw, o, ol
.S) ()9 Oj

‘Later, n Foxmcction_ with error and sensitivity analysis, we shall prove that this
dtsaggrcgatzon does not change any characteristics of the matrix, at least not those
essentrgl for us. Its maximal eigenvalue remains the same and the eigenvectors
belonging to it will be the similarly disaggregated eigenvectors of the matrix A.

Numerical example

Fet us change Robinson’s economy to make surplus possible. We suppose a
twofold increase of fabor productivity and unproductive consumption eating up
half’ of Robinson’s net produce. Our matrix A’ becomes:

Mate- Robinson’s Unproductive

Tools . . . .
_ rials  Consumption Consumption
Tools 0.2 4.7 0.05 305
Materials 0.2 0.2 0.3 0.3
MNecessary laboy 0.5 0.5 0 0
Surplus labor 0.5 0.5 0 0

We may easily verily that the lefi-band eigenvector (2, 3, 0.5, 0.5) is unchanged
by multiplication by this matrix and still yields the eigenvalue 1.

Our numeraire here is still the new value added by one hour of work. The last
two elements of the eigenvector stand for the value of manhour and the amount
of surplus produced per hour. Their sum is the unit of new value added to the
_})rg)duct. Thus these two magnitudes express the rates of “paid” and of “unpaid”
abor.

‘If we return lo wages as the numeraire, our vector wilt now be (4, 6, 1, 1). In
this case the last clement is Marx’s “rate of exploitation”, the quotient of
necessary laborfsurplus Iabor I. 218].

_Thus far, all of our concepts, starting points, benchmarks and interdependen-
cies are borrowed from Marx’s writings, One might still ask: Is this model, con-
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structed from his elements and concepts, still to be viewed as his? How much of
this model did he himself pereeive?

Much of the mathematical symbolism used here is new; the application of ma-
trix calculus to macroeconomic problems stems mainly {rom Meumann and
Leontief. But the underlying quantitative interdependencies, the dual viewpoint,
the array-like conception of the process was well within Marx’s grasp.

The following table from one of his lesser-known manuscripts is reproduced
here in its original form and language to substantiate this claim:

fiir Arbeit Rohstoff  Maschinerie  Surplus-preduce

A) Robstoff-Fabrikanien 20 40 20 20 w= §00
B) Ditto 20 40 20 20 = 100
€y Maschinist 20 40 20 20 = 100
I3} Arbeiter-necessaries 20 40 26 20 == 100
Y Surplusproduzent 20 . 40 20 20 = 100

This may well be the first (fictive) input-output tabulation in economiic science.
It is interesting to note that he starts from input coefficients in constracting his
tabtle:

“According to the supposed proportions — 2/3 raw material, 1/5 machines, 1/5
necessitics of labor, and 1/5 surplus product from which Mr. Capitalist lives and
rcalizes the surplus — we need {letting total product in each case of A, B, C, D
B = 100) one producer, E, for necessities for laborers, two capitalists, A and B,
to produce raw materials for everybody else, one C, producing machines, one D,
producing the surplus product. The accounts are the following (the machie-pro-
ducer, ¢tc. has to produce one part of his commeditics for himself):...” {G. 345]
(then comes the table quoted above).

The table (giving coefficients as perceniages) surely adds up to 1 in every row,
giving a maximal eigenvalue equal to one, and is very similar to our lormer ma-
irix A.

Marx now uses this table to analyze product flows on one hand and value fows
from the dual viewpoint (for instance he inquires into the siteation when one of
the capitalists sells his products for less than their value) and even takes steps to
carry the inquiry further into problems of Extended Reproduction (he discusses
the modifications of output proportions if the surplus is spent on additional means
of production instead of luxuries).

From the quantitative point of view his analysis certainly falls shori of that
made possible by modern matrix methods. This is probably enc of the main rea-
sons he fell back on an aggregated, two-sector, model in his main treatise, Capital,
Nevertheless we may view the model as a system of interdependencies, seen, and
even spelled out by Marx. My task simply consisted in modernizing ifs mathe-
malical form, using the shorthand of matrix algebra developed and applied to
economics after Marx’s time.

3 Proportions, prices and Hanning
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Does the model, as stated, adequately represent the general case of Simple

Reproduction? Perhaps not only Jandlords and capitalists but also land and

capital, that is, stocks, should be included somehow? From the following it will
be clear that this is not necessary. It is enough to assume that the input coeffi-

cients cover wear and tear of stocks. Those paris which must be reproduced in
kind are therefore already taken inio consideration in the matrix A itself. As
long as there is no real growth we do not need to deal with stocks. No matter
how much we economize on stocks, Simple Reproduction will continue to be
Simple. It can be made Extended Reproduction only if we economize on fiows.
Only in the latter case, with the decrease of one or more flow coefficients, g, can
the maximal eigenvalue of the mairix A be made less than one -- which is the
necessary criterion of Extended Reproduction,

1.2. Extended Reproduction

We begin to discuss growth by analyzing turnover time, connecting flows and
stocks. Matrix A hasalready been defined as a flow matrix. Now our problem is to
find a satisfactory definition of the stock matrix B, as well. The problem of stocks
is analyzed in detail in the second volume of Capital. We will follow the lines
established there although a certain departure from the classical viewpoint,
apparently ai variance with, but in fact broadening or complerenting it, will be
stressed.

On the basis of these concepts the dual aspects of Extended Reproduction arc
developed: prices of production, yielding an average rate of profit; and output
proportions, yielding an average rate of growth.

The price side of this dual model was developed by economists much earlier
and with more care than the side dealing with outpat proportions and use-values.
The monetary and market relations of Extended Reproduction concealed the hard
inner core of sociely’s production process for a long time, The market phenome-
na — the tendency toward the equalization of profit, the balancing of supply and
demand, competition, etc. - attracted the attention of economists relatively early.
After Adam Smith described and analyzed this mechanism of competition, the
main line of economic thinking continued to be preoccupied with market rela-
tions. Apart [rom the exceptional works of Quesnay, Marx and Walras, only
the deep depression of the thirties and the first successful results of Soviet planning
drew economisis’ attention toward macroeconomic production processes. Along
with this came implicit and explicit revival of both Walras and Marx.

Thus it happened that only alter two centurics of cconomists’ concern with
the average rate of profit did Neumann fiest recognize its theorastical duality with
the average rate of growth. The subsequent development wilt follow the historical
evolyiion of these ideas,

121, Turnover Hine

Formally we can define the stock coefficient matrix B to correspond with the (Tow
cocflicient mateix A, While ay, stands for the amount of product { used up to pro-
duce one unit of product &, let &, stand for the amount of product i tied up in the
same process. Essentially this is how Marx defines the technical requirements of
the amount of means of production tied up in production (“constant capital”
in his terminology). .

“So far as its material elements are concerned . . . the constant capital consists
of the material reguisites — the means of labor and materials of labor — needed

3$
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to materialize labor. Tt is necessary to have a certain quantity of means and ma-
terials of labor for a specific quantity of labor to materialize in commeodities and

thereby to produce value. A definite technical relation depending on the special

nature of the labor applied is established between the guantity of labor and the
quantity of means of production to which this labor is to be applied. .. value is
here altogether immaterial; it is only a matter of the technically required quantity.
It does not matier whether the raw materials or means of labor are cheap or dear,
as long as they have the required vse-value and are available in technically pre-
scribed proportion to the labor to be applied” [1I]. 45--6].

Tn spite of the apparent independence of their respective elements the flow
coefficient matrix, A, and the stock coefficient matrix, B, are implicitly connected.
Product flows, represented by matrix A, and product stocks, represented by ma-
trix B, do not come into being independently. Flows and stocks are only two as-
pects of the same economic transaction. These two notions express on the one hand
motion, on the other hand the state of the same phencmenon.

The phenomenon observed is that some “buyer”, say, sector &, buys a certain
amount of product from the “seller”, say, sector £ This exchange is motion be-
cause the product moves from one sector to the other. It is described by the flow
coefficient, ;. But the same transaction also changes the state of the product.
It will stay in the new sector until its use-value is used up entirely in the production
process, uatil its value is transferred to the product of the process. As long as it
stays it is fixed, tied up in the process. The ratio of the product i required as stock
per unit of output per year of product & is the stock cocflicient, by. :

This stock-flow distinction in economics first appeared in the “avances annuvel-
lés” and “avances primitives” of the physiocrats. The former expressed the flow,
the latter the stock aspect. The notion became more polished in the writings of
Smith and Ricardo, and Marx devoted most of the second volume of Capital
to clearing up related questions: fixed and circulating capital, different types of
capital, capital and income, total product, replacement fund and accumulation,
turnover time, etc. The central link connecting the flow and stock concepts is
turnover time. He defines it as follows:

“From the point of view of the capitalist, the time of turnover of his capital
is the time for which he must advance his capital in order to create surplns value
with it and receive it back in ils original shape” [, 159]. Further: “The aggre-
gate turnover [time] of an advanced capital is the average turnover [lime] of its
various constitueni parts...” [IL 186].

In these passages, turnover time is specified as characteristic of capitalist pro-
duction or, at least, of commodity production only. But the more geneval character
of the concept will be apparent from the following quotation:

“On the basis of socialized production the scale must be ascertained on which
those operations — which withdraw labor power and means of production for a
long time without supplying any product as a useful effect in the interim — can
be carried on without injuring branches of production which not only withdraw
labor power and means of production continually, or several times a year, butalso
supply means of subsistence and of production. Under socialized as well as capi-
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talist production, the laborers in branches of business with shorter working periods
will as before withdraw products only for a short time without giving any products
in return, while branches of business with long working periods continually with-
draw products for longer time before they return anything. This circumstance,
then, arises from the material charactet of the particular Jabor process, not from
its social form™ [II. 362].

As soon as society enters the stage of Extended Reproduction it must econo-
mize not only labor time but time as such. This cconomy of time might be achieved
through the market mechanism or by conscious regulation of production. In
cither case time becomes valuable in iself as an essential ingredient of growth.
This is just another way of expressing the fact that growth takes time.

Since the notion of turnover time connects the notions of flow and stock, mo-
tion and state, it establishes a mathematical relation between the matrices A and
B. if the amount ¢, is tied up in sector & for a given turnover time Z, then we can
express the stock coefficient by, by

{0} = {autn}. (8)

This interdependence has a very important consequence. Turnover time is
always positive. It may be very short as in the case of clectric energy or services.
Still, for a shorter or longer period every purchase will tie up resources. Therefore,
ay, > O entails by, > 0. This implies that the structural patterns of the two ma-
trices must be analogous. Both are non-negativeand the irreducibility of A carries
over to the irreducibility of B.

Equation (8) (which in essence — but not in mathematical symbols - can be
found in the second volume of Capital) was first explicitly writien out by Lange
[1952].* His definition being not quite precise, we have 1o quote him verbatim and
comment. Lange’s definition for 7; is:

“Let the durability of the pact of the output of the i-th sector ailocated to the
Jj-th sector as additional means of production be Tj; units of time. Tj; is taken as
a parameter given by the technological conditlons of production and may be
called the ‘turnover period’ of the particular type of productive equipment.”

Lange does not distinguish between durability, a physical characteristic of
capital goods, and turnover period, the length of time it takes o recover money
capital advanced. He also neglects inventory investment.

It is tempting to substitute life span for turnover time. The former is morc
easily measurable and independent of the current price system. But unfortunately
the two notions are not directly equivalent and their exact relation needs further
c¢laboration. This relation assumes different forms for particulax parts of the capi-
tal stock. Let us therefore first subdivide the total capital employed, following

* He referred to I3 Hawkins [1948] who analyzed a closely related model and roted that
the auotient of the respective elements of the iwo matrices, byfay, “is of the di mensionality
of time, and is simply the time required for capital from J to turn over in the productive pro-
cesses K7
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Table 1

Marx's Terminology for Stocks

Primai Objects Dual Definitions
Fems as displayed on the "For Capital in i I*‘of"Céﬁﬂﬁ'l‘ in
Balance Shect Production Circulation

Productive Capital Conunodity Capital

Plant
Eguipment Fixed Capital

Raw materials Constant Capital

Awxiliary materiais

P als
Semifinished goods ii:::ans of Cireulati
Finished goods N orion™ Aculating
Accournts receivable P Capital
Cash
Labor | Variable Capital

Marx’s original terminclogy. Since his categories overlap, it helps to display
them in tabular form. (See Table 1.)

Let us now look into the matter more closely. Capital consists of fixed and cir-
culating portions. Circulating capital in turn consists of variable capital (the cap-
ital invested in buying labor) and circulating capital proper (the capital invested in
materials, semifinished goods, etc.).

Variable capital and other funds tied up in reproducing manpower (they may
be funds of the capitalists or of the family and of society) will be analyzed laier,
in Section 2.1.3. 1t will be shown that life span does play a ceriain role there, 100,

Circulating capital propet consisis of raw materials, semifinished and finished

goods. Together they are called production inventory:

*. .. the magnitude of this productive supply depends on the greater or lesser
difficulties of its renewal, the relative nearness of markets of supply, the develop-
ment of transporiation and communication facilitics, ete, All these circumsiances
affect the minimum of capital which must be available in the form of a productive
supply, hence affect the length of iime for which the capital must be advanced and
the amount of capital to be advanced at one time. This amount, which affecis also
the turnover ftime], is determined by the longer or shorfer time during which a
cirealating capital is tied up in the form of a produstive supply . . > [I1, 249501,

For this inventory it is reasonable to speak about “life span” stead of turn-
over time. Aslong asa product “lives” somewhere {as an invenitory item), as long
as it exists at all, it will tie down some funds: its embodied value. This value will
most ofien be recouped in one lomp sum at the end of its life span. The inventory’s
life span ends when its value is transfersed to a new product for which it is an
myput.
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Vet this polat of view blars the financial details of the process. We do not kaow
how much capital a given sector will fix into a particular product. For a given sector
turnover time ranges from buying to selling and not from process to process. From
socicty’s point of view, funds will be tied down somewhere, but the life span mighi
be spent in two or more sectors in the course of the product’s circulation. When
we speak of life span we are looking at the process from society’s point of view.
When we speak of turnover time we look at the process from a particufar produ-
cer’s point of view. Thus aut;, = by will measurc capital infensity not of a given
seclor but of society. This solution may be reasonable on au economy-wide scals
but sectoral capital intensities might be biased.

To include that part of circulating capital which usually exists in the form of cash,
banking and other receivable acconnts, etc., would further complicate the question.
We can neglect this problem for a socialist economy, “In the case of socialized
production the money-capital is eliminated” [EE 362] — paper-money and bank-
accounts do not ahsorb any real resources, and we do not analyze monetary prob-
lems here. Although the more precise measure of capital intensity in a sectoral or
enterprise detail will still be turnover time, from an economy-wide standpoint, say
tor purposes of planning, we can use the concept of life span for inventories.

Life span has a characteristic relation to turnover time in the case of plant and
cquipment, thatis, fixed capital, The classical standpoint, reflected in old-fashioned
bookkeeping practice, assumes that fixed assets transfer their value gradually in
proportion of wear and tear. Depreciation, then, caused by physical attrition, is
added drop by drop to the cost or value of the goods produced. This entails a
different relation between life span and turnover time, depending on accounting
practice.

Marx, analyzing the replacerent of fixed capital, writes:

“Money plays a specific role in it which finds cxpression particularly in the
manner in which the value of the fixed capital is reproduced. (How different
the matter would present itse!f if production were collective and no longer possessed
the form of commodity production is left to later analysis)” [LL 4355].

Marx did not finish the analysis to which he refers parventhetically. Yet some
clues can be found in later dated passages of the text. '

How much capital is embodied in plant and equipment of a given life span? Un-
der circumstances of classical capitalism the value transferred by the fixed assels
was accumulated in money-form. Funds were literally ticd up.

... the money procecds realized from the sale of commodities, so far as they
tuin into money that part of the commodity value which is equal to the wear
and tear of fixed capital, are not reconverted into that component paxt of the
productive capital whose diminution in value they cover. They settle down beside
the productive capital and persist in the form of money. This precipitation of
money is repeated, until the period of reproduction consisting of great or smali
nurmbers of vears has elapsed, during which the fixed element of consiant capital
continues to fanction in the process of production in its old bodily form. As soon
as the fixed clement, such as buildings, machinery, etc., has been worn out, and
can no longer function in the process of production, its vatue exists aloagside it
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fully replaced by moncy, by the sum. of moeney precipitations, the values which

had been gradually transferred from the fixed capital to the commodities in whose
production it participated and which had assumed the form of meney as a result
of the sale of these commodities. This money then serves to replace the fixed capi-
tal (or its clements, since its various elements have different durabilities) in kind
and thus really to renew this component part of the productive capital. This mon-
ey is therefore the money-form of a part of the constant capital-value, namely of
its fixed part” [1f. 454--51

Under the above circumstances one past of the value of the fixed capital is the
residual value of the working machinc and the other part is accumulated 1o replace
it. The sum of the two parts must be equal to the original value of equipment. In
this special case, turpover time equals life span. In this sense:

“. .. the different constituents of the fixed capital of a business have different
periods of turnover, depending on thelr different durabilities and therefore on
their different times of reproduction™ [I1, 186],

Nowadays we do not generally accumulate sinking funds in this rigid way. Thus
value recouped can be invested anew.

Marx foresaw the possibility of more flexible financial management:

“This part of the value of the fixed capital transformed into money may serve
to extend the business or to make improvements in the machinery which will
increase the efficiency of the latter. Thus reproduction takes place . . . reproduc-
tion on an exiended scale. .. This reproduction on an extended scale does not
result from accumulation — transformation of surplus value into capital — but
from reconversion of the value which has branched off, detached itself in the form
of money from the body of the fixed capital into new additional or at Jeast more
effective fixed capiial of the same kind™ [11. 175].

Thus, part of the capital necessary {0 increase production can be borrowed from
the sinking fund. Domar [1957] presented the first rigorous model of this more
fiexible business behaviour. He shows that depreciation can be a source of growth,
the more so the longer the life span and the higher the growth rate, This changes
the relation of life span to turnover time.

With straight line depreciation and immediate reinvestment of depreciation
tarnover time is one-half of life span. Under circumstances of growih the age dis-
tribution of assets will not be uniform. With rapid growth, then, turnover time
will approach life span as 1ts maximal upper limit. (See Appendix IIT)

Appendix 11 replaces Domar’s fixed life span with a probabilistic one using
an exponential density function for its representation. With this latter assumption
turnover time is always equal to expected life span. Therefore, for the economy as
a whole, we can consider fixed capital as (ransferring its value in one lump sum at
the end of its life. Flence circulating capital and fixed capital can be combined and
represented by the same capital matrix.

Since the probabilistic treatment is at variance with the classical standpoint, we
will speak only about turnover time - and not consider its relution to life span.
Following classical theory, we shail say that the elemenis of matrix B are given
by the clements of matrix A multiplied by the proper turnover times, As in the
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case of A we do not assume constancy of the elements of matrix B. We only postu-
late that such proportions esist at a given time and place, and that they are sta-
tistically measurable with the precision required for practical purposes.

1.2.2. Production prices

“The price of a commodity, which is equal to its cost-price plus the shaye gf the
annual average profit on the total capital invested (not merely consumed) i its
production . . . is calted its price of production™ [ITT. 158]. _

This concise and exact definition suggests, by its very wording, a mathematicgl
equation. This equation, however, cannot be found in the published text qf Capi-
tal. The equation appearing in the text following the definition contradicts the
formulation given above in a peculiar fashion: - ‘

“The formula that the price of production of a commodity = & + p, 1.::..cquals
its cost-price plus profit, is now more precisely defined with p = kp’ (¢ being the
general rate of profif)” [HL. 165]. Or: “... cost-price plus the average rate of
profit multiplied by the cost-price ... [IIL. 173]. ’ _

Thus, the mathematical formula given multiplies rate of profif with cost-price,
that is, with capital consumed, and not with capital invested ~ in c‘lf;ar contra- -
diction to the definition given at the cutset. Naturally, this contradiction has led
to confusion in the development of a theory of production prices.” _

It became all the more severe because in Volumes 11 and I5¥ of Capital, Marx
sometimes assumed a turpover time of one year. This assumption was \yarl'anted
only for theoretical speculation. It makes consumed and invested capital eq_ua!
and thus indistinguishable. We begin afresh with the mathematical formulation
of Marx’s correct definition of production prices, as quoted at the outset.

We may speak about production prices in the case of Extended Reproduction
only, ‘

Production price can exist only if there is surplus value to distribute among
prices. This distribution must be in propostion to the capital tied dowr_a in pro-
duction, Therefore the flow cocflicient matrix must have a maximum cigenvalue
less than one, | A| < 1. ‘ :

The surplus realized in the branches of production, given a price system, p,
willbe p — pA = p (I — A). ¥f| 4| < 1, there will be a positive price system, p,
yielding a positive surplus, p {1 — A) > 0, in every branch. _ '

We might for instance find a price system distributing surplus in proportion
to cost of production

P pA = gpA..

* Marx's orviginal masuscript contained . . . & serics of uncompleted mathematical (:al_cuw
jations ... as well as a whole, almost complete note-book . .. which presents tht:, relation
of the rate of surplus value o the rate of profit in the form of cquations™. '_I‘hesc unedited paris
may contain the cosrect formuia. This seems likely because there are quite & few correct nu-
merical examples in the text where Marx does distinguish invested and consurned capital,
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This is the equation giv.ing the price system of the second, incorrect, definition. -
i 1

IT§A| = &< 1, then from g == (1 + ¢) pA, & = —£ andp = o foilows.
-+ 0 .

This points to the futility of a price system (as established in the fifties in most
socialist countries) that attempts to prescribe a rate of “profit” after cost-price
externally. This rate cannot be prescribed from outside ~ it must stay in the re-
lation with the maximal eigenvalue indicated above. Otherwise no consistent price
systemn may be found.* And it is equally important to stress that this price system
{advocated as being close to the value proportions} has nothing {o do with value
proportions. In a value price system, surplus (or “mark-up™) is in proportion to
labor (the vector v or wages, w) and in the former price system, the so-calied cost-
price system, mark-up is on cost {that is, in proportion fo pA).

We are now looking for a price system where surplus is proportional to capital
invested. For the time being let us designate the capital invested per unit of pro-
duction in sector i by b, Thus the vector b = (b,, ..., b,, @} will be total capital
invested per unit, better known as the capital output ratio. The Jast elersent of
this vector is zero because in the last sector, manpower or “households™, we do
not reckon with “capital”. Of course there are resources invested in reproducing
manpower, But the classical notion of production prices did not consider them.
The production of manpower did not follow the usual rules of the capitalist game.
There were no business firms investing in the production of this particular produet
and the Iaborer was not a capitalist, expecting a profit on funds tied up fn his win-
ter coat and other consumer durables. The resources tied up in reproducing man-
power do not shape the average rate of profit according to the classical view.

Let us designate average rate of profit by A. Then the equation for Marx’s
correct definition will be

p = pA 4 Ab. (%)
Production price = cost price 4 average rate of profit on capital invested.
(9) wiil be

p = AbQ. : (1M

But in the state of Extended Reproduction | A | < I, and thus (1 ~ A) must be
reguiar, The inverse, €@, is of course not equal to the former inverse @, because
now the matrix 4 is bordered by the row and column of the manpower sector. 1t
will have much kaeger elements — but its cconomic significance, its meaning and

* The Hungarian price reformn of 1939, aimed at sefting a uniform 5 per centl “pet gain®,
was frustrated for this reason. Computation had to be stopped without satisfactory conver-
gence — and the actual spread of *profits” thercafter proved to be enormous: [rom net loss
to 20-235 per cent gain.
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interpretation, remains the same. It sums expenditures incurred in different phascs

of production. Thus matrix @, multiplied by any direct input vector, yields total
{direct plus indirect} expenditure levels in every sector, incloding houscholds.

The product B therefore can be interpreted as total capital invested in the re-
spective production’ processes. For the time being we neglect the scalar factor 4
and formulate the system of production prices. It is a valuation system that weighs
each product in proportion to total capital directly and indirectly tied up in
its production process.

This characterization of production prices is not easy to grasp without mathe-
matics. However Marx did have a faidy clear picture of it:

“The whole difficulty arises from the fact that commodities are not exchanged
simaply as commodities but as products of capitals” [I1L 175].

Thus it may be reasonable to summarize Marx’s point of view as [ollows: As
long as there is simple commodity production (Simple Reproduction) the “law
of vaiue” states that there is a tendency of commodities to be exchanged on the
mmarket according to their “labor content™. Exchange is then regulated by the pro-
portions of total fabor necessary to produoce the diverse commoditics.

This law changes under capitalism (Extended Reproduction). Here the “law”
states that there is a tendency for commodities to be exchanged on the market
according to their “capital content” as products not of labor but of capital. Un-
der Extended Reproduction cxchange is regulated by the properiions of total
capital tied up in the production of the diverse commmaodities,

But how do we measure “‘capital”? This question was a headache for both
Ricardo and Marx. They tried 1o reduce capital to labor in several ways, some of
which later proved ambiguous and incorrect. This was the famous problem of the
“unchanging standard of value” or the “transformation problem of values into
prices” to which we shall return in Part 2.

The existence and uniquencss of production prices has fo be proven first.
Then we can ask whether there is a “transformation” of values, an algorithm for
the correct computation of those prices.

Equation (10), p = Ab(Q, does not help much in solving the problem because we
assumed b to be given. It is specified not only as a bundle of goods (which it is
legitimate to assume) but as [unds already measured by some price system., Now
production prices and the magnitude of A can be determined rigorously only if we
determine the capital oulput ratio as a value ratio at the same time. ¥ would be
illegitimate 1o assume any ex gnfe valuation of the resources tied up. If commodi-
ties arc all measured in production prices then the fixed capital, consisting, as it
does, of commodities, must be measured by the very price system to be determined.

Here the matrix B = {b, } = { aufy } plays an important role. 1is clements,
at least in theory, can be measured as physical proportions without the intesven-
tion of any price system at all, then the capital output ratio in this very price sys-
fem can be expressed as b = pB. '

Substituting this expression in cguation (9} we gel
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This equation is analogous to the equation p = pA. that defines value propors -

tions under Simple Reproduction. It is the same sort of eigenequation. But under
Simple chloduc‘uon | 4} bad to be equal to 1; now under Exlended Repro«
duction | A + 4B | has to be equal to 1.

Because we are considering Extended Reproduction, A must be non-negative -

and irreducible, with a maximum eigenvalue less than I. B will also be non-neg-
ative and irreducible. Thus equation (11} will have one and only one positive solu-
tion for A and p. Equation (11)can be transformed to p [1 ~ AB (1 — A)-1] = Q.
The matrix B (1 — A)~! = BQ is a Frobenius matrix (it is positive). Thus it has
& positive eigenvector and a positive maximal eigenvalue equal to fhe reciprocal
of A. Thus A must be positive.*

Therefore, given the two non-negative and llrc,dumble matrices A and B, with
| A| < 1, there is one and only one positive price system, p, and average rate of
profit, 4, determined by equation (11}

This shows that production prices can be determined unambiguously in terms
of an eigenequation.

Numerical example

In our old Robinsonian economy let us suppose that unproductive consumption
is discontinued, Then Extended Reproduction is possible according to the matrix:

[ 0.2 0.7 0.05
= | 0.2 0.2 0.3
0.5 0.5 0

Let us assume g stock coefficient matrix

(02 07 0]
=1 1 0}
16 06 O

B depends on matrix A and turnover times as follows: Turpover time for Ma-
terials (first row) is 1 year. Thus the first rows of the (wo matrices are equal. Turn-~
over time for Tools is 5 years, that is, fivefold yearly production is always held
in stock. Thus, in row 2, coefficients of B are five times those of A. Finally the labor
tied up in semi-finished products (this is the *“variable capital” of Marx) is as-
sumed to be 3.2 years’ labor in the first and [.2 years’ labor in the second sector.
Aldl these values are of course entirely fictitions and chosen 1o make the example
easy 1o solve,

* Proofs of the theorems are io be found in Appendix L
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The soiutlon tclls us that a 10 per cent per vear profit is secured in both sectors

[ 0.22 Q.77 0.05
p=pA+018B)=(2, 3, 1)]03 0.3 03 = (2.3 1)
0.66 0.56 0

It happens that in this example production prices equal value prices. This is by
1o means necessary, but it may happen under special circumstances.

Of course it does not make any difference whether there is any unproductive
consumption left. Tt does not alter production prices if the surplus is spent entirely
or mostly on lexuries and not on growth.

1.2.3. Output proportions

Now we write the equation for the dual of the production price system
(1 — A)x = /Bx or x=Ax 4 2Bx (i2)

and sct ourselves a double task. First, we muyst give an economic interpretation
to (his equation, just arrived at by purely formal reasoning. Second, we set out to
show its close resemblance to the famous table of reproduction in the second vol-
ume of Capital.

To interpret the cquation we slart from already defined relationships. (1 — A)x
is surplus product created in the respective sectors, expressed as a bundle of goods
and measured in diverse physival units of measurement. This is the net product,
the final bill of goods of the system. If Extended Reproduction is possible, that
is, if | A < 1, we always can have (1 -~ A)x > 0, a positive surplus in every
sector. '

Yet we are interested in distributing the surplus in special proportions. They
should be proportional to Bx, that is, total resources tied up in produoction. Again
Bx is a bundle of goods measured in physical units. Net product should be so
structured as to make possible a balanced growth in all scctors’ stocks. A is the
rate of inerease in productive capacity. The solution of equation (12) for x therefore
gives output proportions that, after covering the necessary flows, Ax, for Simple
Reprodaction, allow for growth in every sector at the same rale, 4. The growth
rate, 4, is a dual expression for the average rate of profit. Like the rate of profit,
the growth rate is determined in.terms of @ certain vnit of time - the same unit
used to measure turnover time, and hence the wmit implicit in the coefficients of
the stock matrix B.

Numerical example

Returning to the example of Robinson, we may oomputé the right-hand eigen-
vector. A will be 0.1 as formerly, making yearly 10 per cent growth attainable.
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Here we can no longer confine oursclves to round numbers, Computation must-
be truncated somewhere and rounding errors emerge,

022 077 0.057 1000 999.02

x=(A+0IBx=[03 03 03 936 |={| 936 |.
066 056 0§ 1184 ]| [ 1184.16 |

Thesc output proportions secure a surplus

C10007 102 0.7 0057 1000
(- Ax=| 936 |-[02 02 03 936
1184 ] {05 05 0O 1184

I
I

10007 [ 9144 ] | 85.6
=1 936 || 7424 [=]|1936
1184} 93 | |21

which is approximately equal to the investment needed for a 10 per cent growth:

02 07 0100 | | 8552
01Bx =|1 1 o]l 93.6}=11936
16 06 0]l1184] |21616

(Differences in the last digils are because of rounding.)
The numerical example brings out some essenlial assumptions in equation (12):
1. Output can be increased only by investing — that is, by building up new
capacitics. The economy pictured in the model always works at full capacity or, ;
at least, there is no way 1o change the proportion of reserve capacity. i
2. New investment is made according 1o the same coeflicients as the old tech-
nology. There are no technological improvements, Thus growth is purely extensive,
1o use Marx's term (“extensive If the field of production is extended ; intensive if _
the means of production is made more effective” [H. 175}). Oniy scale of pro- ;
duction. is increased, its inner proportions remaining unchanged.
3. Every branch of production, every sector, every product is angmented by
the same factor, the universal growth rate, _ .
These assumptions contradict actual growth experience in particular countries, !
In practice, stand-by capacity 1s cxplotted to a greater or lesser degree, in accord-
ance with the everyday market situation and the business cycle. In real life new
investment usually brings new technology, new inner relations of production.
Invesiment is often a means of improving production processes. Finally the vari-
ous sectors usually develop at different rates ~- there are characteristically slow-,
fast-growing and even declining sectors, depending on historical circumstances.
Here, then, we have modeled a very special and not a really general case of eco-
nomie growth. It is almost as special as the model of Simple Reproduction. Be-
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fore we turn to possible generalizations we examine Marx’s own version of this
abstract model of Extended Reproduction. _

Numerical examples of Extended Reproduction set out in the second volume of
Capital are based on the same assumptions as those implicit in equation (12). His
schemata can easily be described in the form developed as the dual of production
prices. _

Marx uses the following symbols in his tablean économigue

¢ constant capital -

v variable capital

s surplus value, divided among

Ac increase of constant capital
Avp increase of variable capital
and consumption of capitalists which we denote by e.

Subscripts 1 and 2 denote depariments I {means of production) and 1 (articles
of consumption). Marx assumes turnover time equal to one vear, thus capital
advanced (invested) and capital consumed (cost-price) are equal. Hence constant
capital, ¢, equals the means of production used up in the process, and variable
capital, ¢, equals annual wages.

Marx’s schemata are not given in coeflicients — but for our purposes it does not
matter whether we deal with coeflicients or annnal flows. The flows can now be
wrilfen in a 4-sector input-output table.

The flows for ihe matrix A will be

i, dept, 1. dept. Laborers  Capitalists
Y. dept. £y c, — -
1. dept, - — 0y +0y e1-1-€;
Laborers o vy - —

Capitalists — — — -

This table contains 10 zeros — which made a computation very easy for Marx’s
purposes. The row for capitalists is empty: they do not increase the value of the
product or add anything to the process, according to the labor theoty of value,
Thus we could reduce our table 1o 3 scctors, handling capitalists’ consumption
as the final bill of goods. The remaining 3 sectors form an irreducible, self~main-
taining system.

The flows for annual increase of stocks will be

- 1 dept. £E. dept. Laborers  Capitalists
I. dept. Aey Aey -
IT. dept. — - - )
Laborers Avy Aoy -
Capitalists = - -

If we implement this scheme with nemerical values given for Extended Repro-
duction [{II. 314-7] we arrive at Table 2.
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TabMe 2
Tableau Economique of Marx
A B
4000 | 1500 — 460 | 100 —
1st year — 750 1 1100 -— - —
1000 1 750 - — 100 50 — .
4400 | 1600 e 440 160 —
20d year — | 1900 | 1110 | - S
1100 500 - 110 86
4840 | 1760 - -— 484 176 —
3rd year -— — 2000 | 1221 - i
121¢ | 880 T 121 22
5324 1 1936 | Co D s3a o3| -
4th year — - 2299 | 1344 — -
1330 | 968 | -- - 133 | 97| -
5856 1 2129 | - | - s86 | 213 | - )
Sth year -— — 2529 1 1477 — .
1464 | 1065 - 146 | 107 - -

From the second year on, every magnitude increases uniformly 10 per cent each
period. The same increase takes place for output of al] the sectors, surplus, invest-
ment, wages, etc. — hence the numerical exampie shows the same implications
we analyzed in connection with equation (12).

Because of the uniform one-year {urnover time the flows of matrix B are exactly
one-tenth of the corresponding flow elements of matrix A. (Only the first year
shows a little computational lapse of Marx,)

To avoid misunderstanding: this parallel of equation (12) and the schemata and
tables of Marx for Extended Reproduction are not meant to substantiate any claim
for the model's being valid or realistic or useful. ¥t only serves to show that the
conception underlying equation (12) and that expressed in Marx’s schemata and
numerical example are the same, In short our model is really an n-sectoral gener-
alization of Extended Reproduction with Organic Composition of Capital Remain-
ing the Same.*

Equation{12) does not figure as explicitly in Marx’s writings as the mode! of pro_

* See [1.] Chapter XXV, Seciion. 1, where Marx elaborates accumulation withount technical
change.
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duction prices or the model of values or Simple Reproduction. Nevertheless,
what Marx has to say about this particular form of Extended Reproduction can
be brought into agreement with the model.

This model of Extended Reproduction surely is not sufficiently general for ap-
plied work. Some practical suggestions for generalization are discussed in Part 3
in the context of applications of the model. The main problems to be solved. for
this generalization are the following.

In the course of real growth the matrices A and B do change. For the time being
we even lack adequate description of the changes, cxperienced historically, Onfy
afier gathering data enough will it be possible to set up and test any {heory con-
cerning regularity of changes. Marx himself stressed the rising composition of
capital caused by icchuical change. This might have been entircly appropriate
to his age — transition from manufactures to large-scale enterprise and mass pro-
duction. But it is no longer true in the age of capital-saving inventions. After all
the rate of profit could not decrease indefinitely, and the remedy was found in new
technolegy where more could be produced with less investment.

For the time being let us think about the constant matrices A and B as giving
only momentary valaes of matrices A, and B, which are actually changing through
timeg. We draw a momentary tangent 1o a motre or less curved and twisted evolu-
tionary path. If change in the coefficients is not too fast — and generally it is not —
our approximatior will be good enough.

The second problem is thal we do not fully understand: what happens when real
output proportions and real prices do not correspond to their theoretical magni-
tudes, when they deviate from the eigenvectors defined above. We can anticipate
some inventory and profit changes. But we still have no model that explains the
size and direction of price changes under specific conditions. Here again we
¢learly lack factual information with which to test theorvies.

To sum up: the model as expressed in equations (11) and (12} is only a step
in the direction of developing a more general theory of Extended Reproduction.
t represents not the whole process but a momentary state of growth. This is the
reason we did not need to assume constancy of coefficients. In a given state given
intrinsic proportions exist - and this is all that is needed to set up the model.

On this level of abstraction, average raie of profit and growth rate are equal.
But what happens if there is unproductive consumption out of those profits?
Naturally this has to be subtracted from the funds o be fed back into production.
The accumulated surplus will be less than the surplus produced and expressed in
the profit rate and thus the growth rate will be less, too. Growth rate can equal
profit raie only in the absence of unproductive consumption. (Hence the
classical crusades against unproductive classes.)

But there 18 2 much more important factor to be taken into account. in the
classical theory of production prices, resources invested in reproducing manpower
will have no effect on the rate of profit. But if we want growth we have to increase
those inputs also, This can severely limit the growth rate. These differences will
be emphasized in Part 2, where we discuss further implications ol the labor
theory of value.

4 proportions, pricss and planning



1.3. Related Models

The model, based on Marx and franscribed into matrix algebra in the previous
sections, has various close relatives, Some of them are explicitly built on the same
theoretical foundaiion - for instance the growth modeis of Feldmann. Yet, these
are heavily aggregated models, based directly on Volume I of Capital and not
displaying any duality. We return to aggregated models in Part 3 in connection
with the analysis of historical trends of growth.

Here we review models that are superficially alicn but actually very close, in

their essential logic, to the one we have been discussing. Fhese are detailed linear

models of production, disaggregated, multi-sectoral linear models of the economy.
The individual models represent widely differing schools of economic thought
that ignored or opposed cach other for some time. However, insofar as they reflect
reality, they cannot avoid its unifying force and their common basis is becoming
clearer in the recent theoretical and empirical literature. In the following I should
like to show how despite their very different backgrounds and interpretations they
can still be brought to a common mathematical form., _

That apparently contradictory views may lead to a common mathematical
mode! is not without precedent in the history of science. To quote Neuman,
whose models we discuss later: “Indeed, in classical mechanics there are two
absolutely equivalent ways to state the same theory, and one of them is causal
and the other one is teleological. Both describe the same thing... Newton’s
description is causal and d’Alembert’s description is teleclogical ... All the
difference between the two is a purely mathematical transformation . . . This is
very important, since it proves that if one has really technically penetrated
a subject, things that previously scemed in complete contrast, might be purely
mathematical transformations of each other. Things which appear to represent
deep differences of principle and of interpretation, in this way may turn out not
to alfect any significant statements and any predictions. They mean nothing 1o
the conient of the theory™ [1963, 496].

Several types of models will be presented briefly in their historical order. Then
they will be expressed in a common, fundamental form and their formal similari-
ties and differences analyzed, Finally we review the economic purport and usability
of the individual models and their common [eature: duality.

1.3.1. Description of the models
a) Theory of gamss

The fundamental model of the theory of games constructed by MNeumann in 1926,
the so-called two-person, zero-sum game, seems to lie far from our subiject and

RELATED MODELS 5

can hardly be callied a production model. It is presented here for two reasons.

First, because its usefulness for the solution of production problems has been
proved.® Second, as will be shown below, its mathematical equivalence with two
important production models was recognized very early. The inspiration of this
model was not econcmic at all, but abstract mathematical speculation.

The mathenatical problem can be stated briefly as follows. There are two
“players”, J, and J;, who are free to choose among various “‘strategies”; J; may
choose strategies i == 1, 2,, .. and J, the strategies j= 1,2,...m. Now, if
Jy has chosen strategy § and J, strategy j, then in this game, J, bas to “pay™ the
sum ¢ to Sy, I ¢ is positive, it will be a foss to Jy; if it is negative, it will be
o gain,

The question is whether, given matrix C = {¢;}, consisting of # rows and m
columns, the “value” of the game can be unequivocally determined, i.e. whether
there is a “mix™ of strategies for J, and J, from which they have no Jogical reason
to deviate and whether, if they adhere to the strategy mix, the gains and losses
paid will converge to g constant sum: the “value” of the game,

Let Jy choose the strategies 1, 2,...,n with frequencies uy, s, . . ., 4, (220,

H
> u;= 1), and J, the sirategies 1, 2,...,m with frequencies »y, vy,. .. 0y
|

m

(0,20, ¥ v; == 1}. The sum of gains and losses to be paid in the cowrse of the
F=1
game can be given by a bilinear form:

uCv = y{u, v). (13)

One of the players will endeavour to minimize the value of 9 by properly choosing
u, while the other one will try to maximize it by the proper choice of ». Now,
Neumanu has proven that minfu maxfoy(y, v) = minfo maxfuy(z, v) and thus an
“equilibrium” sitnation exists, Since then, several proofs and convergent computa-
tion methods have been found for the solution of this basic model.

1t was known to Nevmann (and elaborated in fuller detail ater in collaboration
with Morgenstern) that this model represents the rational choice or decision-
making process of the homo oceconomicus. Still, the general model for produc-
tion decisions was developed some years later.

b) The Neuwmann model

This mode] undovbtedly has roots in marginal analysis, and particularly in ihe
theory of general cconomic equilibriom of Walras, Tn the 1930°s an ¢conometric
seminar led by Karl Menger suggested that the proof of Walras was naive and

* Buifice it to menlion hexe thal the first method of solution for the Flungarian model of
two-level planning was arrived at by T. Liptik on the basis of ideas from the theory of games.
{8ee Karnai [19671)

4%
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nsuflicient.* The existence of a unigue solulion to a dynamic system of inequalities,
based on the static system of Walras, but substantially modified, was rigorously

proven by Neumann. This work of Neumann, though for a long time barely

noticed, meant a turning point in the history of mathematical economics, There
were two imporiani reasons,

On the one hand, this opened the way for the application of more up-to-date
mathematical methods in economics, Neumann found a felicitous mathematical
form for economic problems. His language, the formulation in terms of a system
of linear inequalities, proved to be decisive in promoting furiher development,
particularly with the advent of computers, On the other hand, the model has a
decisive feature for economic theory. For Neumann, as opposed to Walras, the
production refations become the hub of the model and he deduces market relations
from them. It is not clear whether this “concession” to Marxian political economy
was conscious on the part of Neumann. Reviewing his assumptions, he laconicaily
remarks: “It is obvious to what kind of theoretical models the above assumptions
correspond.” Had the Marxian influence been conscious, however, he very likely
would not have wondered at the remarkable “dual symmetry” of his model with
regard Lo money variables and technical variables. Marx had already belaboured
the point that value relations are¢ only dual reflections of the social division of
labor, In any case, Meumann’s model has become one of the meeting points of
economists trained in marginal analysis and in the labor theory of value, allowing
and indeed demanding interpretation in both schools.

In his model we have »# products {{ = 1,2, ..., n) to be made by means of m
production processes (7 = 1, 2, . . ., m). The processes all take place during a unit
of time; il they take longer in reality, they may be subdivided into several parts
in the model, Unit level performance of the jth process turns out ¢; quantities of
ihe products ¢ = 1,2, ..., n and uses up the quantities fi,, i = 1,2, .. ,n.

The model is flexible enough to embrace joint production. This assumption
was really indispensable [or {reating stocks: in different phases of their life span
they are considered different products. Thus the process of spinning consumes
reachines and cotton at the beginning of the process and turns out a joint product
at the end of the process: yarn and machines one period older.

The question is whether, given matrices F = {f;} and ¥ = {1}, the following
unknowns can be determined:

.» Xp) production levels x; =0
= (p'h Pus - - P,-_.) pl'ices Pi =0
o expansion coefficient

B interest factor

with the following constraints:
ol = Tx
and if for some i, the relation < holds, then p; = 0

* Walras thought that he had proved the exisienee of a unique selution by simply counting
the gquations: he found as many cquations as unknowns,
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If ﬁpff = pT

. and if for some /. the relation > holds, then x; = 0.

These two copstrainis can be interpreied as follows

1. In a given period wg cannot consume or use more of a product than was
produced in the previous peried. Should a surplus of product § arise, even with a
maximum rate of growth, its price will fall to zero, i.e., it becomes a “free good”,
P =0

H. In an equilibrium situation there can be no profit above the average raie
of interest #; i that were possible, either prices or the rate of interest itself would
grow. If, however, some process j is characierized by losses, that process will
be abandoned and thus x; = 0.

With some special restrictions,” Neumann proved the existence of a solution
for the system of inequalities and also showed that ¢ = f.

After the solution of the model we eliminate the abandoned processes and free
goods from the system of inequalities. Making use of the equality & == fi, we obtain
the following dual eguality (the climination can take place without upsetting
the interrelations since for the processes and goods to be eliminated x; = ¢ and

pio=0)

(I aF)x =0 and pT -~ aF) = 0. {14)

Note that, apart from the above-mentioned restriction, which can be dropped,
Neumann’s proof makes use of the positiveness of the matrices Fand Tonly in a
single place where he does not permit the fraction on the right-hand side of the

».

prx

. 0
expression o p, X) < - o to take the undefined form o (for non-negative p and x).
pFx

If we exclude this last problem, his theorems will be valid for matrices in general,
i.e, for those with positive, negative or zero elements. Since it is hardly conccivable
that in reality (with any kind of non-negative price system aand non-negative produc-
tion levels) the price sums of either production or consumption will become zero,
this possibility can be excluded ab initio on coconomic grounds,

At the end of his study Neumann called attention to the fact that the model,
constructed to reflect an equilibrium situation is interpretable on the basis of the
minimax strategy of the theory of games, Furthermore, it can be selved cither for
production levels {primal solution) or for prices (duval solution) by simple maxi-
mization of the expansion factor or minimization of the rate of interest.

¢} The dynamic model of Leonticf

The roots of Leontief’s model in the history of theory are the most varied. Leontief
119497 refers to the equilibrium model oi Walras, but Walras® model is funda-

* He assumed, namely, that £, - fi, > 0, i.e. that all processes wse or produce all products.,
Such a strong restriction proved to be unnecessary; it is sufficient to assome that the matrices
are irreducible. With the cxception of some “‘degenerated” cases, irreducibility will secure a
unigue solution in «, £, p and x. (See Gale [1960%.)
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menially static. To constrhct s dynamic model, Leontief adds new elements also
found in the Harrod--Domar growth model. In the latter, investment is the sole

source of changes in production. The Leontief model might be conceived of as a -

multi-sector Harrod --Domar model. He might have been also influenced by the
first chessboard tables constructed in the Soviet Union and by the growth maodels
of Feldmann as well. Thus Leontief’s model has a close relation to the Neumann
mode! and to the original Marxian concept of the reproduction process.

In the Leontief dynamic model total production of individual sectors must
cover both intermediate consumption and the investment necded to increase
production. {he model can be written as cither a system of difference equations
or of differential equations; we start with the former:

x = Adx + Bdx

where, using the familiar symbois

x = the vector of total oulputs
A == matrix of flow coeflicients
B = matrix of siock coefficients
Ax = incremental production.

Seeking the “equilibrium’ solution of the model, we assume as usnal that produc-
tion develops proportionately in all sectors Ax == Ax, where 2 is the growth factor
and thus

x = (4 + AB)x. (13)

Tt strikes us immediately that the model is mathematically equivalent to that
of equation (12).

While Meumann developed both the primal and dual aspecis of his model,
Marxian production prices and the dynamic Leontief model were long treated as
things apart, although at this level of abstraciton they are only two aspects — the
primal and dual — of one and the same model. _

Recently a number of scholars have claborated the dual form of the Leoniief
medel, and Scton [1951], Morishima [1964] and Johanssen {1963] pointed out
ity equivalence to Marx’s production prices.

The solution of the Leontief dynamic sysiem is well known and can be given
in a closed mathematical form, Now, as Newmnann suggested, maximization or
minimization problems can also be interpreted in terms of minimax strategy.
It therefore becomes apparent that this closed model, built along deterministic
lines, can be reinterpreted as maximization. The solution of equation (15) may also
be conceived of as a maximun problem, to find those proportions that will
maximize the growth raie in the long run. This question will be taken up in more
detail in Part 3.
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'~ d) Linear programming

‘The origins of this model too are technical and mathematical rather than economic.
At its cradle stand two mathematicians, Kantorovich F1939] and Danizig
[1247]. Both of them developed the mathematical apparatus in order to solve
technical supply problems. Since then, attenipts have been made to interpret the
maodel from the points of view of both marginalist and labor theory. It is not
surprising that both approaches have been essentially successful.

The aim of the modetl is to allocate limited resources among competing activities
in an optimal way, i.e. fo achieve maximal results through choosing the best
allocation of resources.

The well-known mathematical formulation of the model is: maximize ¢'x subject
to the constraints Ax < b, x = 0 where

b = vector of resources
A = matrix of technological coeflicients; the element ay, specifics the amount
of the resource § used by a vnit of activity k&;
= vector of coefficients of the objective function; its element ¢, specifies
the weight of a unit of activity & in the objective function.
It is usual 1o transform the inequalities into equations by introducing so-called
slack variables, fictitious activities using resonurces without affecting the objective
function. In general we can state the linear programming problem as:

b
|
4

maximize § = ¢'x (in)
subject to the constraints Ax == b, x = 0.

The dual form serves 1o determine the so-called shadow prices. Tt can be stated as
miaimize ¢ == p’h ' {17
subject to the constraints p's = &', p = 0

where p* is the vector of shadow prices.

_There are several algorithms for solving the model; the best known are variations
of the simplex method by Dantxtg. The simplex method vields sclutions for boih
the primal and the dual models simultaneously. 1t has also been proven that if
the model has any solution at all, then

max § == min @,
This means that the values of the objective funciions for the maximization and
the minimization problem are identical.
1.3.2. Iguivalence

It has long been recognized in mathematics that the same problem can often be
formulated in both a “deterministic” and a “teleological” form. Thus, the solution
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of the deterministic equation Ax == & is x = 4~'h. But the same numerical resulf

is reached. if, instead of that, we scek an x that minimizes the residual value of

(b — Ax) = r. If the first formulation has a solution it will be a soluiion of the
second, too. The second formulation is somewhat more general in thai it vields -
an answer in cases when the first has no solution at all — for instance when the

matrix 4 is singular or the equation system is inconsistent, etc.

If models have identical solutions notwithstanding differences in their formula-
tionand in the interpretation of the results, we call them equivalent. Thus, equiv-
alence cap be proven if - assuming they have solutions — the models can be
transformed into a common form.

~ The models deseribed thus far are based on diverse approaches. The production
price model has a deterministic-causal character. It defines production prices as
those that yield equal rates of profit. The same model can be understood as an
equilibrium model, too. For production prices, supply and demand coincide and
thus the market will not trigger any deviations from existing proportions. No
branches will atiract capital from other branches because of their higher profit rates
or repel capital because of lower rates. This interpretation, of course, necessitaies
certain assumptions concerning the character of the economic mechanism — say,
capitalist-market relations.

Analogously the Neumann mode!l is an equilibrium model, too. Its market
mechanism is simplified to the utmeost. If there is any surplus at all, the product
concerned will have a zero price. When supply exceeds demaud, prices simply
fumble to zero. And the same for scale of production: losses entail abrupt dis-
continuation of the process.

Another starting point for model building — and we have already touched upon
it by raising the question of market rules — is teleclogical, There is a goal, to maxi-
mize some number considered favorable, or to minimize some loss. The logic of
linear programming runs along these lines and every extremum-seeking model
will have this feature. And it is interesting to note that both (primal and dual)
aspects of the dynamic Leontief model and of the Neumann model, taken sepa-
rately, can be reinterpreted as teleological models.

The Neumann model and the theory of games started from a very special and
somewhat mare complex viewpoint: that of the minimax principle. This is a mix-~
ture of an optimizing and an equilibrium approach. It poses the interesting ques-
tion: will a function, maximized with respect to some of its independent variables
and minimized with respect to others, attain any equilibrium?

A well-known common feature of all these models is their linearity. This scems
Lo be & common shortcoming. They cannot reflect economic reality that is “not
linear”, and where interrelations take more complicated forms. 1t is no justification
that the assumption of linearity is “comfortable™, that it requires fewer observa-

tions for a quantitative weasurement of relationships. (The argument bas some

practical bearing, since, if a relation is not linear, one should specify more precisely
what form it does take. Complex forms necessitate broader data and it is question-
able whether the increase in exactness to be expected is commensurate with the
costs of collection.)
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"Fhere is, however, a much more powerful argument in favour of using linear
relationships. In the immediate vicinity of the point to be examined (e.g. the equi-
librium situation, or the point determined by real price and volume relations)
most complex relations can be approximated. by linear ones with the required
accuracy. Assume, for éxample, that the elements of the technological matrix 4 are
complicated functions of production levels and prices as well as of time, The real
question is pot what functions they are in general but whether they can be approxi-
mated by the matrix 4 with the accuracy required in economic decisions, which is
not too great in most cases. We should ask whether with changed prices and
volumes and at another date the given 4 matrix is still sufficiently exact. Since
economic decision and policy based on such models do not change the relations
too rapidly, the linear models can often be safely applied subject to additional
checking; their linearity is not generally a serious problem.

But linearity is not the central issue here. The models have much deeper features
in common. For two, this was rigorously proved by the model-buiiders themselves.
When constructing his equilibrium model Neumann noted that the model of the
theory of games may be conceived of as a special case of the growth model, where

f; = 1. Then the “utilization™ matrix, F, takes the form:

He did not, however, mention that the matrix C of the theory of games ¢an have
any real elements while the corresponding matrix 7" of the growth model is strictly
non-negative. It still may be accepied that the theory of games is a special case
of the mentioned “general” Neumann model with unrestricted matrices. Other
maodels will be reduced to the “general” form of the Neumann model below.

Dantzig also proved equivalence. He showed that ali problems in the theory
of games can be written as linear programming problems with matrices of the
same order but that not all programming problems can be written in the form of &
model of the theory of games having the same dimensions.”

Dantzig’s findings of equivalence can be shown by a very simple transformation
of the linear programming problem.

As we have seen, the model of linear programming is: max é = ¢’x, with the
constrainis Ax = b, x = 0.

This can be trapsformed inte a Neumann model by the foilowing means.
We assume that the programming problem has a solution. Hence max ¢’x exists
and is finite. Let us form the diadic matrix b¢” = {b;}. Tt wiit have as many

* He did prove later also that linear programming models can be written in the form of
skew-symumetric game-matrices of double dimensions. {(See Dantzig [1963])
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rows as we have resources and as many columns as activities, Mow we can write:

maxs, x=0 ' 18y

(e — 4% = 0.

This is mathematically equivalent to our equation (14). Instead of matrix ¥, which
was not resiricted in any respect, we have a diadic-matrix of rank 1. The matrix
{f,;= 1} of the theory of games is also such a diadic matrix and a very special
one at that,

Equation (18) is equivaient to the programming model as wel, This can be shown
by multiplying it by x arrviving at be’x ~ 84x = 8(b — Ax) = 0. If § is not zero,
this necessarily leads to the cguation b = 4x.

Similarly the dual form may be reduced to the equivalent form of p'(be’ — §4) =
= (), 'Thus, any programming model can be written in the form of a Neurmann
model but only special Nenmann models, namely those whose matrix T'is of rank
not greater than 1, can be written in the form of a programming model. Therefore,
the Neumann model is more general than the programming model and the latter
is more genceral than the fundamental model of the theory of games. Obviously,
the Neumann model is more gencral than the Leontief model: Leontief models
may be written as Neumann models but not all Neumann models can be written
in the more restricted form. This becomes clear if the Leontief model is rewritten
by iniroducing the unit-matrix 1:

Pl ~ A) ~ 7Bl =0 and [(1 — 4) — AB]x = 0.

Here we have a Neumann model whose components are matrices (1 4) and B.*
On the other hand, this model is more special than the Neumann model since its
matrices are square while those in the Newumana model may be rectangular.

However, note that the solution of the Neumann model has as many optimal
processes as theve ave products with positive prices and is therefore equivalént to
an equation written with square matrices, Precisely this feature of the model will
serve later as the basis for a solution algorithm.

We cannot say whether the Leontiel model or the programming model is more
“general”. In the former the two matrices must be square while programming
models operate with any kind of matrices. At the same time the be’ matrix used
in the programming procedurs is a stricily diadic matrix whose rank is at most. 1,
This is less general than the corresponding matrix (1 - A) whose rank is always .

Both of these models can be translormed into a Neumann model. For the Leon-
ticl' model this entails angmentation with relationships describing possible proc-
esses (not, or not yet, employed in reality). The programming model must be

¥ The inve_rsc of the mairis (T-— A} is strictly positive but the matrix itself, being a so-called
Mf:tzlcr matrix, may also have negative elements, Only the generalized Neumann model come
prises this mode!, too,
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rendered homogeneous. This is somewhat more complicated, Xt means that all
processes (activities) by mcans of which the resources can e expanded must be
fitted into the model — the resources must be made into variables, Cbviously,
this makes sense only lor long-run analysis. In the short run, resource condiitons
are realistically fixed.

To make the programming model homogeneous is to make it into a closed
model. “Exogenous’™ resources disappear and therefore the “exogenous’” objeciive
function may also be dropped. When the scope of reality represented by the model
both over space and time is expanded, the role of exeogenous “endowments” and
“objectives” will diminish,

Kornai [1965] points out that in a progranuning model there is a close intes-
{f‘pendenc«ﬁ. between the “necessities” expmssed by the constraints and the “wishes”
contained in the objective function: “There is no sel~evident and natural criterion
for separating in each case the relationships which are to be enforced within the
system of constraints . . . from those coraing under the objective function.” Thus,
even in an open modc!., the “constraints” and “objectives” may — to a certain
extent - substitute for each other. They serve to express the same deeper
requirement which may be often expressed in an aliernative manncr (either as a
“constrainl” or as an “objective”).* :

And this is only natural, since the “vonstraint” and the “objeciive” appear
when we “open” a closed self-ieproducing syslem. Where we cut i3 apt to be
somewhat arbitrary, and so, thus, is the distinction between beginning (resources)
and-end (objectives). This is & fundamental feature of the teleological approach
which leads from a valvation of the final objective 1o the valuation of resources
through oplimization. '

What, then, arc the optimization features of the ¢losed model? That the closcd
model may be construcied both in a strictly deterministic manner and in terms of
extreme values has alceady been noted. Thus we could “maximize”™ the rate of
growth (viewing the model from the production levels) or the rate ol profits or
interest (considering the problem from the dual aspect of prices). 1n both cases
we cconomize on the only remaining “scarce resource” -- time. It was in this
sense that Marx made the remark: “Alle Okonomie ist Okonomie der Zeit”
[G. 891.

In summary, all the models esamined here can be written in the form of a
general Neumann model. With the qualifications cited, their “generalily”™ (s
rank(.d by the following diagram:

Nenmani

Mars—Leonticf Programming

r \ .
Theory of games

# Alomg the same lines, note that the diadic matrix b¢” cbtained in the course of twansfor-
mation combines the constraints b and the coelficients ¢ of the objective function.
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Even the open static Leontief model may be intc;rpretcd as a “paraliel” to thé
theory of games for the casc of a B = {b; = 1} matrix. In this case: p(1 — 4 =

= p(p, x) and the value of the "_‘Leontlef-games will be net surplus. A possibie -

economic interpretation of the game is: there are two players, the Price Office

and the Planning Office. The Price Office regulates prices ~ chooses p — 50 that

the enterprises earn the minirsum possible profits. The Planning Office regulates
production so as to maximize profits. The two “strategies” will lead to stable out-
put proportions and prices while a surplus emerges as the “value” of the game,

Various different approaches — equilibrium analysis, minimax strategy, com-
putation of extreme values {optimization), as well as the conmstruction of a de-
terministic model — could be used interchangeably as a basis for afl the meodels
treated. These theoretical orientations do not mfluence the essential contents of
the models nor the numerical valoes of their solutions.

The causal, deterministic concept of the labor theory of value and the optimiza-
tion concept of marginalism have led to the same conclusions here. The funda-
mental guestion is whether real relationships are represented correctly in the model.
If the model reflects the essence of reality, both approaches will vield identical
solutions and identical practical instructions. Should the two views conflict in
some practical questions, the difference can lie only in the relations specified.
When these are reconciled the practical sclutions (as Neumann puts it, the “fore-
sight™) must coincide.

While they can be rendered equivalent there are significant structural differences
among the models in their traditional forms. This certainly affects their uscfulness
— they are not all equally well suited to the same practical purposes. Compare,
for example, the uses of linear programming and the Leontief model in planning
application.

Strictly given constraints on resources are entirely real in many technical prob-
lems, If we program the cutting of mill plates, their specifications will be sirictiy
given and unyielding. As we increase the scope of programming to a whole shop
or enterprise, the constraints begin to lose their rigidity. In the short run the
number of machines or men in a shop is given — and this constrains the possible
activities. Similarly the shop faces a given price system over which it has little
control. But as the scope of programming is broadened in territory and in time,
constraints and outside prices are [ess rigidly fixed. The number of machines can
be increased by investment, the price system can be changed. While the number
of workers, at a given moment, is limited in any actual economic system, working
hours, or intensity of labor, or productivity of labor or all of them can be changed
albeit at some expense and at limited rates. The area of arable land is limited —
but the Dutch have succeeded in altering these limits by reclaiming land with
skill, money and time. The same goes for afl “capital goods™: they may be scarce
but the limits are not set forever,

By setting finite limits to resources, the programming mode] assumes them given
once for all, in spite of all the possibilities of their increase. This fault in reflecting

* The yardstick here is the guantily of information subsumed in 2 model of given order.
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reality is also one of the great merits of linear programming. By artificially
dividing the world into chunging and rigid parts it can neglect all that is not
casy to alter in the given context and time span. This is the reason that it shows a
promise for the analysis of the problems of monopoly, scarce resoyrces, land and
mining rent, and rent theory in general.

There would be much to be gained by extending the reach of closed and homo-
geneous growth models by some cunning marriage with a programming model.
Recause there is a formal equivalence between the two inodels one need not choose
but can use them simultaneously, in conjunction. And reaily this is the path chosen
in practical applications not so long ago. Joining forces of the two models might
remedy their individual deficiencies.

The Leontief model does not limit expansion possibilities. Certainly there are
some real limits that it does not specify. Thus it might well claim some goal as
achievable that actually cannot be attained or can be reached only if' special
measures arc taken. On the other hand, allowing no leeway for favorable choices
of technology it may underestimate the possible speed of devclopment.

Linear programming can oplimize. But it cannot take into account restrictions
that are not introduced explicitly, Thus if there are territories of the sconomy left
out of the model, the solution will be a suboptimum that disregards them, If it
spans a given time horizon it will neglect posterity. It may faver one group or
sector while neglecting other interesls, neglect the future in favor of the present,
or even throw the economy into some sort of cycle by oversteering it

The development of planning methods will certainly bring models which connect
the two possible approaches more firmly. Here we have only tried to clear away
some illusory and doctrinaire theorelical obstacles. Linear programming, Neumann
and Leontief models have more in common than appears ou the surface. Joining
forces will not solve all problems — but I believe it is the way to go.

1.3.3. Duality

Not so long ago the view was generally held that Marxian political economy and
the mathematical approach to economics were at best alien to ¢ach other and that
Marx’s Capital provided but little gnidance to the unsolved problems of practical
management and planning under socialism.

But we have just shown that one of the fundamental instruments of modern
mathematical economics and, for that matter, of operation research and control
theory — namely the principle of duality - was formulated and elaborated a
hundred years ago by Marx; moreover, this principle was a keystone i the
theoretical foundation of his approach.

Primarily for lack of adequate mathematical toois, 60 yca:s had to elapse
before the first precise mathematical formulation of the principle of economic
duality; as for its application in economic praclice almost a hundred years had to
go by, because of lags of computation techniques and statistics. Now, a hundred
years later, it is becoming clear that duality is a general clue to controlling compli-
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cated systerns, and economic systems are especially so. By carci‘u_llj; c]aboratihg
the concept of deality Marx has contributed to the eveolution of mathematical

econonics and to the solution of the management and control problems. It is

not altogether clear whether these concepts were adopied with open or tacit

acknowledgement of the priority and merits of Marx or whether his contribution’

was recognized consciously at all. In any case there is firm evidence of the priority
of Marx in the history of this important area of theory. There are major links that
connect him to modern mathematical economics and to the solution of the funda-
mental theoretical problems of the socialist economy,

t should hardly necd proving, at this stage, that Marx and mathematical eco-
nomics are compatible with each other — suffice it to mention the names of Feld-
mann, Nyemchinov, Kantorovich, Strumilin, Kalecki, Lange, and their followers.
1t has also become clear that certain aspects of socialist commodity production
do not differ so fundamentaily from the economic categories of Capital as we
might have liked to believe. Nor is this surprising: Marx stressed and clatified
precisely those categories which point in the direction of socialism and the con-
scious control of a whole economy,

Let vs return to the primary subject of our investigation: the mathematical
formulation and development of the concept of duality, its logical and economic
content, and the form it tock in Capital.

Duality in mathematical economics

Very simply the economic principle of duality means that all iniricate productive
processes can be examined from two aspects: as physical processes creating use
values and as processes simultancously assigning values to them. The first con-
scious and precise mathematical formulation of the principle of dualily seems io
be found in Neumann’s writings, already described and discussed. From the
fifties on it became more and more obvious that many successful multi-secior
models of production were very similar to the Neumann models and were indebted
to ihe mathematical notions worked out and dpplled by him.

I all these models are special cases of an “arch-type”, the principle of dllcl]ll}’
nrust play a central part in all of them, And this is actually so: alf these models
deduce in a similar manoer from the same structural relations, on the one hand,
the desired (optimal or equilibrivm) proportions of social productlion and, on the
other hand, the valouations {values, puw% ot shadow prices) belonging to these
proporiions.

Although the principle of duality first became widely known as the connection
between the primal and dual solutions of linear programming, dueality is not an
exclusive fealure of optimization models. Duality may be interpreied simifarly in
other models as well,

In all these models duality means a strict symmeiry of the two aspects of the
economic system presented, of the two sides of the production process, its physical
and iis value pattern, its “use value” and “value™ aspects. There is not only syim-
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metry but close imterdependence as well. The mathematical equation systems
describing the process of reproduction, the huge metabolism of socicty, determine,
“ag viewed from one aspsct”, the proportions of products and labor processes,
the relations between useful things and the spectal sorts of labor creating them,
while the same system of equations, “as viewed from the other aspect”, cxplains
valuation, the flow of values or monetary transactions, of homogeneous exchange
values.

This leading principle of duality may govern non-linear as well as linear models,
since non-lincarity is, in this context, onty a characteristic of the equation system
describing the internal functioning of a4 medel. Linear or non-inear, a system can
always be examined from two points of view, from that of heterogeneous use
values and from that of homogeneouns exchange values. Yor example, the mathe-
matical theory of optimal processes formulated by Pontryagin and associales
[19627 again utilizes the laws of the dual system for the mathematical solution. of
rather complicated problems in ihe field of conirol techniques. The cconomic
application of Pontryagin’s mathematical model may be regarded as a non-Jinear
generalization of the Neumann model, It provides a powerful tool for the treat-
ment of some problems of economic control and regulaticn, to which we will
return in Part 3,

From the purely mathematical point of view, the principle of dualily is very
simple in all these models. It establishes a connection between the solutions of a
given system of equations and those of an adjoint (or transposed) system.® Despite
its mathematical simplicity, duality characterizes many varied real phenomena.
The principle already is or will be useful in numerous problems of classical and
quantum mechanics, in physics and biology and increasingly in economics. It is
most helpfu! in mathematical description of the movements and laws of movement
of highly complicated systems.

In the analysis of such complicated systems certain parts of the system (its
physical parametess or - in cconomic systems -— certain activities, types of labor
and of product) may not be directly commensurable because of their naturally
heterogencous character, However, for a clearer description and understanding
of the system’s operation, and, later, for the controi of these processes, a commosn
denominator, a homogeneous measure becomes necessary. This problem of order,
measurement and control can be solved by taking into account those very inier-
relations that connect the parts of the system. Thus the system provides its own
mensuring instrament based on its own intrinsic faws and interrelations,

So long as the mutual relations of the parts of a system lend themselves to
mathematical description, the dual will yicld an instrument suitable for ordering
and measurement, With the dual solutions as “weights™, “valuations™ or “prices”,

* The principle of mathematical duslism may be formulated in still more general torms.
F.e: “A ceniral idea of analysis ... can be expressed in the following simple fcrm:_ Ain
elemeni of a linear space § can oficn be characterized most readily and revealingly in terms of

its interaction wilh a suitably chosen sei of clements in a daal space 57, This principle rather. |

paturally finds ils source in geomeiry . . . permeates algebra . .. and analysis, In all Jikeli-
hood it is the single mosi ramified concept in mathematies™ (Beckenbach---Bcll;ﬁann (1961 1.
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it becomes possible to order and measure the originally helerogéneous, non-
commensurable parts (states, activities, products, etc.), Measurements can now be

used for “optimization™ of the system, i.e. for the control of the processes them-

selves. We hope that technical description and analysis of the refations of 4 system

will help us to “handle” it, 1o know what can be expecled of it, what it is able and-

unable 1o do. Ordering, measurement and conlrol are just steps in increasing
kuowledge about a given system, and the principle of dualify permeates all these
steps.

Duality in the cconomy

Obviously, the principle of duality in mathematical systems interests us only in
that it reflects the real duality of the systems appearing in real life. ¥In econonyic
systems the substance of this doality can be (and was) understood without a know-
ledge of the mathematical eguations describing the systern. The reproductive
process takes place under conditions of complex and developed division of labor.
The individual parts of the system (partial processes, activities) are interdepens
dent — because, for example, they use each other’s products, share the same raw
materials or productive factors, serve the same final objectives or are subject to
the same legal and social rules.

Thus individual operations are interconnected by innumerable technically and
socially determined relations. This complicated network of isterrelations deter-
mines whether the reproduction process as a whole will operate within broad or
narrow, flexible or rigid limits.

But, however these interrelationships may develop or change, they remain
mutual relations. Each individual economic transaction, every exchange takes
place between two parties. There is a “seller” and a “buyer”. Delivery of a finished
product at the same time creates the preconditions of production, or some type
of consumption; thus afl output is, al the same time, an input. One participant
in the division of labor produces in order that the other (or several others) may
consume aund these, again, consume in order to be able to produce for others.

With highly developed division of labor and commedity production flows of
money emerge as the “dval” of flows of goods. By invenling coins the Lyd-
ians presented mankind with a practical (though possibly inconsistent) mecha-
nism for the “calculation™ of the dual selution. The circulation of money operates

.as a huge analogue computer that continuously traces the dual “unknowns™ of
the reproduction process.

Money was invented long before the principle of duality was formulated and
before the necessary computational techniques were developed. Social practice
greatly preceded the advance of science in this field -~ “Am Anfang war die That . . .
They acted and transocted before they thought.” {I. 861.% -

*1n the beginning was the Deed.” The guotation is from Goethe's Famse.
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Nevmara’s insight on duality seems to come with mathematical intuition rather
than economic study. In articulating the principle of doality he looks in frightened
amazement at his own inleliectnal child:

“Another feature of pur theory, so far without interpretation, is the remarkable
duality (symmetry) of the monetary variables (prices y;, interest factor f), and
the technical variables (intensitics of production x;, coefficient of expansion of the
economy c«).”

However, the first part of Capital not only gives a clear interpretation of this
duality (so much missed by Neumann on the occasion of the rediscovery of the
dual character of the process) but also traces the historical and logical evolution
of the dual form from its beginnings to the socially established forms of moncy
and currency.

Duality is even implicit in simple forms of random and isolated barter, With the
“hair-splitting” analysis of these forms Marx’s new ideas began their scientific life.

Duality in Marx’s Capital

That commodities incorporate the duality of use value and exchange value, had
been already noted by Smith and, in a somewhat clearer, more consistent form,
by Ricarde. But they did not know, or at least did not show, that duality of the
sysems rests on the “two-sidedness” of exchange and the dual character of labor
in society.

This is one of the most important features of Marx’s appreach: “In this
method we proceed from the first and simplest relation that historically and in
fact confronts us; here, therefore, from the first economic relation to be found.
We analyze this relation. Being a relation already implies that it has two sides,
related to cach other” [S. 369]. Marx’s analysis shows that even in simple and
random barter “the value of a commodity . .. is expressed by . .. the use value
of another one”, [I. 52] that value and use value, the dual and the primal aspects,
stand on the two sides of the relationship.

Tn contrast to Smith or Ricardo, Marx does not speak of the duality of use
value and exchange value but of that of use value and value in general. Only
under certain historical conditions, namely, in the commodity-producing socicty,
does this value appear in the form of exchange value.

“When, at the beginning of this chapter, we said, in common parlance, that a
commaodity is both a use-value and an exchange-value, we were, accurately speak-
ing, wrong. A commaodity is a use-value or object of utility, and a value. It manifests
itself as this two-fold thing, that ii is, as soon as its value assumes an independent
form — viz., the form of exchange-value, Tt ncver assumes this form when isolated,
but only when placed in a valuc or exchange relation with another commodity
of a different kind. When once we know this such a mode of expression does no
harm; it simply serves as an abbreviation™ [1. 60].

Labor has a dual character whenever there is division of labor, regardless of
the type of social organisation. The writings of Quesnay, Smith and Ricardo

5 Proportions, prices and planning
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served to show that value and money relations help to solve some “primal™

problem, for instance the allocation of use values among members of society.
But Marx went further. He points out that the special form.of the dual found in a
commodity-producing society is a historical pheromenon, He also helieved that

this form is not ideal {as Smith belicved it to be) but may, due toits contradictions,

be plagued with inevitable disturbances in production and commerce.

This provides an important clarification of the connection between the two
sides. The primal problem constitutes the fundamental economic problem of
every social system, whilc the special solution of the dual problem characteristic
of commodity production is a historical one and, therefore, subject to change in
form. Indeed it is one of the most revolnticnary discoveries in economics. Marx
writes about it to Kugelman:

“It is self-evident that the necessity of allocating the labor of society in deter-
mined proportions will by far not be abolished by a definite form of social produc-
tion, only its form of appearance will change . . . What can change with various
historical conditions will be the form in which these rules assert themselves, As a
matter of fact, the form in which this allocation of labor according to certain
proportions asserts itself in a state of socicty where the interrelations of social
labor are expressed as the private exchange of individual products of labor, is
nothing else but the exchange value of these produets . . . But there s also some-
thing clse bebind this fact. With an understanding of this interrelation, all theorelical
faith in the eternal necessity of existing conditions will collapse - before they
.coliapse in actual practice” [W. 552-- 41,

Many more passages, in fact, almost every sentence of the first part of Capital
could be repeated here,

Duality is most clearly and consistently elaborated in the first volume of Capital.
Suffice it here to point to such clearly dualistic pairs of concepts as labor process
and realization process, surplus product and surplus value, and technical composi-
tion and vajue composition of capital.

Yet the principle of duality runs through the whole work connccting rany
different ideas and problems. This corrcspondence is worked out not only in
rough cutlines but often in minute detail as well.

In Marx’s trcatment the theory of value and the theory of reproduction are
always corresponding pairs in strict duality with eaclk other, For each definition,
thesis or rule in the theory of value a strictly parallel definition, thesis or rule in
the theory of reproduction can be given.

Marx himself felt that the consistent development of this dual character was
the key not only 1o his book and his scientific research but, indeed, 1o the under-
standing of political economy in general. In addition to the letter written to Kugel-
mann and quoted above, two further letters addressed (o Engels point to this fact.
In the first of these, summing up his own opinion about the first volume, Marx
declares:

*. .. The best thing in my book is: 1. the emphasis on the dual character of
labor, right in the first chapter, according to whether labor is expressed in use
value or exchange value (this is the basis of the whole understanding of facts)’
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['W. Vol. 31, 326]. And in a second leiter: “It has escaped the attention of all
economists, without exception, that if the commodity is something dual — use
value and exchange value — then the labor embodied in the commodity must
also be of dual character . .. In fact, this is the whole secret of the critical con-
ception” [W. Vol. 32, 11].

1t is both remarkable and regrettable that this fundamental approach that Marx
emphasized as the main result of his research work should have left so little impres-
sion on our general concept of Capital, his principal work.

However great its indirect cffects, the fate of Capital as a scientific work s,
on the whole, not enviable, Were it less praised and less denounced but more
widely read, there would have been fewer false ideas about it — and econorics
would have made faster progress,

54:




Part 2
Discussion of the Model

The core of the model setupin Part I is the matrix A 4- AB, describing the inter-
dependence of society’s metabolic process. The proportions represented in the
two matrices yield rigorous definitions of values, production prices and their dual
concepts, output proportions of Simple and Extended Reproduction, as a natural
extension of Marx’s original definitions. They were defined respectively as positive
left- and right-hand eigenvectors of the matrix A -+ AB, belonging to its maximal
cigenvalue. The latter is always equal to 1.

We now proceed to examine the character of the model in greater depth.
We begin by showing that values and production prices are just special cases
of 4 more generalized price system,

The mathematically well-known extremal properties of cigenvalues are helpful
in demonstrating certain optimizing characteristics of each price system in its
own model. Price systems defined by the labor theory of value do orient our
decisions properly in certain typical situations. These questions will be discussed
in the first chapter.

Mathematical eigenproblems are logically circular, but their formulation is
powerful and indispensable in economic science. This prompts a review of some
old arguments against circularity in labor theories of value. One of them, the
so-called “transformation problem of values info prices”, actually suggests a prac-
tical algorithmic solution of the model. All this will be the content of the second
chapter. :

Yhe third chapter fills in a few missing points: the analysis of the correct dimen-
sionalify of the model and the discussion of the economic significance and behavior
of the scalar 2. Finally, further theoretical generalization of the maodel is attempted
through strict axiomatization and probabilistic interpretation.




2.1. Three Types of Price Systems

Values were defined in terns of relationships of Simple Reproduction, a historically
ancient and simple form of production. Production prices pertain to Extended
Reproduction — historically capitalistic production. Thus far the resources tied
up in reproducing manpower did not participate in determining the average rate
of profit under Extended Reproduction. At the end of this chapier a third, more
general system of prices will be developed. It will take into account Extended
Reproduction of manpower, and investment of resources serving this purpose as
well. This so-called “two-channel™ price system will subsume values and produc-
‘tion prices as its two special limiting cases. Here we resume that dual solutions
(that is: price-like solutions) of models describing the functicning of dynamic
systems yield proper scales for aggregating, explaining and finally controlling the
systems themselves.

The models to be discussed reflect only problems of freely reproducible goods.
As already noted, scarce natural rescurces, monopolistic situations — that is,
circumstances temporarily hampering free development of production - call for
rent theory, and are better described by programming models,

This analysis only begins to explore the optimization properties of the models
we discuss. Tt does not advocate the actual application of any particular price
system under socialist circumstances. This latter question can be decided upon
only after comparing the logical siructure of the price system with actual (or
suggested) rules of the economic game. “Which price system oricnts properly in a
given model?” and “What would be the practical consequences of the same price

- system. under given or proposed rules of the game?” are separate questions, The
latter guestion will not be answered.

2.1.1. Value prices

We may reinterpret the causal-deterministic definition of value proportions in an
optimizing context using the cxiremal characterization of eigenvalues. The analysis
rests on the following mathematical inclusion theorem for eigenvalucs:*

If the maximal eigenvalne of a non-negative irreducible matrix, A, equals «,
then if the matrix is premultiplied by an arbitrary positive vector p > 0, then either

* The theorem stems from Frobenius and was sharpened by Birkhoff and Yarga. Its proof
may be found in Appendix 1.

— ____._;
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et us reformulate this theorem in economic terms. pA is the cos} of theﬂ
products measured by the given price system p. Its ith elen_ncnt, (ph), is cost of
product i. Now p; being the price of product i, the quotient ‘(p‘A);fp,‘ may‘be
called the cost ratio of product i, a term frequently used in socialist accounting
and planning. practice. )

©ur theorem, now, stated it economic terms is: either all cost ratios are equal, 11t
which case they equal the maximal eigenvalue, or they are different, in which case
the maximal cigenvalue will be flanked by the maximal and mini‘mal cost ratios.

This interpretation motivates our decision to consider the maximal clgen\:’aiuc
as an indicator of efficiency of the econornic system represented by t}xc malrix A
This was already suggested by the fact that « = 118 the criterion of Simp_]e, o < i
of Extended, and ¢ > 1 of Diminishing Reproduction. This indicator is mvariant
with respect to similarity transformations of the matrix A. Thus it is independent
of the units of measurements chosen and of the actual prive systems used to
measure the matrix A. This invariability is important, The criterion of optimality
should be independent of the units or prices of the systen. ’

Now the theorem can be used to prove that proper orientation is furn?shed .by
value proportions. Let us assume an economy under Simple Reproduction with
value prices. Thus p = pA, and the cost ratios are equal to ] for every product,
Let a new technical possibility to produce product { emerge. Say, vector a; stands
for the old technology and vector aff for the new one,

How can we decide upon whether to substitute the new technology for the old
one? If after substitution Simple Reproduction is changed to Extended Repi:oduc-
tion, substitution is advantageous. If Simple Reproduction is still to be C{'}ﬂilf‘lue(‘i,
substitution is optional. But if Diminishing Reproduction ensues, substitution s
clearly disadvaniageous. N )

One important function of a price system is to orient decisions about possible
alternative techniques. Value proportions (taken as a price system) help us to
ascertain which of the three outcomes would cnsue after substitution. If we use
them to compute the cost ratio of the new technology, ', the number computed
will indicate the efficiency of substitution. Thus

#
o B
m
pa ; - FTERP . ‘
i e < 1, lhat is, pay < p; substitnfion Is advaniageous
P
o o o o
i 2000 1, that is, pa > p; substitation is disadvantageous,

;

= |, that is, pa == p; substitution is optional
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with new technology substituted for old, will have still 1 as its masimal eigen-
value and the system remains in Simple Reproduction. The result of sub’;t:tutlon
is neutral.

If pa)/p; =& < 1, then, after substitution the cost ratios of all technologies but

the i-th are still 1, but the new technology has a cost ratio less than I. Here
the inclusion theorem secures an eigenvalue of the matrix A* that is less than 1,
namely 6 < o < 1. Thus Extended Reproduction becomes possible. The result of
substitution is favorable.

Finally, if pajfp; = y> 1, then, after substitution, the maximal eigenvalue of
the new matnix, A*, will be strictly greater than 1; 1 < « < 3. Thus only Dimin-
ishing Reprodu;;txon is possible. The result of substitution is unfavorable.

Value prices, ‘thm cfore, do orient properly in this sense. Furthermore: the value
vector, p, being thedeft-hand eigenvector belonging to the maximal eigenvalue, ,
this prust be the only price system, the only set of refative prices that does orient
propetly under conditions of Simple Reproduction.

Certainly the scalar multiplication of the two vectors o/ and p is equivalent to
everyday practical reckoning. Our decision process then amocunts to the usual
appraisal of comparing expenditurcs with resuits.

The above argument does not claim that the price system is appropriate for
measurmg» the amount of saving induced by the new technology; nor does it give
1 as to how much to produce with the new techuology. But the scale
on.cannot be determined by prices alone in a linear system of this sort.

y 'f{ff optimality used above should not be confused with the maximiza-
tion of a fixed consumption structure or utility function. The consumpiion struc-
ture before the decision is, of course, given, But the structure after the decision
is not predetermined. In our procedure, after a favorable decision, society may
increase andfor change its consumption without jeopardizing Simple Reproduc-
tion. Xf| A*| < 1, then any or every element of consumption can be increased
to a cextain extent before the maximal eigenvalue again reaches 1. What to do
with the surplus accruing after substitution is clearly a second question. It might
be accumulated or consumed or both in varying proportions. To formalize this
sccond decision we must know who will be in possession of the surplus and what
are his goals. This certainly changes historically.

What happens now in the particular case where the surplus is consumed unpro-
ductively ?

Now, in general, it is not value prices but the left-hand eigenvector that otients
properly. Its last element shows the new value progitéed by labor. If there is
unproductive consumption the value of labor power igffiess than the value produced
by it. To this extent, then, value prices will unde; _’aiue labor power; it will be

“cheaper” than its properly orienting value, thus decmons will tend to wasle it,

This seems to explain Marx’s train of thought in the following passage: “The
use of machinery for the exclusive purpose of cheufening the product, is Hmited
in this way, that less labor must be expended in pedducing the machinery than is
displaced by the employment of machinery. Foi the capitalist, however, this use

If after substitution of @ for g, the cost ratio remains 1, the matrix, A,
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is still more limited. Tnstead of paying for the labor, he only pays the value of
Jabor power employed” — and he adds in footnote: “Hence in a communistic
society there would be a very different scope for the employment of machinery
than there can be in a bourgeois society” [F. 392~3].

Value prices, therefore, will lead to inefficient use of labor resonrces when there
is unproduciive consumption. Value prices, therefore, orient properly only under
conditions of simple commodity production, when the amount of surplus is
negligible.

2.1.2. Production prices

Tn what sense do production prices, the left-hand eigenvector of the matrix 4 -+ AB,
orient property under conditions of Extended Reproduction? Why is total capital
tied up in the production process the proper measure — and why do value prices
disorient in the case of growth?

Let the average rate of profit, 4, and production prices, p, be given. We know that
the cost ratio, now defined as {p{& + AR ]/p;, will be 1 for every pmducF !
because p(4 + AB) == p by definition. This new definition of cost ratio contains
beside costs proper, pA, a second term for profit on capital, ApB. Classical econo-
mists do not consider profit bora fide cost of the production process. Still on the
basis of our earlier analysis of production prices it makes sense to include the
term for capital costs equal to the expression given. Although deviating from
classical usage, we use it to make the paralle! to Simple Reproduction. After proof
and discussion we will reformulaie our result in classical terms, too,

Cost ratios, then, equal one for all the given input stroctures. Let us now con-
sider a new technical po%ibiiity to produce product i with flow coeflicients a/*
and stock coefficients &%

Analogously 1o the judgement for vdluc prloeb,

it pla® + A5 = pla + AB) = p; substitution is optional

if  plal + BTy < pla; + Ab) = p; substitution is advantageous

it ol A ABF) > pla, + AB) = p substitution is disadvantageous.

If the new technology is opitional, then after it is substitutcd for the old the cost
ratio remains [ for every i Thus the maximal cigenvalue of the new matrix
A* -+ AB* still remains 1 and yields the old rate of profii. _

If plaf + Ab5)fp; = & < 1, then, after substitution, the maximum cost ratio
equals 1, the minimal equals 3, and thus the maximum cigenvalue of the new
matrix A* = iB* will be strictly less than 1. Thus we can increase 1 until we
reach its former level, I. In other words, we can now achieve a higher average
rate of profit and thus average rate of growth, The same rcasoning shows that a
disadvantageous subsiitution entails decrease of these rates.
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‘This does not mean that the saving of an advantageous substitution must, be

spent to increase the growth rate. It could be spent on a highér standard of living

by increasing consumption cocfiicients without reducing the growth rate. What is

essential is whether it is possible 1o answer the question of “worse or beiter?”

without presupposing any special prefercnce function. If we do not predetermine.

how the additional surplus will be spent we can circumvent the far more complex
and-intricate question of “how much worse or better 7" and “better or worse for
whom 7.

The rentability of a new technological process can now be reformulated in
classical terms. The criterion of a favorable decision can be transformed (let vs
drop the subsoript i} from

pa® -+ Apb* < pa + Apd
(%]
e W
g o Ma -y (19)

Here pla - a*) stands for saving in flows resulting from the new technology and
p(d* — b) is additional capital spent for this purpose.® So long as the quotient of
these two magnitudes exceeds the average rate of profit, the new investment pro-
ject should be accepted.

In the latter form our decision-prescription is equivalent to the investment
appraisal formula in current use in socialist countries. 11 requires the internal rate
of return to exceed the average, that is, the usual or external rate, Socialist lifera-
ture calls A the “time-factor” and its reciprocal, 1/4, the “pay-off pericd”. These
expressions are thus linked conceptually to the average rate of profit and its dual,
the average rate of growth. _

Tn this formulation the production price system suggests an iterative solution
algorithm for the Neumann model.®* The algorithm is probably not practically
useful but it is pedagogically interesting in that it gives an idealized description of
perpetual optimization in a dynamic, long-range system.

Let us assume that, in the original NMeumann model to be solved, we know more
processes 1han products, that is: m > n (Yf »n > m we simply perform the dual of
the following operations.) Let us selcct an arbitrary subsystem consisting of, say,
the first » processes and » products neglecting temporarily the vemaining m - n
processes, We denote the sclected submatrices by T, and Fy. First we compuite the
“production prices” of our subeconomy, that is, we solve the cquation

2T — AoFp) = O,

for p, and A, How to solve it is a practical question taken up in Section 2.2.3.

Theoretically it is possible that — for some submatrices — there will be no solu-

* Or there might be dis-saving in flows pla-—a¥%) = ¥ < 0 counlerbalanced by savings in
stock p(d* —b) < {4, or savings in both!
## The procedure is closely related to that suggested by Weil 119647,
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tion at all. But il the complete model has a solution (and that was proven by
MNeumann} there must be at least one subsystem of the possible [ J subsystems
n

that can be solved. Thus we may suppose that our T\, F,, subsystem has a solution.

“Produciion prices”, pg, together with our “profit rate”, ,, sapply the necessary
measuring rods for judging the (m — ) processes neglecied in the subcconomy
To. Fo. Thus we examing the neglecied processes, characterized by the vectors
G fiim=n+ 1, 4+ 2,...m), one by one. That is, we compute the scalars
Polts — Aoy = 5. I we find a positive s it signifies a possibly advantageous sub-
stitution -~ because this ~th process produces more, s sales receipts exceed the
necessary expenditures allowing for the old return on capital, and reckoned m the
prevailing price sysiem. After substituting the new i-th process we may improve
the situation — that is, reach a higher profit rate, .

Substituting the new process for the old in 7, we get a new subsystem, say, 77,
F1, and solve it for “production prices” again:

Py - A dy) =0,

Now we attain a higher 1, than before: 4, > A,.

The number of possible subsystems being finite we sooner or later find the
optimal one, that with the highest 2. For the optimal subeconomy there will be
no excluded process with a posifive s, that is, there is no excluded process
vielding a higher rate of returin than those already in the optimal subeconomy.

We still have not entirely solved the problem of substitution. If a process is
advantageous, which other process should be replaced by it7 In the absence of
joint products it is easy to answer this question. But if the product in question
is already produced by several processes, 1t is not casy to see which of them should
be eliminated by the favorable new process £ We must have some convention {o
prevent cyclic substitutions.™

But we are not really interested in computation here, Prodaciion prices can be
interpreted as “shadow prices”, The real cconomy may be viewed as a single
iteration in computing a big and endless Neumann model. If the processes that
are not used in realily are not efficient at production prices, then the real economy
is at an optimum. If, however, some hitherto unused process (or a newly invented
one) seems to be eflicient at production prices, one should decide to use it. After
the new process has been intreduced, a new production price vector has to be
worked out again.

We do not look into the question of whether this perpetual iterative process of
seleciing improved technology does or does not reflect actual happenings. This
would involve asking whether there is any ascertainable tendency nowadays
toward production prices and cqualization of profits and whether innovation
policics are in fact rational at all.

* Tt might perhaps be a good rule to replace that activity § for which ¢,/f, is maximal - of
if f,== 0 for several j, hen to cheose by inspecting the guoticnts pi,/p;.
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Under the idealized conditions of capitalism and Extended Reproduction it is

production prices rather than value prices that should orient technological de-

cisions. Qur abstract model of capitalism does find its proper regulator in'_ produc-

tion prices.

The system described thus far does not take into account resources tied up in
reproducing manpower. Thus, the computed average rate of profit will exceed the
possible growth rate. Yet, to make growth possible, every factor must be increased,
including all the resources tied wp in creating manpower. This question is of
utmost importance for proper economic orientation, and we devote the next
section to its more thorough investigation.

2.1.3. Two-channel prices

Here we analyze two closely connected questions. The first is: How do resources
tied up in reproducing manpower (the last column of matrix B, guite unrealistically
considered thus far zero} modify the overall reproduction process and the cor-
responding price system?The second is the historical role of the three types of
price systems.

Funds tied up in reproeducing manpower are costs incurred long years before
manpower becomes a skilied or unskilled agent of production. These are the costs
of raising, educating and training manpower.

These costs were naturally not unknown to Marx, whose work abounds in
observations about them. Thus on raising manpower:

“Hence the sum of the means of subsistence necessary for the production of
laber-power must include the means necessary [or the laborer’s substitutes, i.e.
his children, in order that this race of peculiar commodity-owners may perpetuaie
its appearance in the market” [L 172]. And aboui training and educational ex-
penses:

“In order to modify the human organism, so that it may acquire skill and
handiness in a given branch of industry, and become labor-power of a special
kind, a special education or training is requisite, and this, on its part, costs an
equivalent in commodities of a greater or less amount. This amount varies accord-
ing to the more or less complicated character of the labor-power. The expenses of
this education {¢xcessively small in the case of ordinary labor-power) enter pro
tanto into the total value spent in its production™ [I. 172].

“The expenses of developing that power which expenses vary with the mode of
production” [1. 519} tend to decrease because ., , the necessary training . . . is
morve and more rapidly, easily, wniversally and cheaply reproduced with the
progress of science and public education the more the capitalist mode of pro-
duction directs teaching methods, ete, towards practical purposes” [I1II. 300].
Butin spite of ©* . _ . the general development which reduces the cost of production
of specially trained labor-power™ [II1, 389)] and thus reduces the gap in earning
range between unskilled and highly gqualified manpower; the funds tied up in
reproducing manpower remain considerable,

THREER TYPES OF PRICE SYSTEMS 77

The hundred years that have passed since the publication of Marx’s Capital
have even witnessed a considerable increase in those expenses - notwithstanding
“cconomies” of mass-production in educational institutions, because of the very
high training requirements of meodern technoiogy. Illiteracy and child labor have
dwindied since Marx’s age, not jusi because of more humanitarian ideals but
becavse of economic requirements,

The increase of costs and the fact that they are incurred far in advance of the
benefits to be gained become very conspicuous under socialism. The socialist
state shoulders an increasing responsibility for family-care, health services,
eduocational outlays — costs traditionally incurred by families themselves. This is
done maindy for extra-cconomic reasons: whether the family is worse or better off
should not determine its state of health, its educational opportunities or its size.
But we have still to face the facts; after transferring heavy financial burdens to
the state budget, families still carry very high expenses.

Nowadays in Hungary {and in other socialist staies) government-financed
“social costs” of reproducing manpower amount to approximately 20-30 per cent
of wages. They are defrayed from the budget. And still the family spends approx-
imately half of its income on rearing children. Thus a non-negligible part of
national income - a part well In excess of the conventional investment ratio —
serves the future generation and in this sense can and should itself be considered
as investment. This investment is embedied not in the rmeans of production but
in the agent that controis them.

The gestation period of new fixed capital seldom exceeds 2-3 yvears. The gestation
period of manpower, nowadays, is seldom less than 16-20 years.

The amount and composition of these costs, and the length of lags must certainly
influence the overall pattern of reproduction and thus affect output proportions.
This influence is recognized in the theory of planning -~ ¢ven if its full significance
1§ seldom grasped. But planning practice has already taught planners some lessons,
The demographic and employment structure of population ~ botlh very slow
and expensive to influence and modify — delimits and constrains long-range goals,
One of our experienced Hungarian planners, Timdr {1966, writes:

“As a consequence of the above-mentioned long reproduction cycle of man-
power, the available manpower supply in the next fificen to twenty years, for the
most part consisting of the able-bodied population, is substantially given . .. In
this manner we obiain an important starting point for long-tern national economic
planning . . . Tn long-term planning the principal task of manpower plans is . . .
to yield information, on the basis of the available manpower supply, on the
possible utilization of manpower in the national economy and fo give initial data
for drawing up the pians of individual branches™, '

And the same problem is recognized for underdeveloped countries where lack
of gualified manpower is a perpetual bottle-neck to take-off and growth, All the
necessary educative tasks simply cannot be accomplished at once in the case of an
underdeveloped country without a developed system of schooling. For example,
teachers must be trained to teach engineers, who in torn teach engineers’ helpers,
who train foremen to train skilled workers. A heavy influx of foreign experts and,
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possibly, equally strong help in educating countrymen abroad will be a sine qua
non. Bven with subsiantial forcign aid it remains a icdious and time cOnSUmMing
process.

In the framework of an already developed comprehensive system of edu{,atmn
all these tasks ave performed simultanecusly; once the educational pipeline is
filled, there is parallel education in all layers. Yet, we should continue to take
account of the indirect, less conspicuous time reguirements for educating today’s
educators and so on.

These expenses and time lags will affect output proportions, and also modify
the price system. Yalue of manpower equals the value of means of subsistence
necessary to reproduce it with all its skill — and the magnitude of this value is
not changed whether the expenses are defrayed by the individual, the family, the
commoenity or the state,

This too is pot a new idea among planners and economists. Fsze and Nagy
{19631 argue for the so-called “two-channel” price system (which allocates a part
of “*surplus” in proportion to wages) as follows:

“Here we think about that part which accrues to the workers as indirect trans-
fer, including the amount spent to train new workers. This part is, strictly speaking,
not a net income of %ociety but -~ from the viewpoint of society — as much the
cost of labor as wages”

The costs of t,ducatlon, health and family care, shouldered by the state are
usually not of a “flow” but of a “stock” nature. Even if they apparently take the
form of flows (say, in the casc of sick-relief or old age pension), they actually are
disbursements of a collective insurance fund.

Let us estimate the order of magnitude of the funds invested in reproducing
manpower and their turnover time, We wili neglect consumer durables (a minor part
of the total stock) and simplify the investigation, seeking only a rough estimate.

Twmover and reproduction of manpower differ characteristically from turn-
over and reproduction of machines. In the case of machines two periods are
sharply discernible: their gestation or production period, and the second period,
when they are performing their duties. In the case of manpower the two periods
are not segregated as clearly: after finishing their formal education men may be
trained on the job; they learn by doing. The formalive period of labor will thus
not be entirely completed when they enter production. Furthermore, manpower
acts as consumer of goods even after it becomes productive.

Of course the separation of the two periods is ap absiraction even in the case of
machines. There are additions, irnprovements, maintenance costs for a functioning
machine, too. Economics has something, but not very much, to say about main-
tenance, Maintenance is treated much more adequately in managemest science.
In the case of manpower this neglect of “‘maintenance” is not permissible, and
indecd personal consumption is considered one of the most important subjects
of economics.

We begin our estimate by assuming a constant annueal consumption throughout
an individual’s life. This assumption is very crude because the first years cost
more. The years of primary and secondary schooling absorb above-average costs,
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too, and old age also requires again above-average health and nursing care. We
nevertheless assume constant consumption.

Crur second assumption is cven cruder: Manpower creates a constant amount
of new value each year. On the basis of average earning potential in the different
age groups it seems probabie that the amount of new value creaied is not constant.
it seemms to increase very substantially after
the first years and has a peak (varying with  value
occupations) around the age group 40-45.
After that it seems to decline.

Both of our assumptions are incorrect in
that they will tend to understate funds tied
up i reproducing manpower, as should
become clear below,

Third, for preseni purposes we assume . ; . o L
Simple Reproduction, Taking Extended : P
Reproduction into account here would Fig, 1. Costs and incomes
complicate and blur the piciure without
adding much to our knowledge. Thus, we ook
claim that the amount spent to reproduce
manpower and the amount of value cre-
ated. by manpower so reproduced are equal.

This is a shightly different formulation of /
Simple Reproduction where value of man-
power and the new value created by it are
eqnal. There is no diffetence between the
amounts spent and the amounts recovered, Fig, 2. Cumulated costs minus
There is nevertheless a considerable differ- cumulated incomes

ence in the timing of those two amounts,

This difference, this lag in recovering the amounts spent, explains the amount of
funds tied up in reproducing manpower.

We divide the total life span of the aborer into two parls: raising time r, and
productive time p. In the first r years there are only costs, in the second p years
there arc costs and “income™ (new value created), The sum of costs over the
r + p fife span must equal the sum of the income,

Graphically, annual costs and incomes (recovery of costs) are shownin Fig. 1,
But, at the same time, cumulated costs equal cumplated mcome. Thus Fig. 2
shows the amount fixed.

The average amount of funds required is represented by the height of the
rcctanglc indicated by bl‘OkCIl lincs - il;% area is cqud] to the area of our tria.nglu

r fu time

forc the hughl of the re(,tang]e, funds Ued up on the average, wiil be 1(,}2.

If we compute “turnover ime” of resources tied up in reproducing manpowet,
we arsrive at a “life span™ measure. The correct “life span™ to reckon with is
raising time, r. This means that, for Simple Reproduction, rf2 years of consumption
are tied up as investment in human beings.
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Time spent in actual production', p, does not play any apparent role here. But .

this is deceplive. If we designate yearly value creation by v, then the postulated
equality of cumulated costs with cumulated income, (r + pj¢ = pv, implies
e = (v — o)p, hence re/2 = (v — e)p/2. Now half of production time (actual

life span spent asan agent of production) is egual to the “turnover time™ -

of another stream: the difference between annual value production and con-
sumpion.

On the basis of this relationship it becomes clear that if raising time, r, s 10-20
years, the order of magnitude of the funds fixed in reproducing manpower will be
about 5-10 years’ income. If raising time costs are above average (as they usually
are nowadays), we underestimate the stock, and if iricome is not constant but has
a peak around 40-50 years, we overestimate the speed of recovering the sums
spent and thus tend to underestimate stocks again.

it is well known that the total reproducible (tangible) wealth of society (in-
cluding not only means of production but “infrastructure” - highway systems,
residential buildings, etc.) seldom exceeds 3-4 years’ national income. Comparison
with 5-10 years® income tied up in reproducing manpower clearly indicates that
the man working with a machine is worth much more than the machine itself,
including all the expensive auxiliary fixed equipment. This crude computation
justifies the socialist commonplace: “The greatest value is man himself.”* Yet
this point of view remains purely theoretical until output proportions and price
systems are actually adapted to it.

Everybody is shocked by waste and yet we condone everyday waste of man-
power and skills. For example in Hungary, where skills and talents are in principle
much esteemed, Kovidcs [1968] has shown that, in spitc of a shortage of skilled
labos, about 2000 highly qualified persons work in jobs not requiring more than

skilled workers® education, 2500 graduates of universitics and 25 thousand gradu-

ates of high-schools work as semi- and unskilled workers, and about 235 thousand
skilled workers work at jobs not equal to their skills. (Total active population is
about 6 millions.) The educational expenscs wasted here are about 10 per cent of
national income — and additional loss of national income caused by this dis-
focation exceeds one per cent annually, But this estimate covers only waste by
persons working full time in jobs beneath their qualifications. Many also spend
part of their working day at tasks that could be accomplished by iesser talents.

As long as we reckon labor costs in wages alone this waste will not stop. If we
were to introduce human investment into the matrix I, we would get a totally
different price system, one that would give propesr orientation for allocation of
labor of different skills also.

“Two-channel” prices are a comprehensive system of production prices that
also takes into account resources tied up in reproducing manpower. We
show that this “two-channel” price system is nothing but the left-hand eigen-
vector of the total system {including stocks in the last column of matrix B); this

* Abbot Galiani, a very early economist, aiready had an inkling of this: “La vera ricchezza
... ¢el’'uoma.” (“Della Moneta™. Custodi. Paric modema, Yol. HE, p. 229.)
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serves as proof that in the new, total system it is “two-channel” prices (and not
classical production prices) that orient properly.

Let us start from the definition of “two-channel” prices given by Fsze and
Nagy. They are prices where the mark-up on cost is partly proportional to fixed
capital and partly to wages. Thus, surplus value is allocated among prices with a
mark-up rate # on capital and ff on wages. In this notation

p = pA +\'an + (1 4 e + =(l 4 Bz, . (20}

Here pA = costs of intermediate inputs
PB = capital/output ratio
(I + fy = wages, increased by the mark-up
(1 4+ f)z = variable capital, increased by the mark-up.

[a

Thus wages and the part of capital tied up in advancing wages, that is, variable
capital, are both increased by the mark-up and 2 rate of profit # is computed on
all the capital tied up in production. Our stock coefficient matrix, with its last
row and column identified separately, will be

_ | B,
B = 1 9] ‘
zZ, 0
B: stands for means of production, z for variable capital and ¢ is resources tied
up in reproducing manpower, In parallel to the augmentation of the matrix 4 to
A}, the matrix B is augmented into a comprehensive systemn by taking into account
{in place of the former zeros) the resources tied up in the production of man-
power. :
The definition just given in equation (20) for two-channel! prices is simply
the posttive left-hand eigenvector of the matrix A 4 =B,

= (pAd + B+ (1 + B+ =l + Pz, pe+ ,,_rpg) -

A+ 7B = (o L+ ) “: ;J . ["B, g]

0]

=(p,pe + apg) = (p, L+ f) = p.

Therefore the “two-channel” price system is a comprehensive production price
system, computed from the matrix B of the total system, manpower reproduction
included. The magnitude of # and of the primal growth rate are again equal ~
average rate of profit no longer exceeds the attainable rate ol growth because the
very sizeable investment in haman beings is no longer neglected.

There is an interesting aside: as § = =mpg the mark-up cannot be chosen arbi-
trarily. It must equal the product of the rate of profit, =, and the resources tied up
in reproducing manpower, pg. That is, mark-up is the cost of using those resources.
Now if g is not specified beforehand — and s measurement must be left to the

O Froportions, prices and plinning
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fature becauise statistical data are insuflicient — we can choose' the mark-up, ,8,

“freely” but the choice implies valuation of those resources. The formula is

B

pg =~
1

For instance a 5 per cent rate of profit and a 30 per cent mark-up on wages implies
0.3 . . . .
»»»»»»» = 6 years income tied up in reproduction of manpower.*

There asc certainly Hmits on the choice of f. If f = 0, then from pg = ¢ and
p > 0, g = 0 follows. This means that we are totally neglecting human investment
and the resulting price system will be the classical production price system. This
is one extreme of the “two-channel” price system.,

Let us now assume as a second extreme that all the resources are considered
human investment. Then all the elements of the matrix B become zero except its
last column. The corresponding “two-channel” price system is

H

' l 0,9
+ 7

(7, 1+5) Hf:; o 0]] = (pA + (1 + B, p¢ + wpg).

Thus p = pA -+ {1 + B from which
p=(+ Bo — A" =+ frg.

But this is the familiar formula for the value price system. § is now surplus
labor {included into the valuation, taking paid and unpaid labor into account).

The form § = ngp shows Expanded Reproduction of manpower following'a 7

rate. The second extreme of “two-channel” prices is, thercfore, the classical value
price system. This can be seen intuitively: if we increase the mark-up on wages,
the surplus value will all be allocated in proportion 1o wages. If all surplus is
allocated in proportion to wages and none in proportion to capital, then we reach
value prices. Thus value prices can be reinterpreted as production prices reckoning
only with resources tied up in reproducing manpower. Considering all investment
as human investment is equivalent to ignoring investment at all when computing
prices.

Resources tied up in reproducing manpower tend to grow historically — not
only in absolute terms but in relation to those tied up in production, Therefore we
may conjecture that the properly orienting system of prices will deviate from
classical production prices more and more and become nearer and nearer to value
prices. If man becomes the greatest asset — if the resources tied wp in its reproduc-
tion outgrow cvery other sort of funds -~
approach value prices.

* These were approximately the imphications of the Hungarian price reform of 1968
T suspect human investnient was still underestimated by this.

then the “two-channel™ prices will
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Certainly the historical phase when we can neglect all investment except that
iied up in reproduction of manpower is far off,

This, then, suggests how price systems change in the course of history. The
value prices of simple commodity production evolved slowly into classical pro-
duction prices. Production prices develop as production requires more and more
funds to invest. In the beginning of commodity-exchange “plant and equipment”
is negligible as compared to variable capital, thus the dominating form remains
close to value prices. As production becomes more capital-intensive, human
investiment requirements lag. Classical production prices prevail, -

Sooner or later developing technology demands goalified manpower. As
resources tied up in reproducing manpower increase, the classical produciion
price system ceases to orient properly. As human investment begins to dominate,
the price system returns toward value prices.

Summing up: the appropriate price systems defined by the labor theory of value
vary with historical changes in the economy. The labor theory defines the price
systems as historical phenomena.

&%




2.2. Circularity

A circular definition, a definition that defines some concept in terms of itself,
idem per idem, was considered a grave fault by classical logic. But self-contained

{closed) systems require circular definitions and modern scientific experience has

demonstrated their power.
Classical labor theory thought itself free of such “logical blunders”. 1t defined
vatues by reducing them to labor expenditure, explaining them as a certain amount

of crystallized labor energy. The corresponding mathematical eguation was

p(1 — A) = v, which could be solved as p = v(l — 4)™" = Q. That is, it started
from direct labor expenditure, v, the premises, and from these premises, using the
operator (matrix) @, it deduced the conclusion, p. The prescription was to add up
all the labor directly and indirectly expended on the product. This logical operation
yielded the sought values.

The eigenequation for the closed model, p = pA, leading to the same numerical
results, would have been considered circular by classical logic. It starts from p
and deduces its own premises, p, again. It defines values by values, idem per idem,
moving in a circle rather than reducing valucs to something given previously.
Nevertheless it is still a logically correct and fruitful formulation and in a sense
a more general one than that for the open classical model.

This peculiar feature of circalarity was a very important basis lor criticism of
Marx’s tabor theory of value.

Béhm-Bawesk [1896] was the first of a long series of critics who objected to
this sort of reasoning. Rebuttals were unconvincing because they atterapted to
deny the circularity altogether. (See for example Hilferding {1904].) A morerealistic
and froitful defense would acknowledge the circolarity but ge eon to demonstrate
the merits of such definitions in scientific economic thought.

It is no accident that Marx developed this new way to approach reality. He was
a well read philosopher and a former follower of Hegel. Hegel, in an ingenious
clumsy and sometimes mysterious way, anticipated many problers of modern
scientific thought and set up the first new tools of a4 more fiexible, dialectical logic.
Tn the following we start with these “circular™ eigenequation definitions of value
and production prices and use them to answer the very questions that troubled
Biéhm-Bawerk. These are the problems of skilled and unskilled labor, and the
famous problem of the transformation of values into production prices. ¥ shall
iry to show that Marx’s standpoint was entirely logical and consisteni — and that
mathematical difficuities arise when we try to eliminaie civcular definitions,
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2.2.1. Simple and skilled labor

Our eigenequation for values was
p=pA.

it can be interpreted in econormic terms: if we add the values of all the socially
nécessary expenditures incurred during production we obfain the value of the
finished products. Value of manpower and value created by its activity are equal
under Simple Reproduction; surplus product or surplus vaiue is nil. This eigen-
cquation simply states the law of the conservation of value: the sum of the values
of the parts is the value of the whole. Yet it subsunes some economic laws that
are far from trivial.

We set out from the labor theory of value when defining the value vector, p,
above, Labor expended by manpower as a source of value and labor time as an

~immmanent measure of the magnitude of value play a central role. Yet with the same

gigenequation any other product could be cast in the same role. It guarantees
the necessary expenditure to reproduce the special product, manpower, but it
also guarantees all the inputs for all the other products. In the eigenequation this
special thing, labor, source and measure of value, is logically indistinguishable
from other products and services.

The lefi-hand eigenvector of the matrix A, the value vector defined according
to the labor theory of value, certainly depends on labor expenditures. But the
form of the eigenequation generalizes this dependency. The eigenvector always
characterizes the whole matrix — and 1L can be expressed equally weil as a function
of any row, column or element of the matrix. Hence from the point of view of the
proportions of the price system attained, we might single out any other product
or any bundie of products, instead of labor, and shall obtain the same answer to
the valuation probiem.

In economic torms this means that we may start from any “primary” input —
or rather consider any input as primary: coal expenditures, electric energy con-
sumed, ete. We might even choose ferrous or phosphale content as “source and
measure” of value. Using any output as numéraire we reach the same price pro-
portions. This really is a natural consequence of the law of conservation of value:
every product (cven manpower) can only transfer that amouni of value into
other new producis that i contained originally.

Numerical example

0.2 0.7 005
A =02 02 03
a 1 0

We have seen that value prices are p == (2, 3, 1) :
If we consider product 1 (*Tools™) as numéraire, we have to cancel the first

0.2 03]
Iand its Leontief-

vow and column: the remaining submatrix is 4, = 0

206
2 16|

inverse is (1 - A) ™ = Qy ==
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We form now the coriesponding price system by premultiplying this inverse
by the deleted row: '

2 0.6

0.7, 0.05) I'2 16] = (1.5, 0.5,

and complete the price system by inserting the numéraire in its proper place:
pr= (1, 1.5, 0.5).

This price vector is proportional to our former price system p = (2, 3, 1}.
Taking preduct T (*“Material) as numéraire, we proceed as follows:

4 ez 005 _[L3 0.6

T 0 T3 106
1.3 0.06

2, 0. = (0.6, 03

0.2, 0.3) l"l.3 1’06_] 0.6, 0.3),

and, after inserting the numéraire:
= 06, 1, 0.3).

The proportions being the same as those of the former price sysiems we may
state:

In the case of Simple Reproduction the value price vector can be computed
by starting from any product’s inputs or any combination of several product’s
inputs (weighed by their proper values).

This insight now leads to a new (or rather old) possibility of solving the problem
of skilled and unskilled labor. The problem - as generally stated ~ is that labor,
the source and measure of value, is not homogenecus. Not only its use value {as
the carpenter’s, mason's or spinner’s work) but also its “value creating energy”
is heterogeneous — one hour of a sculptor’s labor counts as, say, five hours of a
quarry worker’s labor, the former being more skilled. According to Marx:

“Skilled labor counts only as simple labor iniensified, or rather, as multiplied
simple labor, a given quantity of skilled being equal to a greater quantity of simple
Jabor. Experience shows that this reduction is constantly being made. A com-
modity may be the product of the most skilled labor, but its value, by equating it
to the product of simple, unskilled labor, represents a definite guantity of the
latter labor alone. The different proportions in which different sorts of labor are
reduced 6 unskilled labor as their standard, are established by a social process
that goes on behind the backs of the producers and, consequently, appear to be
fized by custom” [l 44].

Byt Bohm-Bawerk interjecis:

“How does Marx explain this? He says the exchange relation is this, and no
other ~ because one day of sculptor’s work is reducible exactly to five days of
unskilled work. And why is it reducible to exactly five days? Because cxperience
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shows that it is so. reduced by a social process. And what is this social provess?
The same process that has to be cxplained.”

Marx has to explain the exchange relations found i the market. And how does
he explain them? By recourse 1o the market itself. The market has first to decide
how skilled and unskilled work will be reckoned. Only after this process of re-
duction to common units arc we able to explain the exchange relations found on
the ‘market.

But thete is really no need to consult the market to homogenize labor inputs.
1t was not the market but the social division of labor that Marx meant by the
“social process”. It is this division of labor that dictates the structure of the system
and thus regulates the process “behind the backs of the producers”.

All the products, therefore, really possess a definite value before entering the
market, The market cannot decide their values but only their actual prices which
may diverge from their values (or production prices) under unbalanced sapply
and- demand conditions. A certain circularity characterizes the definition of the
values (or value creating powers) of skilled and unskilled labor because the theo-
retical prescription is based on the eigenequation approach,

All we have to do is to disaggregate (or rather not to aggregate) the labor sector
in our matrix A. If under Simple Reproduction we have as many rows and columas
for labor as the number of different skills, we will still have a non-negative and
irreducible matrix yielding a unique positive lefi-hand eigenvector: values. The
relative weights for the different skills, that is, their values, can be used thereafier
to homogenize labor to a common standard. :

This might well be the very solution Marx had in mind when, on a later occasion,
he elaborated the problem:

“All labor of a higher or more complicated character than average labor is

expenditure of labor power of a more costly kind, labor power whose production
has cost more time and labor, and which therefore has a higher value than unskilled
or simple labor power. This power being of higher value, its consumption is labor
of a higher class, labor thai creates in cqual times proportionally higher values
than wvuskilled labor does™ [I. 197]. ,
. The same procedure - disaggregation of the labor sector ~ can be used to
compute production prices. All we have to do is to securc the same detail in matrix
B, too, and we are ready to compute the production prices of different sorts of
lahor power. '

If there is some surplus product and hence surplus value, we might be asked
how much surplus value can be derived from the different skills. But we can raise
the same question for homogeneous labor. It is not casy to decide whether the
“homogeneous” labor employed in different sectors is exploited at a uniform rate.

Marx assumed a uniform rate of exploitation, and we may assume the same in
the case of different skilis.* 1% is not possible to prove or disprove either assumption.

There is no argent need to inquire into differences in exploitation: if there is a
surplus fed back into production, then we face Extended Reproduction and prices
will oscillate around production prices and not around values. Under these con-

* Bee [111. 142-3).
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ditions total surplus is divided among capitalists in proportion to the amount of

capital invested. The total amount of surplus can be determined-irrespective of

its sectoral origin. It is “incidental and irrelevant”” which sphere.of production or
which sort of labor yields the surplus when society is reckoning with prices of

production. It is not the individual faborer but the laboring class that is exploited.
. Similar reasoning applies to the problem of joint products. Thus far we have
considered homogeneous products and heterogeneous fabor inputs. In the case
of joint production the inputs and the process are homogeneous and the product
is heterogeneous.

The same method outlined above also solves the joint product problem when
there are just as many products as processes,

Numerical example
Let us assume that, in our original example, one unit of product 1 is jointly pro-

duced with product I To remain in the state of Simple Reproduction, Robinson
has to consume it whether he likes it or not. Qur previous matrix becomes:

0.2 07 0.05 02 -03 0,55
02 02 03 | —= |02 02 03

1 I o | 1 0

The “input™ coeflicient —0.3 shows a copsumption of 0.7 units and a pro-
duction of I unit of product I. The values are

2 3 1) — (07, 57, 1).

Formally, our procedure works, but now the matrix A is not necessarily non-

negative. What really happens is that in the definitional equation pl = p4, the
left-hand unit matrix has extra elements wherever joint products occur. But then
it becomes a Neumann model with non-negative square matrices. The trans-
formation into a Neurnann model is necessary in the theoretically more general
case, when - because of joint production — the number of products and of
processes is no longer equal. To be more general, we must introduce rectangular
matrices. As was noted in Part 1 the Neumann model is the most general of this
family of models.

222, The transformation problem

The transformation problem is a traditional, almost sanctificd one, settled “defi-
nitely” as many times as il has been opened and recounsidered. It is not ¢ven
possible to find a rigorous statement of the problem that is generally accepted.
The problem concerns the relation between value and production prices and has
at least two major facets. The first is essentially computational. Given a sysiem
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that produces some surplus, how are the production prices of commodiiies related
to their values, how to effect the reduction of production prices to something
already known? The second concerns the relation between economic history and
the history of economic thought concerning valve and surplus. What were the
historical developments that fed the classical economisis to single out labor as
the fundamental source of value and to reduce the production prices, somehow,
to values? We begin with the computational problem.

For lack of adequate developmenst of the necessary mathematics, it was not
possible to pose the transformation problem rigorously. Marx’s text containg
correct and unassailable deductions and also undeniable weak spots. These prob-
lems were brought to light by Dmitriev [1904], Bortkiewicz {1907], Winternitz
[1948], Seton and Morishima [1951]. None of their solutions is entirely adequate
to the original formulations of Marx.

The weakest spot, discovered first by Bortkiewicz, is that Marx’s thesis

... the sum of the profits in all spheres of production must equal the sum of
surplus values, and the sum of the prices of production of the total social product
equal the sum of its value” [TIT, 171] is not entirely correct. _

Transcribed into our system, letting p stand for production prices and r» for
values, the thesis amounts to the doublc zssertion
: p(l -~ At o= r(l — A)x {for surplus), 2n
and
PX = ¥% (for total product). (2D

One of these equations can be always satisfied by using up the one¢ remaining
degree of freedom. For instance if' we choose (¥x/px)p as our production price
system, equation (22) will be fulfilled automatically. In this case, equation (21)
might be reduced to [(rx/px)p — r]Ax = 0. This will hold only il the vector
(ex/px)p — r is perpendicular to the vector Ax, a particular and not a general
case. Thus Bortkiewicz was right in his criticism. On the other hand Ax might be
proportional to x, in which case equations (21) and (22) are identically {ulfilled,
and Marx’s thesis is right. Where the structure is close to Simple Reproduction,
and Ax = x (and this is the historical sitvation when the transformation happens),
these circumstances might prevail. _

Yet, even if the thesis is entirely right (or wrong) a deeper problem remains.
The price system to be derived is not the bastard price system mentioned in
Section 1.2.2, with an equal mark-up after costs, but the production price system.
These two price systems are cqual only if we assume one year lurnover, and thus
equate stock and flow. [t is the same assumption playing havoc here, which was
already mentioned before. In general the average rate of prolit is not given by
dividing total surplus by total product but by total surplus divided by total funds
invested. The latter quotient yiclds the rate of proft we are really after.

On this point we find a strong spot in the original text:

“The average profit, determining the prices of production must always be
approximately equal to that quantity of surplus value whicl falls to the share of
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the individual capital in its capacity of an aliquot part of the tcal social capital”
. 179-80]. '

Surplus value divided by total funds will be approximately equal to the average -

rate of profit, whether numerator and denominator are measured in value prices
or production prices, This fact (often useful in planning) has a mathematical ex-
planation to be analyzed in Pari 3. There, in connection with error analysis, we
prove the relative stability, insensitivity of A toerrorsbothin the price system and in
the structure of production. Here we are only concerned with the economic inter-
pretation and with an appropriate algorithm for effecting the transformation,
that is, for compuiing production prices. :
The relation mentioned by Marx is simply

A B e [ | 23
pBx (23)

If the structure of production is proporiional to the right-hand eigenvector, the
batanced growth path, then [(1 — A)x); = A[Bx]; for every i, and the relation
exactly equals A, whatever the price system. If the price system is proportional to
the left-hand eigenvector, then again the quotient exactly equals 4, whatever
distortion or deviation from the balanced growth path there may be. If the actual
price system and the actual output proportions only approximate the theoretical
ones (the eigenvectors), then the relation, too, will only approximate the true value
of 4 — but it will be a very good approximation, its error being much less than the
error in the prices or outputs.®

How can we improve the price computation ? Simply by iterating the procedure
that leads from values to approximate production prices, transforming the
approximate production prices to more accurate ones, and repeating the pro-
cedure until the necessary accuracy of the price vector is obtained.

The whole iterative procedure can be prescribed as

pi{l — A)x
D= A 4 i_p;Bx ........ P jB R {24)
and if after enough steps and with the precision nccessary p, = 4 = B, then
of course,
* p = pA - ApB

and we have arrived at our solution for the price system.

In this algorithm tolal product, px, is keld constant. By postmuliiplying both
sides of equation (24) by the vector X, we get py, X = pyX. Total product, measured
by the successive approximative price systems, does not change. Here X can be

+ A 10 per cent deviation in both (price and output) vectors can cause at most a 1 per cent
relative error in the computed value of 4, and an even smailer error Iimit is likely becawse of
further cancellation of errors of the data. (See Section 3.1.3. and Appendix Ik)
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arbitrary. However; the closer x to the right-hand eigenvector the more accurate

(1 — A)x o :
= Bt~ Ax and if x is equal to the eigenvecior, then
p;Bx

*

the niagnimcle of 4;

A; 1s exact. o

C Now ihe transformation leading to the successive price sysiems being con-
rinuous and closed (because of px = coustant, p = 0} the procedure will con-
verge to the fixed point given by the left-hand eigenvector, the production price
vector.

This is a very quick and simple algorithm. Its main advaniage lies in the fact
that it uses the original A and B matrices throughout. Hence there is no accumu-
jation of rounding ¢rrors. :

The same procedure can be used to compute the right-hand eigenvector, the
bafanced growth path. Here the initial p can be chosen arbitrarily, but it helps a
lot if the initial price system is as close to production prices as possible and thus
yields an accurate initial value for the growth rate 4. :

Certainly the most interesting algorithm would be one alternatively improving
the left- and the right-hand eigenvectors. This procedure along the lines of the
original Smith-Ricardo-Marx conception of equalizing rates of profit and regulat-
ing output proportions at the same time leads us too far from our main questions
here.

The main practical lesson of the transformation problem lies in the question
just discussed: how to compute production prices starting from a value price
system — or more generally: how to improve a distorted price system ? Planners
certainly face this problem in their daily voutine and are continuously seeking
“more reliable” benchmarks. Hungarian planning practice (not jusl theory)
abounds with computations in search of more meaningful guidelines than the
simple current cost reckoned in the prevailing price system. Many computations
resemble the procedure outlined abeve andarrive (by more or less naive labor-
theory reasoning) at the same or similar results. Many are convinced that important
proportions (say, the savings ratio, or the atiainable growth rate, or the capital-
output ratio, or the share of industry and agriculture in national income, etc.)
ave distorted by the current price system -~ and they usually are distorted in
planned and market cconomies as well. The algorithm just presented may
answer some practical vecds in this arvea.

‘The above is only one facet of the transformation problem, Now we turn
to its other facet, the alleged *antinomy” between the first and third volume
of Capital.

2.2.3. Value versus production price

We have seen that, under conditions of Simple Reproduction, the role of labor as
source and measvure of value is indiscernible. Any other *source™ may seive as
well — the refative price system remains the same whether we start from labor
power or any other product.
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Under conditions of Extended Reproduction again, the price system ean be

constructed entirely on a “cost plus™ principle and, once it is firmly established
that this “plus’” is propertional to capital, fabor does not seem to play 2 qpecm]
analytical role.

1t is exactly on the threshold beiween stagnation and growth that the guestion
emerges: whence the surplus? The mercantifists claim that it comes from com-
merce; the physiocrats from Jand. Each emphasizes an important element in
mankind’s fiest “take-ofl” period: the establishment of broader exchange relations
and a primitive accumulation in agriculture ready to be fed back into production.
The classical economists agreed that this surplus must be the fruit of labor and of
increased labor productivity.

Classical economics is classical not because its authors were so much brighter
-- which they may have been — but because the contemporary historical picture
was clear. Just savor Smith’s deep and vivid impressions of the pin manufacture.
Division of labor brought great jumps in labor productivity and opened the door
to still more. The classical economics of Smith and Ricardo was indeed rooted in
the labor theory of value. The same impression seems to attract minds toward a
labor theory in more recent cases of take-off.

Marx, from the beginning of his economic studies, joined this strong tradition
— perhaps more decisively since Ferguson’s and Smith’s theories were transmitted
to.him by no less respected a teacher than Hegel himself. The first great sponta-
neous clashes between laborers and capitalists also impressed him at this time:
Along with his deep respect for Ricardo as a scholar, he was looking for economic
facts and theories to explain the new historical events.

The following paragraph should show his esteem for Ricardo:

“At last, however, Ricardo comes on the stage, and calls fo science: Hd[t'
— 'The foundation, the stariing point for the physiology of the bourgeois sysiem

-~ for the understanding of its internal organic coherence and life process — is

the determination of value by labor time. Ricardo starts with this and compels
science to leave its old beaten track and render an account of how fax the rest of
the categories it has developed and described — the relations of production and
commerce — corcespond or conflict with this [oundation, with the stariing point ;
how far in general the science that merely reflects and reproduces the phenomenal
forms of the process — how far therefore alse these phenomena themselves —
correspond to the foundation on which the inner connections, the real physiology
of bourgeois socicty, rests, or which forms its starting point; and what in general
is the position with regard to this contradiction between the apparent and actual
movement of the system. This s, therefore, the great historical significance of
Ricardo for the science” [T. 203}

Still Marx finds theoretical faults to be corrected. He finds the most disturbing
error in Ricardo’s profit theory:

“He assumes a general rate of profit . . . Instead of assuming this general xate

of profit in advance, Ricardo should rather have investigated how far its existence
is in any way consistent with the determination of value by labor time; and he
wonld then have found that instead of being consistent with it, prima facie it
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contradicts it and its existence has therefore o be explained through a number of
intermediary stages - an explanation which is something very different from
merely including it under the law of value™ [T. 212].

Clearing up this point was one of the main tasks Marx set for himself, The
problem appears very carly in his thinking, and his first (ull length treatlise written
in 185%8 already contained his final solation. [G. 339, 449, 392, 0632-3, ecic.]

The important questions he set about to answer were: What is the source of profit
and what determines its magnitude? Tn Marx’s time the mathematical determi-
pation of 4, as treated by MNeumann, was inconceivable. Some solid groundwork
was required first. The labor theory of valve as applied by Marx gave an answer
10 these two questions. ¥t showed that there might be a surplus even if exchange is
regulated by values. With equal exchange on the market, without cheating, profits
still might exist. Marx provided what we nowadays would call the “existence proof™
of the profit. He poeints out that this proof of existence is missing in Ricardo’s
systemr and:

“Without this, the average profit is an average of rothing, a mere figment of the
imagination. And in that case it might just as well be 1000 per cent as 10 per cent™
IT. 231].

Clearly, Marx was trying to prove not only the existence but also the uniquencss
of the average rate of profit. He posed the theorem of uniqueness correctly and
suggested outlings for a rigorous proof, by trying to reduce production prices to
values.

Yet, Marx tried to go deeper and explain the historical and logical transfor-
mation from values to production prices. An early letter to Engels cleaily poses
the main question, explains its selution and the necessity of relegating it to the
third volume:

“How is the value of the commodity transformed into the preduction price of
the commodity, in which ‘

1. The whole labor appears as paid labor in the form of wages,

2. The surplus labor, on the other band, that i3, the surplus value, takes the
shape of & plus above the cost price (= the price of the constant capital + wages)
as interest, profit, ete,

The preconditions of the answer {o this queslion are:

1. That the transformation of the daily value of maapower mto the daily wages,
that is, price of labor be explained. This takes place in Ch. 5 of ihis volume,

M. That the transformation of surplus value into profit, of profit into average
profit, etc. be explained, This nceds first the explanation of the eircnlation process
of capital, because tarnover time, ete. plays a part in this question. This question,
then, can only be explained in the 111 Volume™ [W. 321,

The “preconditions” of this “transformation™ are not sireply logical ones;
they describe the historical process whereby wage-lalor, circulation of capital,
eic. — not found under simple commodity prodoction — gradnally become every-
day phenomena.

Bohm-Bawerk, possibly because he did not notice the historical aspect, objected
very sirongly:
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“Y cannot help myself: I see here no explaration and reconciliation of a contra-

diction but the bare contradiction itself. Marx’s third volume contradicts ihe
fixst.” And why? Because: “Fither products do actually exchange in the Jong run
in proportion to the labor attaching to them . . . or there 18 an equalization of the
gains of capital.” .

Yet, this objection might have been directed against Ricardo - but never
against Marx, The different price systems belonged to different historical ldyers
for Marx,

Still, for modern times, would it not be clearer to start not from values but from
production prices ? Some scholars advocate this approach. Schinidt {1892] claimed
that value has no counterpart in real life. Sweczy [1946] takes a similar stand:
“One might be templed to go farther and concede that from a formal point of
view it is possible to dispense with value calculation.”

I felt that it is better to procced along orthodox Jines, starting with values,
“The history of a thing is the thing itself” -~ said Hegel. Our ideas and categories
are reflections of real processes and there is advantage in developing them in the
same order as they appeared in history. Perhaps unwittingly, Joan Robinson
[1947] furnishes the strongest argument for considering valves as an acceptable
historical phenomenon. She describes pricing in & future socialist economy:

*“In the simplest case . . . if all incomes from surplus are abolished, prices would
be regulated by wages cost plus depreciation. :

This would be appropriate if investment has come to an end because no further
increase in the stock of capital . .. Tn such a case capital, in orthodox language,
has ceased to be a ‘scarce factor of production’, and the orthodox theory of
prices would come to the same thing as the labor theory of value.”

Now — instead of a future socialist economy - s this not a piciure of the
remote past before the advent of capitalisin and growthmanship? Fven the most
minutle growth rate, extrapolated backwards, makes national income dwindle in
a couple of hundred years, 11 does not take much sense of history to see that'most
of mankind’s history must have passed away in virtually dead calm, in Simple
Reproduction,

2.3. Miscellanea

We now have 1o add some missing points to the discussion, The first two of them
are already latent though not quite expiicit in Marx’s Capital: first, the problem
of correct dimensionalitics in cconomic science in gepneral and in our model in
particular and, second, the various interpretations given to A, the average rate of
profit, growth rate or “time factor”™. The goal here is the analysis of the “valuation
of time” — the comparison of material expenditure and time expenditure,

"The third point is not cutright Marxian: mathematical formulation of economic
theories encourages generalization of the underlying concepts and of the model
based on them. The axiomatic approach spells out in detail all the abstractions
and postulates of the model. Handled axiomatically, the model is ready for certain
further generalizations. This, then, ends 1he discussion of the theoretical model
and provides a transition to more practical problems - the application of the
model Lo economic reality.

2.3.1. Dimensions

Clear and unambiguous definition of the correct dimensionalities serves three
purposes. First, without spelling out the basic dimensions of measurement it is
impessible to quantify scientific categories. Only if it is settled once for all that,
say, the dimensionality of cubic content is [L?], where I stands for Iength, can we
begin to measure and compute it. Dimensionality gives a correct prescription of
what {o do when changing units of measurement. Cubic content in feet (If3 yards)
must be 3* == 27 times the cubic content measured in yards. Speed, that is {L771],
where T stands for time, will be 60 times as much if measured in hours thaw if
measured in seconds - the dimensicnality 7~ correctly reminding us what to do
when conversion of the time unit becomes necessary. Only dimensional analysis
— be it simple or complex — can establish the multipliers for transition from one
system of wnits to another one.

Second, dimensional analysis provides a check on the logic of equations. Even
prominent economic models actually lack dimensional consistency. Sometimes
the situation can be remedied by inserting the necessary constants of dimension-
ality. Consider the Cobb-Douglas function: P == K*L*~“ where P stands for
production ~ measured in monetary uniis per year, K for capital — measured in
monetary units (usually not the same ones) but without the dimensien [T},
that is: not per year but for & given moment, and L for labor — measured in, say,
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man years. Without appropriate constants of conversion, dimensional anatysis
raises scrious questions: '

- Money i
---—;c_)—y— = [Moneyl* [Man-Time]'™*
fime |
. Mone . .
If o« happens to be I, this means —--mg— = Money, if ¢ =0, it means

Money = Man - Time® and if 0 < o < 1, it does not mean anything. One can
derive various other interesting imbecilities by changing units of measure-
ment, for instance by measuring production by ipdex-numbers.

"Third, the most important outcome of dimensional analysis would be to help
us Lo express economic faws in 2 way unaffected by changing units of measarement.
Thus, the eigenvalues of the matrix A retain the same numerical magnitude
regardless of changes in the physical or monetary units used for setting up the
matrix. Ail other measures for the efficiency of an cconomic system will be
affected by the price system or output proportions, cte.

Dimensional anafysis is not unheard of in economic science, and 1 believe the
first scholar to enter this field was Jevons [1888]. Soon after Jevons a correction
was brought forward by Wicksteed [1889] who after paying tremendous lip
service to Jevons® original thoughts succeeded in deriving almost exactly opposite
dimensional statements. There has been little revival of interest since, except
occasional meticulousness in questions of flows and stocks. Marx mocked the
neglect of this question in his day:

“Capital -~ profit (profit of enterprise plus interest), land -- ground-rent,
labor — wages, this is the trinily formula . . . On closer examination of this eco-
nomic trinity, we find the following:

First, the alleged sources of the annaally available wealth belong to widely dis-
similar spheres and are not at ail analogous with onc another. They have about
the same relation to each other as lawyers® [ees, red beets and music™ [{I1. 814].

Let us inspect creation and flow of values. Value, as crystallized labor time is
spread layer by layer continuously in the course of the productive process onto
the already existing value of the object of labor. But the labor itself may be inter-
rupted — and the value of the finished product will not flow but jump over to the
next stage of production. As means of production its circulation will not be
smooth but irregular. Streams, flows of means of production (or of their value)
are therefore images of pure abstraction - the corresponding phenomena cannot
be observed in economic life, Value circulates in quanta, quite spasmodically from
one sector to another, It is the result of abstraction when weekly pay rolls, payed
32 times a year, are imagined as a stream of wages running smoothly into the
pockets of laborers and then leaking out in exchange for streams of necessities.

Yet, we are pushed to this conception because, though the thing exchanged has
a given, finile amount of value, stocked in it, still this value can be subdivided
(at least mentally) infinitely, smoothly, coniinnously. The illusion stems from
the mopey-form. Surely there is a minimal unit of money {a cent, a halfpenny, a
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centime) but firstly it is very small corapared to the total amount of wealth and
secordly, nobody can stop vs insubdividingit, as done routinely in cost estimation.,

Divistbility of money helps 1us to think in terms of streams of value:

“The distinet atiribute — whether it serves as the money-form of revenue or
capital — changes nothing in the character of money as a medium of circulation;
i retaing this charscier no matter which of the two functions it performs” [I5L 445].

But could we not do without this artificial separation ? Extended Reproduction,
growth itself seems to require it. In continuous or discreic terms we must discern
change itself from what is changing. If we settle for continuity we must distinguish
briween a given magnitnde and the speed of its change - leading us in wathemat-
ical terms to the value of some function and the value of its derivative, ¥f we as-
sume discreic growth, then the principal sum and the jump in it are apparently
more homegencous - bul the jump is still specified for a time interval while the
amount itself (which was or will be increased by the jump} remains “timeless”

- insensitive to clanges in the unit of time.

Thus we distinganish conceptually value from value stream. We designate the
former dimension (based on German Werth and Upnghish Worth) symbolically
Ly [WL and value streams, therefors, will have the dimension [W71] — intengity
of flow. Provisiopally this meacs only that if we change unit of time from, say, a
voar 1o a month, then the numerieal magniinde of a given valee flow will becoms
a twelith of its former mageiiude while all the variables of dimension [#] remain
unchanged.

Buot whal 1s then the measurc of value? How is its dimension connccied with
other things observed in cconomics? Tabor theory of value offers an answer,
Value is created by labor:

“IL.abor has incorporated iiself with its subject: lhe former 18 materialized, the
latter transformed. That which in the laborer appeared as sovernent, now appears
in the product as a fixed quality without motion. The blacksmith forges sad the
proguct is a lorging’ [1. 189].

“While the Iaborer is at work his labor constantly undergoes {ransformation:
from being motion, it becormes an obieci without metion ; from being the laborer
working it becomes the thing produced. At the end of ove hour ... a definite
guantity of labor ., . has Become embodied” [f. 180].

We designate this, work, motion -- labor in short - by the symbol [L1 The
quantity of labor expended 1577, yvields value, From this it follows that [£] =

= [, labor has the dimension of a value stream.

Rut how to measure labor? Could it not be measured by its nurber? But this
is Hke measuring radioactivity of metals by their weight or cubic content, neglect-
ing the specitic activity itself. Manpower can work more or less intensely, on a
more or less skilled job — and the result will be quile different values created.
Perbaps labor of average skill coufd be measured, as we have seen in Section
2.2.1, by the diferences of the cost of repreducing the skills weeded. But the
differing intensity of labor, or skills, in spite of being hasd facts of evervday hife,
defy objective measurement and can be judged only very indivectly in terins of
sraining costs, or of productivitics,

{ Proportions, prices and planniog
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Therefore, we cannot find the exact measuring rod by going back from valu'e_"

1o Jabor and from labor to manpower, Value, it seems, has no intrinsic unit. In
our model value had to be detexmined in a circular way. We are able to determine
proportions but not absclute magnitudes. There is one degree of freedom left for
the measuring rod; it has no absclute unit element, Bui we are in the same philo-
sophical position about length or time units. They too are a matter of convention
and there is no inbuilt, intrinsic, objective unit for them either,

What can we do? We arbitrarily fix, say, one hour of labor of average skill and
intensity as the unit to be used. Marx did this for didactical reasons in the first
volume of Capital, and only this enabled him 1o deduce value prices (in conirast
to production prices) in a seemingly non-circular manner. We do the same here
when analyzing the dimensionality of our model - we consider the unit of value
to be fixed somehow at the outset, and then build further on the dimension [#71,
now considersd unequivocally measurable.

We started in setting up the medel by defining input coefficients. Their dimen-
slons cover a wide variety according to the socially accepted standards of measure
of the individval products.

“The diversity of these measures has its origin partly in the diverse nature of
the objects to be measured, partly in convention™ [1. 36}

Though usual input-output tables are expressed in money terms, it is correct
to start theoretically from physical units and derive value {or money) terms. In
principle every sector could have a different unit — piece, kilogram, liter, calorie,
etc. We designate it by [{]. Of course the same dimension and same pnit must be
used for a given sector {or product} throughout. The dimensionality of the input
coeflicient is therefore [g¢;,] = [#&].

We then dexive output proportions from these input coefficients. The elements
of the cutput vector musi be measured in the same units. The dimensionality of
[x;] is [{7T].

The sort of time introduced here is peculiar, it has holes in it. Sappose that a
given eaterprise works only one eight-hour shift per day, Its output still will be
rmeasured per 24-hour day, and for that matter, per 365-day year, irrespective of
the actual number of days {(or hours) worked. We use different scales for labos
time, turnover time and calendar time and this complicates planning and logistics.

The product Ax has the same dimensionality as x; it is a Bow. In mulitplication
the & dimensions cancel

lagx) = kY kY = [T

Multiplication by the matrix A does not change the dimensionality of x in spite
of the fact that the matrix contains a welter of dimensions.

The choice of a manpower unit was discussed above. It was chosen as common
labor of average skill and intensity per hour, Thus the row of our labor scctor
cocfficients will have the dimension [¢;] = {W/i] and hence the column coefficients
Ll = Teiw].

A given number of laborers can create an ever-increasing amount of wealth if
iniensity, skill and technology develop. Certainly the unit of measurement will
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change when average skill and intensity increases. But this is a separate problem of
jong-tange measurcment not to be discussed here.
H we look at the last element of the product Ax its dimensionality will be

[ope] = [W)i] [T = [WT1]

a flow dimension again.
To investigate value prices we start from the form p = o = v + vd + ... +
+ 04" 4 ., . yielding

(e = Togan] = (Wit [ijk] = [W/K]

price is thus the value of a unit of the product.
Yet, the last element in the price vector will be different:

[£.a] = {pafil = WY EIW] = [1]

a dimensionless nuomber! Ii is a pure number determining the ratio of the price
(value) of labor to the value created by it.
The bilinear form pAx has, therefore, the dimension

[pagxe] = [W Lifk]) kT~ = [WT-'],

1 flow dimension as cxpecied.

In practice, now, we reckon not with these theoretical dimensionalitics but with
a matrix A already expressed in moncy terms. But it is sasy to show that the
operations amount to almost the same as formerly.

The elements of a practical matrix possess the form pa;fpe. Their dimensionality
is therefore [W/i] [ifk] {Wik}™' = [1], that is, they are pure numbers, ratios
{the proportions of cost). Multiplication therefore is dimension-prescrving as before.
Yet, the value price vector changes in an interesting way because the vector of
Jabor inputs becomes dimensionless. The price compuiation must then yield a
dimensionless vector: it is the value price index.

The bilinear form pdx stilf wili have flow dimensions because we reckon output
intensities in money terms and the new dimensinos actually reduce to the old ones:

11 Epsaafped xapil = [pagx,) as Tovmerly.

Capital coeflicients were defined as products of input coefficients and turnover
times — and here time acquires 2 new role, to be analyzed later in more detail:

7+
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and finafly the bilinear form, pBx, for total stocks is

The dimension is pure value as expected.
Our model, therefore, is founded on the basic dimensional dependence - ro-
maining the same in theoretical and practical cormputation:

Is(l - A)x] = [1] [oBx}
that is
(WY = (4] (]

hence the correct dimensionality for A must be (777, the reciprocal of time. We
can turn now to analysis of 4 or “the time factor”.

2.3.2. The time ﬂ?c!or

Time plays various roles in economics. It infiuences the process of reproduction from
several sides. To distinguish among them appeared as hair-splitiing pedantery,
but was indispensable for the clear description and definition of the concepts used.
“Fhrifty use of tirae. . . retaains the first cconomic law in collestivist production,
1t even becomes a more sivict law. Yet, this is essentially different from the measure-
ment of exchange value (labor or product of labor) by labor time” [G. 891
Besides the usual “calendar time” we have menfioned two special sorts of time:
labor time and the other sori of time that has to be vsed thrifiily: turnover time.
{t is important to work out in detail how to measure and balance them in the
determination of A.
The dimension of 4 was [77*], the reciprocal of time. This is more difficult to
grasp than the dimension of 1f4, time itself. We shall try to interpret both forms.
The first interpretation is given by our former equation {23)

A== p(l - A)xfpBx

and is well kaown: net product of society (profit) divided by toial stocks (total
capitat employed). The numerical magnitude is influenced by the unit of time fixed
for measuring the 1, turnover times implicit in B.

Tf we want to interpret equation (23)in terms of total value of produciion we
muliiply numerator and denominator by px

_ P(l - A)K . px (25)

g px pBx

The first factor is the saving ratio (net produoct to be accumuelated divided by
total preduction). 1t is a pure number - a dimenstonless ratio. ‘The second factor
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is “capilal productivity”, the reciprocal of the capitalfoutput ratio. Equation (25}
tells us that the growth rate, A, is equal to the saving ratio divided by the capital/
output ratio. This is the well-known formula of the Harrod--Domar type growth
models. We touch upen this connection with aggregated growth models again
in Part 3.

Let us turn now fo the reciprocal where we insert — to facilitate interpretation
~ the scalar pAx

pix pAX

e 26

The two [actors on the right side again express — in a somewhat peneralized
form -- familiar concepis. The first factor, taking into account the definition
f”.rk = (Z_.‘IJJH(, is

pBxipAx = 3, 3. ptiti ) 5, 5. pitire
i ki ik

The product puyx, is the input stream flowing from sector f to sector & muli-

plied by its price. Let us designate il by s, yielding

PEX/PAX = ¥ sply / 2 Sik
ik F

e

This reveals that our first factor is a weighted average of the turnover times, the
weights being the corresponding input streams. Thus the first factor is simply
average turinover time. It is a real average, the weights being, properly, those
product flows, 3. that are tied down for the time intervals, #,.

Average turnover time, then, is inversely proportional 10 growth rate: if average
turnever time could be cut in half, growth raie would double. The first [acior has
the dimension tiroe and is measured in the same unit as uscd for tornover times.

The second factor of our expression above is a dimensionless ratio, converting,
as It were, the time unit 1o a smaller one. Hxpressed as pAx/p(l — A)x it could
be called the input/savings ratio. It is remarkably stable in the long run, its value
being around 1¢ in most developed countries. Thus, when £, is measured in years,
this second factor will change the unit of measurcpicnt to approximately 36.5
days. Hence 1/2 shows for what multiple of the 36.5-day period the average input
is tied down; and 1 shows what proportion of inputs will be recovered in a period
of 36.5 days. '

I the average rate of profitis around {0 per cent, under the above circumsiances,
one-tenth of the inputs will be recovered in 36.5 days and this again amounts to
an approsimate average turnover lime of one year, These were the orders of
magnitude Marx reckoned with in his day and his assumption of a one-yeur
pertod of turnover seems entirely warranied, not only as a theoretical simpli-
fication but as an everyday observation, too. The predominance of agriculture with
its monotonous yearly periods and a flat average of one-year turnover time in
manufacture both worked in this dircction,




ioz - N DISCUSSIOGN OF THE MODEL

Eeonomic reality has changed quite a lot since. A higher capital/'ou'tput ratio,

the increase in funds tied up in reproducing manpower that is stilt going on, have

altered the overall picture quite a lot. On the other hand, there have been numerous

inventions which shoriened turnover periods by Improving communications,
saving transporiation, etc. We shall return to a closer inspection of these historical
trends in Part 3 in analyzing the application of the aggregate form of our model.

Here we pose another, more theoretical problem: what is the exact interdepen-
dence between turnover time and inpuis, what is the relation between material and
time expenditure, or Lo use an inexact but moxe intuitive wording — what is the
value of time?

~The labor theory of value does not attribute any “value” to things that are not

produced and not reproducible by human labor. Thus if time is assigned any
valuation, it can be only a reflection analogowus to rent of land or other scarce
factors. Most naturally, under conditions of Simple Reproduction no intrinsic
value can be ascribed to time itself — hence the customary neglect of time in
stagnating societies. There is no reason to expedite matters, so long as prodact
require the old amounts of material and labor expenditure the acceleration of
any process will bring no growth whatsoever. Simple Reproduciion cannot be
changed to Extended Reproduction by decreasing turnover times. The “take-oft”
from Simple to Extended Reproduction can be triggered only by some change
in the matrix A, making its maximal eigenvalue less than 1, thai is, by
changing the flow coefficients themselves, improving technology, abolishing
some layers of unproductive consumption.

Under Extended Reproduction timing becomes an important dimension. Then
we can increase the rate of growth not only by economizing on inputs, but also by
reducing furnover times. Accelerated flow in the channels on industry or commerce
will therefore increase the profit rate, A, and hence the pace of growth. If time-
saving methods affect the bulk of products — and modern techniques, including
mere rapid transportation and communication, rationalized {inancial systems, etc.,
are geared to this purpose — then their cumulative effect on growth can surpass
the influence of pure economies of material and labor. Therefore, turnover finw
becomes valuable, an object of economizing, and has (o be used thriflily, but
only under circumstances of Extended Reproduction.

How can we now compare economy of time and of material? We may answer
this question [rom a macroeconomic siandpoint, calling on owr earlier formulas
and investigating the effect of the two factors, average turnover time and average
expenditure, on the growth rate, 1. Bul we may investigale the same matter {rom
a microeconomic standpoint, too, considering onky one cconomic tramsaction, a
single element in our mairix A -+ AB.

For a change let us staxt from the latier, considering a single “stream” in the
economic metabolism, Each element of our matrix A 4+ AR is made up of two parts.

For mstance, consider coal (product #) delivered for producing electricity (product '

k). 4y, will be the flow coeflicient and Aby;, = Aty the increase in coal inventory
made necessary by the yearly growih rate, A, the turnover time of this item of
inventory being #.
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Qur problem is to find that decrease in turnover time which is exactly counter-
balanced by an increase in coal consuinption, $0 as to leave the magnitude of the
total stream and thus the growth rate unaltered.

ctus therefore assume a constant stream of coal input into electricity. Since the
same relation will hoid for all coefficients @, we can generalize by dropping
subscripis. :

a + Adat = constant = c.

fixpressing a as function of ¢ we get

p ¢
1+ A
Ity logarithmic derivative is therefore
da ¢ At
a 6t 14 At

signifying that a one per cent decrease of turnover time can be counterbalanced

At . . . . .
by a (—1~| ----- 3 }) per cent increase of material expenditure, in this example, coal

consumption. The effect of a decrease of turnover time therefore will be the greater
our growth rate, 1, and the longer turnover time, ¢, itself,

To illustrate the orders of magnitude by a numerical example, let us assume a
10 per cent annual growth rate and a three months’ (# = 0.25) coal inventory. If
the coal inventory could be decreased to a two months’ inventory, then this 33 per

. 0.02
cent decrease would be counterbalanced by an approximately 1.025 0.3320.008

increase in coal consumption. This magnitude now is roughly equivalent to the
amount yielded by the usual, everyday computation based on 4 as the “rate of
interest’”. Originafly coal was ticd up in inventory for three months and its cost
measured by compound interest was a(l 4- ArY = a(1.01)*%®. If now it is only
tied up for two months, its cost with compound interest will be a{1.01)*™. The
0.25 1.16
relative saving will be a—(lm)a(—l(}—])%(j;—ql—)— e 1 om {1.01)7%% 25 0.008, as before.
Let us now proceed to the macroeconomic level. We are now interested in
economy-wide averages. How can now these two averages move so as to counter-
bzlance each other, leaving the rate of profit and thus the growth rate, A, unaffected ?
From the reciprocal of equation {26} we have A == —@ﬁ— . B(i A)K Jiis clear
11338 pAxX
that every percenfage change in the average turnover time, pBx/pAx, must affect
the growth rate by the same percentage but in the opposite direction, The eflect
of average inputs can be handled by defining them as a = pAx/px. I this case
the sccond faclor in the expression above will assume the form ifoe — I =
= {I — a)for. A one per ceni change in average inputs will cause a /(1 — o) per
cent change in the value of A,
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Thus a one per cent increase in average input requirements must be compensated

by a }/(1 — o) per cent deorcase of average turnover time, o beiirg approximately
equal to 0.9 (this is only another way of saying that pAx/p(l — A)x = of(l — &)
is generally around 10} a one percentage change in average cxpenditure can be
offset by approximately a {on peroeniage change of average turnover time in the
opposite direction. :
Expendiiure of timearnd of products (services, materials, labor) is therefore com-
mensurable in the framework of the labor theory of value. The compuiation might
be based on the “time factor™, A {the growth rate, rate of profit which is — on this
level of abstraction - cquivalent to the rate of interest), or on the average input
coefficient ¢. They are connectod by the symbolic equation o 4+ A = 1 whence

[y | |
e S e {27
U Qe =

cah be derived easily. The loft side shows the conversion factor from the “micro-
economic” standpoint; the right side shows the same from the “macroeconomis”
aspect — and both show the gencral tradeofl for time and product expenditure.

2.3.3. Generalization

We consider three ways to generalize the model. First we try 1o make explicit the
mirimal basic assumptions underlymg the medel. Second we show how a slight
generalization of the mathematical apparatus of the model enables it to subsume
non-linear and more dynamic features. Third we xeinterpret the model in a
probabilistic way, giving a new interpretation te ihe stalionary siates (eigen-
voelors).

MNomne of the three topics is treated exhaustively, The main object 1s to show that
there are various possibilities for further theoretical generalization and develop-
ment. The mest promising directions arc only indicated but wot thoroughly ex-
plored.

The first possibility is an axiomatic approach. By screening the assumptions
leading to our model, there appear to be six that are necessary:

1. We know certain distinguishable things and these we call products, numbered
from 1 to » (Identification).

2. Every product is measurable (Weighs or is countable, cte).

3. Every product is divisible without Bmit (Continuity).

4, There exists a system making or creating these products by means of the same
products and, at the same time and with the same activity, consaming or annihijat-
g them, This activity of the system is called production.

5. The kth product can be produced by the system only by annihilating quanti-
tes gy, = 0 of product ik, i =1,2,..., 1)

6. From the instant when product § was created to the instant when it was
annihilated to produce k some time elapses. This time span is probabilistic, has an
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exponential density function and its expected value 18 £, > 0 (M, k== 1,2,., ., .
The product created but not yet consumed is called stock,

MNow let us deduge our model from these 6 assumptions.

First we construct the matrix A4 = {a;} which is square and of order n. By
asswmption 5 it exists and is non-negative. Let us designate the products created
in a very short, d, time interval by x = (x4, Xy, . . ., ¥,,). By assumption 2 products
are measurable and by asswmption 3 they can be measured in shert, dt, intervals.

This vector x is produced by annihilating other already exisiing stocks of
products. But in a short interval, d7, the proportion of stock i consumed to produce

product & must be f‘__. . By assumption ¢ we have an exponential density function,
ik
preseribing cxactly this vate of mortality in the interval dr.

‘Thus, to make production x possible in the interval dr, we must have stocks
enough, that is, 1, times the amount used up. Hence total stocks must be {ayty bu.
We will call the matrix {a@,4,} the stock matrix, B; thus total stocks are Ex.

Production of x annihilaics a stock of amount Ax. The difference betwoen pro-
duction and consumption is change of stocks, But change of stocks in the interval
di will be BX, where % == (dxfdt, dx,fdt, . . ., dx Jdi) giving

x — Ax = B, (28)
This is our model in the form of a differential equation. If it is solvable at all, we

Yet, the six assomptions above are not sufficient to secure existence and uniguc-
ness of the solution in x and A; they suffice only 10 set up equation (28).

To secure a positive and unarobiguous solution we introduced further assurp-
1ions, namely

71421,

8. A is not reducible.

These are really not necessary assumptions, bui they suifice to insere 2 unigus
posittve solution. Because of assumption 8 not only A but alse B is irreducible.
Thus (A 4+ A1) must be 2 non-negative and irreducible, that is, Frobenius inatrix
with a positive eigenvector, ¥From assomption 7 either [ A | = 1, the case of

and A > 0.

Both assumptions 7 and §, are casily justified by economic reality. ©f the Hirst
six assumptions three need some additional comment because they are not entirely
realistic.

Agsumption 3. Unlimited divisibility of products. We certainly can point out
guite & few mstances where this assumption is wrong. Nevertheless with increase
of the scale of production this assumplion becoines more and more acceptable:
with increase of the number of the same, individually indivisible, product pro-
duction will be more and more finely subdivisible — just as the rational numbers
L2, ... n ... become the more divisible the greater they are.
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Assumption 5. There is only one technolo gical possibility for producing a given -

product. This assumption becomes more palatableif we view each sectors’ tech-
wology as an average. For the futurc the assaroption is misleading. 1t needs to be
corrected or complemented to describe technological change correctly.

Assumption 6. Exponential density function of life spans. We hiave not enongh
facts at hand to prove or disprove this assumption. It is recommended as more
realistic than the usual assumption of fixed lifc spans.

These cight assumptions seem to be acceptable from a theorelical and practical
siandpoint as long as we cannot improve thent. For the time being I do not see
better ones. S4ll Jet us suppose that, with increasing knowledge, we can set up
better agsumptions concerning technologies and Iife spans, Will our model be
flenible enough to incorperate thems? OFf course it is difficult to prejudge the
impact of an unknown innovation. But the mathematical apparatus of cur model
is quite suitable for further generalization and seems to be flexible enough to
permit considerable modification, This leads us in the direction of the second
generalization.

For many applications constant coefficients must somehow be made into more
flexible representatives of real technical and market conditions. 1t is relatively
simple, though not entirely satisfactory, to make the elemenis of the matrices A
and B depend explicitly on time yiclding the system of equations %, — Ax, == B,

The mathematical theory of the latier system is essentially analogous to that of
the former ome: both are linear differential cquations (with constant or variable
cocflicients). Thus their solutions and the techniques of solving them arc very
similar. Certain practical computations have already been done for the latter,
time-varying system based on extrapolations of observed changes in the matrices.
We return {o them in Part 3.

Linear operators afford a convenien{ general method for introducing changes
in coefficients over ltme. Let us assume that our coellicients, gy, depend linearly
on time, and on present, past and future values of the elements of x, and its
derivatives and integrals. We can specify ot assumptions in a model entirely
analogous to our fixed coefficient model, cxcept that in place of our former matrices
we yse linear operators. Time shifts, differentiation and integration, being linear
operations, can cach be represented by a simple linear operator. Now a one-to-one
correspondence can be cstablished between linear operators and matrices. Theve-
fore computationally, linear operators can be treated as if they were ordinary
matrices. Thus, all our former fools can be reinterpreted in the world of operators,
There do exist non-negative and irreducible operators and such operators stili
possess an unambiguous positive cigenvector and cigenvafue. Of course, the
eigenvector will be a somewhat more complex phenomenon: not a simple vector
of stationary proportions but a vector made wp of time-fonctions of outputs or
prices. The same dual relation will persist: there are adjoint or transposed oper-
ators ready to define dual or valuation relations, too.

The new form would encompass a very broad ficld of possible interrelations.
But our practical experience is not broad cnough to implement such a model in
any realistic way, We do not know enough to write out expliciily how our coeffi-
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cients (“inner proportions™) depend on time, on past and Tutare oulputs, on prices,
ete. And therefore 1 do not see much reason to enter inte a detailed study
of operator models. Suffice it to stress that the possibilities of theoretical
generalization far excced the data at ocur disposal. 1t is lack of pertinent infor-
matiorn and not lack of adequate mathematical or compuiational tools that
blocks our way,

A third way of possible generalization can reduce the rigidity of our assump-
tions without really affecting the fundamerntal mathernatical form and apparatus.
This is the probabilistic reinterpretation of our model already suggested by Theil
{1965}, 'Fhe essence of this approach is to view our coefficients as vandom variables.
instcad of fixed magnitudes they are specified as expected values and piobabllmes
This certainly offers more flexibility in interpreting the fuctuations observed in
real processes.

For Simple Reproduction a probabilistic interpretaiion does not necd any
additional mathematical tools. To apply it to Extended Reproduction requires a
longer exposition than is warranted here where we are concerned only with
genetal methodological directions.

We know that, for Simple Reproduction, our matrix A is non-negative, its
maximum eigenvalue cquals one and b is irredocible. Under these assump-
tions we cun characterize the process of Simple Reproduction as a so-called
ergodic Markov chain, by transforming our matrix A into a transition-probability
maitrix,

As we already know, under Simple Repmdut,tion there exist positive left- and
right-hand eigenveciors p == pA and x = Ax. Let us now denoie the diagonal
matrices formed of the elements of these eigenvectors by (p) and (x), that is,
2 !

. 22
py = diag {py o - Pad = .

P

(x) = diag (X, Xy v X)) =

L. ’r“‘!.

We form the matrices C == (PpPAGp) Tand T == {x>T*A(x). Both can be
interprefed as stochastic matrices with elements that 1(‘pl’(:‘%t‘1"1t iransition proba-
bilities. Evidentiy ¢ = 0. Nots Lhdl} =1 (k= 1,2,..., 1 because, if we

pl emultiply C by the summing vectot e = (I, 1,..., 1), we got e = e (pdAp) =
= pACPY "t == plpd !t =e. The same f{)llmws for i3 il we posim.u!i.lply i by &,
Thus dy 20 and ) dm. s 1, (Fe= 1,2, 0.0, 8%
2
Hence all the column sums of Cequal 1 and similanly all the row sums of B
equal 1, while all elements are non-negative, Thuos ihe formal conditions for
iferpreting them as stochastic matrices are satisfied,
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But what does “probability of transition™ really mean here -~ what is the

cconiomic point of it? Certainly the matrix € reflects cost-structures, its column k&
representing percentages of the necessary ingredients fo produce product k. This
now is the mixture in which sector & wants to buy on the market. The probability
of buying from sector 7 is exactly ey. It should be understood in the following
way: Sector k goes to market and will buy one day from one sector and another
day from others. }ts purchases may have an apparently irregular patiern. Soine
days i may not buy anything because inventories are full, to be depleted at random.
Nevertheless the probabilities of spending will be allotted to the other sectors as
the cocflicients ¢, - and the real frequency of purchases, followed through, say,
a year, will approach this probability.

The purchases of sector & depend not only on lhc,be probabilities but also on
the amounts other sectors purchase of its products. Sector & fitls 1ts inventovics to
supply its customers with its product,

Let us now suppose that at a given moment 7 == 0 the sectors want te purchase
Qo = (G10> Yags - « 5 Uno) amnounts on the market. How much additional purchase
will this trigger in the next round ? We do not know exactly because actual pur-
chases fluctuate around the probabilities, but we know what the probabilities are.
The expected values for the next round will be gy = Cq,, and forthe second round
§, = Cqy = Cq, and so on. In general g, = Cq,-( = Cg,.

The theory of Markov chains now can auswer {wo Immportant questions: do
the values of g, converge to some limit (in a probabilisiic sensc} as »n increases?;
and if it does, is this limit, the siationpary state, independent of the mnitial
state, g,?

For our simple kind of model it has been established that there is a Hmiting
distribution® thatisindependent of the starling state. [t can be computed by solving
the equation g% = Cg*, that is (1 — O)q* = 0

In our case this stationary state cquals 4% = {p\Xy, PeXo, « - ., Pu¥a) — & lorm-
by-term product of our two eigenvectors. Thus it is equal to the elcments of the
autput vector reckoned in value prices

Rt S Pi¥y
Ca* = AP | paxa | = <p) AX = (% = | pox, | = g*.

- pllxﬂ . . .I‘?ﬂxﬂ o

Adl this certainly does not yield any new nomerical or quantitative resulis -~
but it furnishes new qualitative insights into the process. The three most finportant
of these are the following:

I. We do not have to assume the constancy of the input coeflicients, nor any
rigidity in the structure of purchases made. We can allow their actual magnitudes
to flucivaie considerably and work only with their cxpected values.

* See for instance Kéonyi [1962].
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. The stationary slatc is not something necessarily experienced in reality. Tt is
Jusl. a limiting distribution around which the actual process ffzctuates.

3. We do not have to assume or postulate any market forces that bring our
system into equilibrivm. ¥ there cxist expected valves of necessary (though
fluctuating) input coefficients, the system will demonstraie a behaviour which
carrigs it toward “‘equilibrivra®.

A probdbxlmtic formulation may serve as a very useful and realistic approach
10 ceonomic systems, If we try to depict economic processes in some delerministic
way we encounter two fundamental cases. Either the system so described is stable,
converging o some particular — locally or globally stable - state, Ox it is diver-
gent — that is, it simply blows up or oscillates with constant or ever-increasing
amplitudes.

in veality neither of the two cases happens. Proportions, outputs, prices, etc. of
real economie life fluctuate with mild or strong amplitudes — but nciiher con-
vergence nor divergence was ever established. Reality is more adequately described
in terms of the above stochastic model, displaying the same features,

Our matrix [ can also be interpreted as a probabilistic desciiption of the market
structure, Each elemeni oy, expressos the probability of secior £'s sclling #ts prod-

urd to sector k. "The stationary staic, the limiting probabilities, will be the same
rs before: the ocutput proportions reckoned in value prices.

Bt would not be difficult to interpret Extended Reproduction so that the element
ay -+ Aby, stands in the place of the former gy. Yet, the really interesting case
where A itself is a random variable still awaits analysis.

T'o sum up: the roodel can be modificd and exicnded in various directions
without sacrificing ifs general characterand still maintains ity roots in the iabor
theory of value as demonstrated in Part 1. With this in mind we close Part 2. In
Part 3 we retugn to its oviginal simple form and consider its application to ceonomic
reality,




Part 3

Application of the Model

Applying the model involves implementation of its matrices with factual data and
drawing conclusions as o the state of the whole economy and the future path
and pace of its development. We want to study this model as a tool of analysis
and forecasting. If the usefulness of the model towards these ends is accepted we
might consider its workability as a tool of planning, as a basis for conscious gover.-
roent intervention into economiic Processes.

Now we have to investigate cur model from a practical viewpoint fo find out
how faithfully it pictures everyday real economic life. Thus far we have concen-
trated on abstract, theoretical problems. Yet, now the tasks of forccasting and
planning compel us to evaluate the model as a description not onty of idealized
states but of practical processes in the economy.

Now, in conjunction with these new tasks, questions of the stability and change
of coefficients must be faced. It is legitimate to neglect coefficient change when
describing mormentary situations but not when describing real processes happun-
ing in time. Coeflicients, characterizing the economic metabolism of society are
subject to change with scale of production, price and quite a few other circum-
stances. Here we have to consider how to forecast and plan these very changes,
or the consequences of ignoring them — of computing with fixed coeflicients.
Finally we must asscss the errors that follow from inaccurately planned coefhi-
cients.

Although changing coefficients are a major problem in practice this is far from
being the only one. There are parallel contradictions between cconomic realily
and other facets of the model’s abstractions and idealizations. Closedness of the
model contradicts the openness of every particular country; the left- and right-
hand eigenvectors may diverge from the actual price system and ocutput propor-
tions. These differences make interpretation of the numerical results difficult,

'f'wo chapters will investigate these gucstions. The first considers general prob-
lems of application, that is, practical interpretation of the particular oulput pro-
portions, planning of coefficients and crror limits in computation. The second
chapter discusses some variants of the open and closed models and a special sort
of open model thai can make use of the mathematical theory of optimal processes.
Such models should prove useful in solving problems of planning.

Finally, the third chapter surveys actual applications of this and closely related
models. Experience with this broad class of models is just beginning to accumu-
late and instances are scattered. But the resulls are reassuring. For the most part,
the computations yield projections that are in fair agrcement with observed eco-
nomic reality.




3.1. Problems of Application

We begin by considering the two major unrealistic assumptions of cur model:
uniform expansion rate with particular output propoviions and fixed coeflicients.
Everybody knows that economic developmient is not smooth and even i pertods
of relatively smooth growth characieristic differences in the growth rates of the
parficular branches of production still persist,

What guidance, then, do our cquilibrivm solutions give for output proportions?
The interpretation is parallel to that which is given for actual and equilibrium
prices. Production prices vield a uniform rate of profit. The latter arc never real-
zed in economic life, they o not “become truc”. We vsually {ind an above-aver-
age profit in growing branches and a depressed rafe in slow-growing ones. Clas-
sical economists considered production prices as a “center of gravity”. Heonomists
from Smith and Ricardo throngh Marshal looked upow them this way and so0 do
ceonomists of modern times. Todey interest takes the place of profit and the same
equitibrium may be expressed as a “no profit” situation,

The second point concerns the meihods of planning or forecasiing coeflicient
changes, They all are “first aid” solutions. We have 1o acknowledge changes and,
at the same ime, we are not ready to formmulate any definitive relationship among
change and the other variables of the model. The fact that we liave more than one
method to plan changes in coefficients indicates that there is no final, approved
and universally accepted explanation of siructural change. Available data are
barely adequate for specifying the model at a single point of time. Much more in-
formation is needed {o study cocfficient change.

Finally we discuss numcrical errors stemming from unrealistic theory, faukty
data or ill-guessed change. How do errors in coefficients aflcet results of compuia-
Liens ? How sensitive arc the results to aggregation? Do the errors cancel or accur
mulate? These questions are investigated by rethods of error-awalysis and per-
turbation theory,

3.1.1. Stationary siafe

Stationary solutions yielding an average rate of profif and securing a uniform
srowth rate can be interpreted as equilibria where supply, %, is equal 1o demand
for flows and increments to stock: Ax - ABx.

But if we gather data for the matrices A and B for a given real state of the
sconomy and then compute the eigenvectors — the solution will not necessarily
represent an equilibrium for the economy in guesiion. i the lefi-hand eigenvector

PROBLEMS OF APPLICATION I1i3

deviates from actual prices then actual prices will be apt to change, Iriggering
some substitution or other structural changes in adaptation to the new price sys-
tern. With new cocfficicats further changes in prices will result, bringing more
changes in coefficionts, new data and a different equilibsium point again. For
analytical converierice we might hope that this nrew solution is near to the old one
or at least, that after some iterations the economy will converge to its true equilib-
rium. But. we do not understand cnough to count on this. Therefore we choose 1o
call the eigenvectors not equilibrium, but only stationary solutions, bearing in
mind that they belong ouly to the given statistical data. There is no ground for
claiming that they reflect true equilibrium proportions of the economy.

Fn setting up a model according to the classical approach it was legitimate to

- assume that the coefficients reflect “socially nocessary expenditures” exactly -
¥ P

and that, hence, stationary and equilibrium sofutions do coincide.

‘Why, then, do we base a planning model on the stationary state? We assume
that observed coefficients do not differ significantly from coefficients that we could
derive from a teue equitibrium state. Observed stability of cocfficients over time
substantiates this assumption.

Vet one might still object that the economy never will be in a stationary state,
and it is not certain it will tend toward it automatically. With given coefficients,
why do we consciously try to reach those states in planning? The stationary state
is desirable because in a certain sense it secures the best, “most healthy” develop-
ment that can be rcached with a given structure. Over the long run the growth
rate, A, connected with the stationary state is the maximal growth rate atlainable
by the economy.

The proof of this is not casy, the real sitnation is paradoxical and perplexing.
This “maximal” growth rate can be surpassed at every given instant of time, but
the consequence of surpassing it is to fall behind it in the longer run. The develop-
ment secured by the stationary state is never the fastest at any given moment;
still in totality and for the long range it is unrivalled. This dialectical anfinomy
— “slow and steady wins the race” or “the more haste the less speed” - 18 not
unknown in everyday practice,

Yet us start from cquation (12) Ax -+ ABx = x. We bring it into a form givirg
information about possible magnitades for 2. Using the notation (1 —A4) " = Q
we transform it {o (I3 ~ QB)x = 0,

This now is an eigencquation for the matrix QB. This matiix is strictly positive
as Q is positive and B is non-negative and irreducible. The stationary state is
thus given by the positive eigenvector x, belonging to the maximal, posilive eigen-
value of the matrix QB.

Yet A is the reciprocal of the maxhmal cigenvalue, This implies that the recip-
rocal of all the other eigenvalues cxceeds A in modulus. But there is no positive
eigenvector belonging to them and therciore these “greater” ‘erowth rates ave not
accompanied by economically meaningful output proportions. They cannot be
interpreted straightforwardly as feasible outpul combinations, because a vector
containing negative (and possibly imaginary) elements has no economic counter-
part. They may, however, be construed as directions of moving off the stationary

¥ Proportions, prices and plamaing
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point. But these movements have to be small enough not to d]stmb the posmwty"

or non-negativity of the outpul vector,

Thus generally there will be another cigenvalue, the reciprocal of whick sar- -
passes the stationary growth rate, and the system can move momentarily along the

cigenvectors belonging te it. This implies deviation from the stationary propos-
tions. I at a given moment, therefore, we force the systera to attain its maximum
possible momentary speed, then we can be certain that its movement will not point
toward or be equal to the stationary proportions. We can claim that the direction
securing the maximal growth rate af every given moment deviates from the sta-
tionary path,

This faster direction, however, cannot be foilowed for long. All the other cigen-
vectors contain negative elemenis. Moving along them, sooner or later we reach
the point where one of the outputs becomes negative and we arrive at an economic
impasse.

Actually this impasse makes itself felt before one of the outputs reaches zero,
The system can reproduce itself and expand only so long as all outputs exceed
intermediate requirements, The system can be expanded if and only if x - Ax > 0.
When surplus becomes zero in any branch further growth of the system must stop
because a closed system cannot secure inpuls from outside,

The feasible cutput proportions, therefore, are to be found only in a sub-region,
in a convex cone of totally positive vectors. The moment we reach the boundary
of this cone growth must halt. We fall back to Simple Reproduction becaunse lack
of some component blocks further growth. Furthermore as we approach the
boundary of the cone one or more clements of the surplus product decrease
rapidly restricting thus the basis of future expansion.

Therefore if we deviate from the stationary path toward an apparently faster
one we cannot follow it for long without endangering future growth. The station-
ary path is momentarily the slowest but it securcs the fastest growtl in the long run

Numerical example

Let us illustrate this paradoxical situation by a simple example. Let
0.2 0.3
0.2 0.3 _

The feasible output proporiions, that is, those x for which x — Ax = 0, are
bounded by the straight lines xy = §/3x, and x, == 2{7x,. We may compute them

A:

. 0.8 —0.3 .
from the matrix 1 — A = 0.2 0 ,J . The cone of feasible oulpuis is
Hlustrated in Fig. 3. .
Now let B =~ 0.3 2
05 2
14 06 fES 35
The = and 2
o Q l_0.4 1.6_’ and Q8= 5 3‘5]'
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'Fhis matrix has two cigenvalues and eigenvectors, the firsl being
Wh =5 and xU = (I, I}

This is the stationary (positive} solution. The stationary path is the halfline
¥y = X, and the stationary growth rate, Ay, Is 0.2 per unit of time.

B

L

Fig, 4, The eigenvectors

Fig. 3, Cone of feasibie outputs

The sezond eigenvalue and eigenvector is
YA, =0 and %™ = (3.5, -1.5).

This solution, then, has an infinite growth rate. The situation is illustrated in
Fig. 4. The second eigenvector starts from the stationary point x = (5, 5) and is
directed downward, toward the boundary of feasible output pm(xortions

Let us assume our economy staried ab the stationary pomt % == (5, 5). The

0.8 037 (5 2.5
0.2 0.?J (5 B lz.s)'

It we use this surplus fo grow on the stationary path, then it is just enough to
secure an increase Ax = (1, 1) of 20 per cent. The necessary stocks reaking this
increase possible are

e[l £

equal to the surplus on hand.

Let us now investigate other possibilities. We cannot move exactly in the di-
rection of the sccond eigenvector which would secure inlinite growth. Investment
heing irveversible we cannot decumulate stocks of production in sector 2 in order
to acoumulate them in sector 1. But we might accomulate nothing in sector 2 —
that is, incresse production only in sector 1, and move iv a horizontal direction
pa,mlld to the abscissa xq.

“he first product being less capital-intensive, we might increase capacities imuch

. 0.5 2.5 (5
more, The maximal attainable growth is 4% = (5,0) becausc B 4x = L} 59 5] [5} ==
= {ZZ} exhausts alf the swrplus at hand, Jnstead of moving on the slationary

surplus here ready for accumulation is (I — A)x =

&t
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path and reaching the point (6, 6) from poini (5, 5} we have 1eacht,d the non-
stalionary point (10, 5). This is a bigger, faster sicp.

But here we must ponder for a minute. To measure the length-of the s‘tcps we
need some price system. For the sake of simplicity let us assume the price system
(1, b), L.e. values of equal quantities. Reckoned in this price system the stationary
path yiclds 20 per cent, the non-stationary one 50 per cent growth. If measuared

e

2 .

Fig, 3. The possible states

Fig. 6, The coasecutive steps

in production prices, the non-stationary growth still surpasses the stationarv
one. [n this question, then, the production price system does not orient properly.
Let us add: no price systematallcan orient us. Let us depict all the possible states
we can reach from point (5, 5}, as seen in Fig. 5.

1t becomes clear that every price system will show either point (10, 5) or point
{5, 6.25) as optimal and none can direct us toward the truly optimal point (6, 6) —
which of course is only optimal in a long-range sense, and never optiat for a
finite time horizon.

One price system neither orients properly, nor disorients, being totally neutral:
the price system (0.5, 2) which is proportional to the direct capital-output ratios.
This makes every point connecting the vertices (5, 6.25) and (10, 5) equally desir-
able. But only in two-dimensional economies can we find such a neuiral price system.
In general, and even in two dimensions bul with a different B matrix, there will
be no such a neutral price system. The question of reaching the stationary path
cannot be solved by oplimizing with any price system or objective function.

Let us now retwrn to our original problem. How can we take the next step?
From the stationary point {6, 6) we may reach the stationary point (7.2, 7.2) —
again a step yielding 20 per cent growih, But this point cannot be reached frow
the non-stationary point (10, 5).

Anyway, this latter situation affords only (6.5, 1.5) surplus. This may look big,
but surplus is only useful in certain proportions (givea by the matrix B) and we
willy-nilly begin to accumulate useless resesves. Thus we have to discard or store
4.5 urits of product 1 and use only (1.5, 1.5) surplus.

By stubbornly going in the wrong direction we still may reach the point (13, 5)
giving 20 per cent growth and apparently not worse than that of the stationary
path. Yet in the years (or steps) to come the surplus becomes tighter and moxe
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disproporstionate, If we depict the feasible steps for four consccutive years we get
the interesting Fig. 6.

From the fourth step on, the “‘slow” stationary path vields more of both prod-
ucts than the “faster” non-stationary path, It even gives more of product |
whose augmentation was the sole purpose of deviating from the stationary pro-
poriions.

The long-range optimal stationary solution is well known as the “turnpike” o
“Neumann path™ (its curious nstability seems io be less well noticed).

We have still to appraise the validity or real worlability of the theorem, In
practice it will not be optimal to have a uniform rate of growth in every branch.
Optimal growth rates of individual branches would differ in a sination where A
and B were themselves functions of time. Yet therates must differ only in accord-
ance with ihe needs of changing technology.

Here we understand technological change in the broadest sense, covering all the
elements of the matrices, including changes in tastes, organization, cte. Branches
whose products are substituted for others should grow faster than average.
Those that are becorsing obsolete should grow at less than average rates, Fast
growth should not be an aim in itself. if it is not in accordance with the require-
menis of technological change, it results in gluts and inefiiciency.

Secondly, and this is alse important, the optimality of the stationary path does
not remove the need for inquiry into non-stationary states. The paradoxical
situation exemplified above shows all too well that there is a tendency to deviate
from the optimal path. The statonary path has both attractive and repulsive
features. Perhaps some explanation of cycles can be buill on this obscrvatlion,

A theory of transients and {luctuations can be established by conmecting the
primal and duai side of the model. This type of rescarch is at a preliminary stage,
10 be reported here. Here we consider only ong particular facet, that of the fluctua-
tiens found in planned econcmies. Since Goldmann [1964] it is well known that
guite a few planned economies show heavy investment cycles. These influence
the growlb process in almost all branches and resemble the business cycles of
market economics.

Under planned growth and direct regulation of production the main causes of
such fluctuations are hardly likely to lic in maxket forces, faulty financial institu-
tions, oy changing business expectations. The process of plasniag itself must be
examined in search of the underlying mechanism. Fxperience shows that fuctua-
tions permeate not only ex post statisiical data but ex ente plans. Thus the plans
themselves have destabilizing featores. An apparent equilibrium in the plan (the
halance of pianned supply and planned demand) 1s compatible with heavy flucty-
alions m geowth rates and may even be held responsible for the latier in some

Cases.

Tao make this more explicit: plans (the matenal-, financial- and other balances)
may equilibrate supply and demand - or in terms of the planner: vesources (do-
mestic produciion, auports, cic.) and distribution {domestic consumplion, exporis,

*See e.g. Fhe Review of Evonomic Siudies. Jan. 1967,
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ctc.) - and still this procedure can result in movisg off the bajanced path-o'i'_'
growth. The short-run equilibrating tendency can kecp the economy on its bai-

anced growth path only if the output proportions of the past were consistent with

the Neumann path. But with any deviation from the balanced growth path, dis-

proportionalities of output proportions will be boosted by the balancing proce-
dure, the more s0 as it strives to smooth
2 them.

Let vs see how this works. A plan
for a given stretch of time is supposed
| 10 equate society’s production and con-
i sumption, Oufpuis must be large enough

to cover reguircinents for intermediate
inputs, consumption and investment nec-
¢ssary for the cxpansion of capacity.

K Let p be the plan-period (it may be
one year, or a longer period), for which
we are planning total outputs, denoted
by the vector x,. With the aid of our
usual notation the planners” equilibrating
task canbe written in the following way:

B given x, (output vector of the present}

Fig. 7. The dependence of spectra determine x,, (output vector for the plan)

securing equilibriums:

J

x, = Ax, + B(x, ~ X,). 29

Assuming regularity of matrix (1 —A~B) (to which assumption we will return
later) we rewtite equation (29)

Xp o — (1 Ay B)“ ! BX;, . (30}

The characteristic features of the solution can now be analyzed by inspectin®
the matrix X = -~ (1—A—B)~"B. Designating the inverse (1--A)~" == Q and trans-
lorming

K= (I—A-B)'B =
= [(1-A) (1~ QBY]'B =

= (1-QB)~'QB.
If the eigenvalues of the matrix QB are o > ... = g,, thes the eigenvaloes, x;,
of the matrix ¥ will be x; = —9’—1 The dependence between the two spectry
Qf —

is shown in Fig. 7.
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" The maximal eigenvalue of QB can be expected to lie in the interval 5 < g, < 50

. . 1.
{that is, the maximal growth rate, A = ——, is between 2 and 20 per cent). Thus we

50
i inter T R 1< .
will have an interval for x; o a5 < KL<y

Now then x,, the only eigenvalue connected with a positive eigenvecior (the
balanced path), will certainly be dominated by all the other k; eigenvalues with
corresponding g, eigenvalues greater than, say, 0.6. This means that we have a
wvondominating positive eigenvector. Thus we should expect deviations from baian-
ced growth path io increase with every solution of equation (30) for the plan, x,.

Note that some g; may have values very close to 1. In this case the correspond-

will be singular, too. We assumed the opposiic ~- but there seems to be no eco-
nomic basis for excluding an eigenvalue, g;, that approaches 1. In such cascs
balanced planning is almost impossible. Severe fluctnations will characterize
planning computations themselves, and planners have to content themselves
with truncated, contradictory planning balances. This phenomenon is known in
practice as the “collapse” of balancing computations.

In the model of planuing just considered attempis to clear the markets, ie. to
adjust requirements to supplies, may lead to increasing deviations from the bai-
anced growth path.

Numerical example

Consider the following hypothetical but plausible economy.

0.4 Q.5
Flow coeflicient matri -
ow coeflicient matrix A lo'?} 0'1]
Stock coefficient matrix B == [Zg ?g]
" 6 1
Thus e{l e A B =
u a-a-m =g ]
i =1
] T4 — . ‘B o o )
whence (1 a-B) [_‘_5 6_i
Finally the matrix
. . 1Y —14
K . — I —_— A Naan B - j' L) .
( )8 —4.8 8.9_]
The balanced growth path (rounded to 4 decimals) is (1.6365,  1.)
_— 1.9 —1.47] [1.6365 1.70935
Thus —
4.8 8.9 i 1.0448

amounting to approximately 4.5 per cent yearly growth.
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If we perturb the proportions, say start from the initial balanced gfowth'vector'

rounded to one decimal x, = (1.6, 1) we get a “balanced™ plan xp':: (1.64, 1.22)

and for the next period (1.408, 2.986). Even though we start very close 1o the bal-

anced growth path, we soon come to a decrease in the first sector. The situation is
so ill-conditioned that we do not remedy by rounding upward to %, = (1.7, 1} be-
cause the plan vector will be x, = (1.83, 0.74), with an instantaneous decrcase in
the second sector,

In spite of the very innocent appearance of the matrices, the plan computations
are severely ill-conditioned. Even if we carried many more decimal places the
problem would persist, The underlying cause is a second eigenvalue of the matrix
K. This matrix has two eigenvalues, one for the balanced growth path: 1.045 and
a second one, 9.755. The tatter will dominate the computation, These two eigen-
values correspond o two eigenvalues of matrix QB of approximately 23 and 1.1},
The latter is dangerously close to the ominous value, 1.

M .ar.ket equilibrium — and thus planred balanciog of supply and demand, pro-
duction and consumption, resources and distribution —-doesnot secure smooth
grc_}_wth, In planning practice we have always to start from present proportions
wblch are never exactly on the Neumann path. The equilibrating computations
will worsen the sitwation. There might be ways to improve it again but they will
always entall 1dle capacity and sacrifice full employment of resources in the short-
run for the sake of long-run stability. If initial proportions are off the balanced
path it can be reached again only by unused capacity, increase ol reserves and
foreign trade changes not dictated by market forces (or plan computations imi-
1ating them), '

3.1.2. Information for change

For_}ong—range planning or forecasting we cannot assume constancy of the co-
efﬁcwnts any more. However insignificant the year-to-year change of the coefli-
cients may be, as compared to the changes in outputs, ervors due to coefficient
change are hoond to accumulaie,

How can we anticipate the development of technology 7 The task is well known
t‘o planners, particularly those experts who regularly draw up material balances
tor_ future years. But there 18 no generally accepted, miellectually or practically
satisfying approach that is useful in all seciors, '

.].n _the practice of planning, future coefiicients (called norms, normatives, spe-
cific indicators or ratios) are usually derived from various sources of information
t‘:xpcri.cncc and speculation, These are amafgamated, by intuition, conscious wei gh-y-
ing, simple or more complex arithmetic and pondering, into the most pm'ba[j_)le
guess. This domain of planeing must draw on technical expertise and knowledge,
genelral economic knew-how and political common sense. Guesses for every scc{m:
require a different mixture of purely technical, organizational, economi_c‘, socio-
loglca% and political knowledge - and these questions are interwoven in an ever-
changing pattern. Certainly we are learning, and can continve 1o learn to under-
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stand coefficient change belicr. But even when its scientific basis is expanded,
coefficient projection will always remain an art.

Coefficient projection, howover difficult, is central to the planning process. Thus
it is imperative to take advantage of whatever scieniific methods are available in
this area. Let us review the main methods now available for dealing with coefli-
cient change.

The model jtself renders it possible to organize, store and atrange our knowledge
about past changes. If we know the past history of a cocfficient, when and
why, how mach and how fast it changed, then it wilt be possible -~ even without
much additional information — to assign broad limits to its future path.

a our country this factual knowledge s siill scanty despite 20 years of planning
practice and it is only for the last 5-10 years that we can follow through the
changes in the necessary detail. To understand their movement betier we need
information on the age distribution of capital stocks. We Jaclk a tabulation of the
thirties, and even an earlier one would be helpful. Curiously historians rather than
planners seem to be interested in this material,

As data become available, more sophisticated slatistical iechniques can be
applicd. Tn Hungary there are already some pioncering efforts to forecast future
technological matrices systematically.® Yet even the most simple statistical ana-
lysis needs a long time-series, 15-20 years’” data give a very small sample for ana-
lytical trend computations. Planning practice can only be improved on the basis
of information accumulated in planning itself,

What are other sources of information for technological forecasting? There is
always some possibility of “borrowing” coefficients from technologically advanced
countries. However: adaptation of foreign dataisnot an casy job. There are always
differenices in nomenclature, accounting conventions and prices. Augustinovics
{1969] has developed methods that are insensitive to price differences. An effort
1o teconcile accounting and classification for a few East-Europcan couniries is
under way.

Specific iechnological trends observed in United States” input--output tables for
1919, 1929, 1939, 1947 and 1958 scein o be relevant for Hungary, too: for example
the shift from coal to oil and natural gas, diffusion of chemical and synthetic
technologies, automobiiization, packaging and aulomation. Here United States’
expericnce gives some basis for judging rates of diffusion and the consequences of
individual changes.

Future technology 1s latent in current averdage structores and can be separaizd
out by skilled fingers. Carter [1963] proposcs the following approach. Let us
assume that there are older and newes technological fayers in ecach sector; thetr
average is reflected by the cocfiicients. in the future the newer tayers will have
greater weights relative to older ones. Certainly there will be even “newer” tech-
nological layers in the future but these may be neglected for short-run projections.

The weights for each fayer depend on mvestment made in the respective tech-
nologies, Therefore the life spans and age distrib wtions of the means of production

#* Spe Szakoiczay-Visdrhelyi 119677 and MNémeth {19691
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particularly of machinery determirie the relative importance of the lé.ycrs in most.
branches of production. With a 30-year life span and a 10 per cent growth rate it

takes 5 years to replace half of the machinery, with 3 per cent growth the same
takes 11 years.* This certainly constraius the rate of change in relative weights
and facilitates projections of structure vp to 10 years hence.

The structure corresponding to the different fechnological layers can be csti-
mated In several ways, Scparate data on older and newer enterprises are sometimes
available. Industry experts may prepare estimates on the basis of engineering in-
formation. This is the method most often used in present planning praciice. Fu-
cremental coeflicients can be computed from tabulations for two (o1 more) periods
of time, by assuming that technological change is embodied in new investment.
Carter concludes that cach approach has its characteristic sources of crror and
recommends theilr joint application.

Given estimates of the structares of different layers and of techneclogics that are
known but not yet in use, we must gauge their refative weights for the futurs. Koe-
nai [1967] and his collaborators demonstrated that it is feasible albeit a formi-
dable task to enumerate the principal alternative technologies for many individual
sectors. Using linear programming he computes the opiimal fuiure raix of activ-
ittes. These can serve as estimates of future coefficients.

There may be some advantage in using the closed dynamic model to consolidate
separate sectoral programming models, First steps in this direction have already
been taken by Ujlaky [1968] and Simon [1969].

Simon peints out that the proportions of the output and price vectors of an
economy-wide programming model for Hungary are fairly stable. This suggests
that 1he stricter constraings of the closed dynamic model might not be inappropri-
ate for long-range planning. The model also offers reasonable criteria for opti-
mality. For reasons already stated in the previous section it makes pood sense o
maximize A, the growth rate for an infinite time horizon. Programming has to use
alternative criteria in order to narrow the territory of decisions. A should be cer-
tainly one of them.

In summary, there are several possible methods of planning future coeflicients.

. Expert guesses based on engineering trends.

. Btatistical extrapelation of time series.

Estimates based on the experience of more devcloped countries,

. Cross-sectional analysis of technological layers,

Computing incremental coefficients.

Computing optimal weights of alternative structures by sectoral programuming.

e

All these methods use outside planning aud policy iaformation. The closed
dynamic model can incorporate and process estimates of future structurces bot for
the time being they must be introduced exogenously.

* The exzet formutas for computation are given in Appendix Tif
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3.1.3. Error analysis

When we u)mpute the model with actual statistical data the reliubility of the resilts
cmerges as a numerical problem. Beyond the preblems of logical consistency and
appropriateness of the theory the key probler in applying the model is one of its
numerical accuracy: how precisely do its parameters measure real magnitudes ?

This question can be answered definitely only by experience iscif, Experience
still being scanty, we have recourse to sensifivity analysis for insight into what to
expect frora the model when it is applied. The central question 1s: What happens
to the results of our computations if the original data are Inaccurate, or are per-
turbed or aggregated ? The tools of this analysis are mathematical error-computa-
tion and perturbation theory.

The source of errors may be in computational methods, data and inadequacy
of the mode] lself. We are not interested in the exactness of the computatiorial
process isell nor in errors of rounding, truncating, etc. 'this sirictly mathematical
problem docs not trouble us because the iterative algorithm proposed does rot
accuniulate errors and computations can be carried out to as many decimals places
as desired. The exactoess of the computational process surpasses that of both
the cconomic data and the requirements. Thus in the following we can iake the
exactness of computation itself for granted.

Theoretical simplifications are sources of exvor because it is difficult to approxi-
matc complex reality in terms of simple mathematical relations, We are driven
10 asswne linearity, constant coefficients, etc., and to close the model. Even when
we try to improve the approximation by introducing exogenous changes, we are
stili left with crrors in planned coefficients. Further ervors are endericin the method-
ology of collecting and processing econosnic statistics. The double-eniry scheme
of input-cutput tabujations imposes 2 charactoristic pattern on possible errors,
and this must be investigated, Aggregation may also be a source of error, In prac-
tice we usually work with less than 200 sectors. Bigger tabulations are very costly
from the point of view of daia processing and of computation, A maodern economy
has tens of thousands of economic {or statistical) units. Hundreds of thousands,
evenr millions, of products can be distinguished. An input-output tabulation must
willy-nilly aggregate roughly 10%--10% individual streams into each cell. Aggre-
pation entails loss of information, but what is its effect?

All these are very broad problems and we can only to begin 1o siudy them here,
Perturbation analysis of eigenvalues and eigenvectors is developed mostly in
theorctical but not in computational terms. We fall back on linear approximations
of errors, and this is legitimaie only for minor perturbations. Furthermore it is
difficult to interpret the mathematical error formulae in economic {erms.

The following theorems give some basis for optimism dhout the workebility
of the closed dynamic model.

Y. Aggregating on the busis of production prices and stationary output propot-
tiong is unbiased.

For simplicity let us designate the matrix A + AB by the matriz € = {g } =
= {ay 4 My b= {au = dagdy ).
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Assume that coefficients are already expressed in production prices, There-

fore the left-band eigenvector of the matrix ¢ will be the sumining vector

e= (1, 1, ..., 1), that is, every cofumn sum of C equals 1.

Let us now aggregate the original #xn matrix ,C, to an sxs matrix ,C7, where of
course § <. #. We can permuie columns and rows in the matrix ,C, until the sec-
tors we want to aggregate become neighbors. We now aggregate
the first j, sectors €i=1,2,...,}) [into a commeon J; sector,
the second j, sectors /=7 -+ 1,...,5) ino s common J, sector,. ..
...and the last j, sectors (f=j._, + L,...,/ ) o & common J, sector.

This process is equivalent to the following matrix-multiplication

= ¥ Fris
.\'Cs - .vbn ﬂC}! n;(s

where
g 0 0
0 e 0
sUn = : :
0 0 ... {;fs\
the ¢; = (1, 1, ..., 1} vectors confaining as many elemenis (all equal to one) as
there are sectors to be combined.
v:l 0 - 0 nxl )
_ ¢ v, ... O 1 X
V=1 ? . and wy = e .2
R A
o : Ay
Gt 0 ... v, X

where the g; vectors signify the output propeitions of the subsectors in the com-
mon sector.
The foliowing are evident

e U, = e, the summing vector of s elements postmultiplicd by the mateix
U yields a summing vector of # elements (disaggregation)

the suraming vector of # elemenis postmultiplied by the matrix
¥ yields a summing vector of s efements (aggregation)

the ouiputs are aggregated by premsultiplying them by the ma-
trix U

the outputs are disaggregated by premultiplying them by the
matrix V.

We are now ready fo prove that the column sums of the aggregated matrix are
equal to 1.

i€x nys =

.S“XI w .\'Uu s}

W
P nV,s- %1

eMOF = e*UCY = oV = ¢} = e*

The aggregated price vector, e%, is an eigenvector of the aggregated matrix C*.
Aggregation maiatains cqual column sums; therefore i does niot change the maxi-
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mum cigenvalue (equal to the column sums), and the lefi-hand sigenvectos can be
obtained by aggregating the original eigenvector, The dual also holds

Thus by aggregating the right-hand cigenvectior we obtain the eigenvector of the
aggregated matrix.
If the matrix < has unegual column sums we can compuie production prices,

the matrix to the production price system we can always seciire the equality of
column sums. Therefore aggregation on the basis of the eigenvectors, that is, the
production price systemn and the stationary ouiput proportions, will iransforin
eigenvectors into cigenvectors and will lcave the maximal eigenvalue of the matrix
unchanged.

2. Aggregating on the basis of fauliy prices and proportions will never increase
the ervor of the computed vectors.
Let us assume that the vectors are not exact sigenvectors, that is,
e = e b r and Cx o= x b ¥
where r and s are residual vectors. 'We can consider some suitable norm of these
residuals as the appropriate gange of errors,
Now of course

et C* = gV = ¥V = e 4 r V=% 4 rV
and

1t follows, considaring the non-negativity of matrices I/ and ¥ and their patiern
that

it r] < s then Jr' | < zeV = sge*
and
it [s] < dx then | Us| < oUx == dx*

‘Thus if we gauge the magnitude of the ecror by & and 8, then the gauge will not
increase in consequence of the aggregation. Fhe elements of the residuals, being of
opposite signs, may cancel in the course of aggregation. According to the degree
of cancellation the error can decrease quite substantially with aggregation.

3. In a probabilistic approach there will be significani cancellation of ervors
with aggregation.

Now let vs assume that the residnals are expressed as random variables, Let
=04, Oue oL 0p) ad § 5= (0, 0y, . . ., 0,0 be random veetors and fet us assuiiie
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that their expected value is zero, E(r) = ¢ and E(s) = O. And let their disper-

sion (standard ervor) be D(F) = D(s) = d = {d,d, ... ., d).

F is a lincar and distributive operator, and therefore E(r¥) = £{r}V =0 and

E(Us) = UE(s) = 0. We may reason as before:

F(e*C*)y = Ele* + FV} = &*
and
E(C*x®) = E(x* o+ Usy = x*

‘Thercfore the expected error after aggregation will be zero in both cases.

Dispersion after aggregation can be analyzed by assuming provistonally pair-
wise independence of the elements of rand 5. Then D¥V) = &>V where V& = V
means the matrix whose elements are the squares of the respective clements of V,
and DX Us) = UBd® = Ud?, because all the eloments of the matrix U are equal
1o cither 1 or 0. If we aggregate z streams of information, the dispersion of the
price or output of the aggregated sector will be proportional to d/z'/%, The average
number of aggregated streams being between 10° and 10% this amounts to a very
significant decrease in dispersion. _

Yet the assumption of pairwise independence is very strong. In practice we can
cxpect considerable correlation among errors, because of control totals. {Sec
p. 128.) Unfortunately we do not know its magnitude. 1t can be expected strongly
1o counteract the error-cancellation based on pairwise independence. Yet to
rulfy it the correlation coefficient would have to be -1 (perfect correlation
of errors).

4. The deviations of actual prices and outpuls from the eigenvectors never daffect
the computation of A significantly.

In practice we estimate the value of A from statistical data by forming the quo-
tient p(1— A){pBx, thatis, by dividing pet surplus by total stocks. This is always
done on the basis of actual prices and output proportions because statistical data
originate on a current price basis and reflect actual rather than stationary pro-
poriions. According to price computations now done routinely in Hungary and
Crzechoslovakia® actual prices may deviate as much as -+20 per cent from produc-
tion prices and the same seenis to be true for market cconomies at least when
computed in the detail accessible in their input-output tabulations.

On the other hand, outpui proportions seem to be more exact. A 410 per cent
limit scems to be reasonable. Even lesser deviations lead to great variations in
inventorics. Our problem, now, is 1o estimate the possible influence on the esti-
mated value of 1 of respective £ 20 and + 10 per cent errors.

We will know the error in A if we kpow how wwuch the bilincar form
(A -+ AR)x[px = pCxipx deviates from 1. This again amounts to the error znalysis

* See for example Gancrer 119631 and Sekerka—Hejl-Kyn [1969],
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of the so-called Rayleigh-Aitken quoticnt widely used to estimate or improve
an eigenvalue when approximale eigenvectors are atready known.*

The error of a product is generally the som of the errors of the factors multi-
plied. Yet in the case of our quotient we are in a botter situation. ¥ one of the
factors has no error the product will have none either.

Let us therefore designate the true eigenvectors by p, and x,, the actual price
and output systems by p and x, where the error is dp = p--pg, dx = x—x,.
The Rayleigh--Aitken guotient can be expressed as (p, + dp) Clxg + dx)fpx.
Considering that p,C = p, and Cxy = x, we can transform the quotient to
{peXo -+ podx + dpxy + dpCdx)fpx = 1 + dp{C—dx/px. Thus the error of our
cstimate will be 4 = dp(C--1)dx/px.

We now take norms element by element, that is, assume |dp| < ap and
Jdx = fix and estimate the crror:

Hence, | € — 1] being at most equal to i, we obtain 4 < af. In the practical
Case Wnsrdercd above, where & = 0.2 and 8 = 0.1 we can be sure that the relative
error in computing 4 will net exceed 0.02.

5. Computed values of A are smuch less sensitive (o eirors of the stock than in the
HAow mutrix.

We develop the exact perturbation formula and take its linear approximation.
Let the perturbation of 4 be dd, that of 8 be dB. Consequently A will change to
A -+ dA and the change of the eigenvectors will be dx and dp. Therefore

4+ dd + (L dl) B+ dB] (x+ dx) = (x + dx).
We porform the multiplication
Ax 4 Adx + ddx + dddx +
+ ABx | ABdx 4 AdBx + AdBdx 4

+ dABx + dABdx - dAdBx + didBdx = x 4 dx.

‘ (bl:zsidf:ring that 4 -+ AB}x — x and neglecting terms of higher order, we can
simplify the formula to

Adx 4 ddx +
+ ABdx 4 2dBx+

* Sexs for _cxmnple Bodewig [1962} and Wilkinson [19651]. Fhe proof given hete is based on
art observation of 4 pupil of mine, A, Simonovits [19691.
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Premultiplying the equation by p and considering that p = pA + 1B, we arcive

af
piAx -+ ApdBx - dlpBx =0
whence
—dA = p(dd + AdB)x[pBx . {31}

Thus the change of the maximal eigenvaluc is given by a quotient of iwo bilin-
ear forms* — both formed by the left- and right-hand cigenvectors.
Mote two special cases. When 48 and dd are respectively zero,

—dA = pdAdx{pBx and —dA = ApdBx/pBx.

Both formulas are well known in economic reasoning and were alrcady used in
Section 2.3.2. Savings in flows divided by total stocks yield the change of growih
{or profit) rate. A one per cent change in stock requirements inflyences this rate
by one per cent in the opposite dircction. With a given levcl of accuracy prescribed
we can atlow 1/, that is, 10-25-fold ervors in B as compared with 4. This
is a very useful feature becausc it is always the stock matrix that causes difficulties
of measurement. :

6. Statistical errors in the data do tend to cancel out.

When we tabulate statistical data in the usual input-output form the row and
column sums — total input and total output - are better known and more cxact
than the detail. If we consider these row and column sums entirely exact, theve will
be a special configuration of possible allocation errors.

Errors come not just in pairs but in fours. It is not possible to commit a single
one. If there is an error of magnitude ¢ in the output of, say, the i-th seclor
allocated to the j-th sector, we are certain that there must be at least three more
errors in the tabulation, all of the same magnitude. 1f the cell i has an ervor + &,
the row sum being exact, therc must be at least one cell in the same row, say, in
the k-th column with an error —&, balancing the first. By the same reasoning
there must be a similar ervor in column j. I this occurred inrow [ then, again, the
cell J must have an error of magnitude +& Therefore the canonical pattern of
a quadruple error will be:

e Column ..., Columa. ..
o J K
row i +& gl

row | —£ 4

* Appendix 1f contains a more exact approximation, based on the rosolvent.
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This is of coutse. the simplest configuration and in reatity we will find more,
partly overlapping error-guadrates. But all the actual errors are reducible to
suiits of these simple ones.

This has a peculiar effect on the flow coeflicient matrix, computed from the
statistical tabulation, If the fows were originally measured in the production
price system p, and the outpuis, x, had the proportions of the stationary stage,
then the error matrix, d4, will be such that pdd = Gand ddx == O Muratis mutandis
the same is true regarding ervors in the stock matrix B.

Substiteting this now into our perturbation formala equation (31) we can con-
cludé that d4 = 0.

Ywo remarks are in order here. First: this does not hold for the aliocation error
caused by mixing up stocks and flows. These latter errors are equivalent to errors
in turnover time and they do not cancel. Confusion between the flow and stock
account is an important souree of error in practice.

Sccond: all this holds only when we veckon with cigenvectors (production
prices, stationary state proporiions). Actual prices and proportions will differ
from these. Bul allocation errors, then, will affect £ oaly to the extent that the
actual price system and output proportions deviate from the eigenvectors. It
deviations in prices do not exceed the - 20 per cent, and that of outputs the :+10
per cent limits assumed abowve, the effect of allocation errors on 4 will be very
smanll.

Y Proporticis, prices and plapoing




3.2. Thoughts on Planning

Nowadays the “older brother” of the closed dynamic model — the open, static
input—output model -~ is almost routinely applied to supplement traditional
planning methods both for yearly (operative} and mediuvm-range (3-5 year)
plans, First let us review this application.

Traditional planning can be divided roughly into three consecutive phases.
The first consists of analyzing past performance and sctiing main targets for the
future plan. The second phase is the most time consuming: spelling out the main
targets and drawing up production plans in detail. These must be accompanied
by material balances, sccuring the necessary allocation of basic materials to
producers. Finally, in the third phase all the detail is coordinated and cross-
checked to make the entire system of figures consistent and to reveal and eliminate
possible contradictions. '

Input-output methods are roostly used in this third phase where its solid frame-
work and double-entry book-keeping accuracy provides the perfect tool for
checking and coordinating. Historically, in traditional planning methods the
early “value balances of the economy™ closely resembled input—ouiput tabu-
lations. These were also called ““chessboard balances” or balances of “producing
and allocating the social product”. They served the same purposes, but afforded
less detail. The additional information yielded by more refined input—output
tabulations and the additional analytical possibilities obtainable by relatively casy
mathematical manipulation of the data made input-output a welcome replacement
for the chessboard balances.

Planners are now considering the possibilities of applying input-output
technigues to the second phase, for drawing up detailed production plans and for
help in batancing the alfocation of materials. Tn spite of 1he obvious merits of the
input-output approach there is no routine application yet in this phase.

Finally, an overall conviction that the most effective use of the method would
be in the first phasc is growing. It would be very useful for making plan targets
consistent in advance and thus avoiding superfiuous and inconsistent work in
later delail. Yet input-output methods have only recently been considered for
!;his phase of planning. This lag is due primarily to differcnces in planning and
in statistical classification schemes. For statistical reporting, the standard classi-
fication basis should be reasonably stable. But uniil recently the planning system
has had to work with government bodies, minisiries, industrial and agricultural
organizations, changing abruptly from year to year. The firm basis of input-
ontput analysis being of course statistics, the transition from one nomenclature
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io the other was always lime consuming and full of pitfalls. This probiem is
becoming less important. First, with more detail in statistics the aggregation 1o
aily necessary scheme becomes viable. Second, planning is freeing itsclf from the
devastating influence of particular and provincial interests, and is now more ready
1o handle the situation in scientific and statistical terms,

What is the exact relation between our dynamic model and Its brother, the
open, static modcl, approached from tlie problems of the traditional planners?
The dynamic model resembles the static one in that it uses ali the old data in the
ame form and frame. It is therefore backed by all the data and analysis performed
with the aid of its older brother. Yet it is a closed and more dynamical version,
Thus it requires additional data for the variables it considers endogenous. it calls
for a stock raatrix and the rows and columns reflecting expanded reproduction of
raanpower. Both were considered exogenous in the open, static model and although
most of the additional data are alrcady available and routinely used for analytical
purposes, it is not easy to organize them into a really consistent set.

The number of workers, their skills and occapations on the one hand, and the
siructure and allocation of investment on the other are well known to planning
bodies. Yct in the operative, vearly plans these acl as €X0genous, outside con-
straints — they can usually be not much influenced for the year to come. in
normal times, that is, excluding national emergencies, the working force available
is given by reasonably firm demographic accounts. To change occupational
structure is a task of decades. Likewise most of the investment projects to be
finished next year were already started in the past and there is not much left for
the planner to decide. Only a fraction of investroent will be new projects. But this
investment in turn will influence output proportions only in later years. Therefore
the open, static model seems to be best spited for annual planning.

I the perspective of medium and long-range plans, both factors become more
flexible on the one hand and more influgntial on the other. If the planner changes
them, they will infiuence planned proportions. These factors are in the last analysis
responsible for the pace of development and the future proportions of the economy.
Hence not only their future magnitudes but the interdependencies among their
scale and composition and the pattern and movement of the whole economy have
to be taken explicitly into account. These latler interdependencics can only be
analyzed with a dynamic model.

We can thus characterize the dynamic model from the planner’s viewpoint, as

a system of data and interdependencies, based on the usual input-output tabu-
lations but also taking into account requircments for growth ol capacity and of
skilled manpower and their effects on the pattern and movement of preduction.
Tt considers the adaptation of the old and new productive forces and capacities
to the general movement of the process of reproduction,

Symbolically, therefore, the model can be considered as a summary of all the
computations performed routinely in a Planning Office. Tt subsumes the balancing
of flow expenditures and the computations pecessary (o equilibrate them (as is
done by the open static input-output model) and, in addition, the balancing of
manpower and balancing of investments, too, systematizing their interdependence

hEs
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with flows and their change. Therefom it can be used to coo;dlnalc dH these

balances al the same time.

The dynamic model, as the open static one, reckons in monetary terms and in
aggregated streams for the sake of uniformity and simplicity. This peculiarity is
simultancously its main advantage and disadvantage and decides the role it might
play 1n the general work of longer-range planning.

First, in the early phase of planning it can give several variants, cach consistent
in itself, for fixing the main plan targets achievable. These are called the “main
indicators” of economic development and will be enuvmerated later, This can
secure the start of consistent detail work in different territorics of the plan.

Second, the detail work finished, it can check its overall consistency. The check
is & deuble one: first one verifies that the detatled plans do fit into a whole without
contradictions. (This is usually not the case. Corrections are always necessary, but
perhaps less so if the primary target-setting process was consistent.) Sccond, one
can check whether the whole still fits into the original conception, expressed by
the main indicators and targets.

Whenever a plan is drafted, the dual solution of the model will automatically
yield the appropriate and specific price systems dictated by the plan’s inner pro-
portions, Theoretically, therefore, it is a model generating the necessary information
for future price-planning, a subject that is dangerously neglected in present planning
practice.

In the following we inquire into three subjects. The first is how the uorealistic
assumptions of the model (constant coefficients, stationary state) do work out in
the course of planning, how to interpret the numerical results in planning language.
Then we consider planning theory and possibifitics of cutting open the closed
model for planning purposes. An open model, besides being practically superior

in solving certain problems of planning, can be linked to the mathematical theory

of optimal processes. This in turn yields new insights into and new tools of planning,

3.2.1. Computing the plan

What are the numbers we can obtain from the model for practical planning?
Depending on the detail and nomenclature represented in the model, it can yield
all the “main indicators” that figurc as plan targets and chief analytical data of a
medium or long-range plan, except those which are expressed in natural units —
because, as mentioned, the model only reckons in monetary terms.

These main indicators now are usually the following:

The national income and social product and their growth rates,

the share of the individual branches in national income and social product and
the change of thesc sharves,

the division of national income between consumption and accumulation,

the allocation of accumulation -+ depreciation = investment among individual
branches,

the composition of consumption and its change,

the allocation and skill composition of manpower,
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Some additional indicators are readily expressible as functions of the former
ones, say, the relation of indusirial to agriceliural ouvtput, or the ratio of heavy
to light industry, eic.

One major advantage of this type of model is the simultanous genervation of all
these measures. There is a fruitless and Jongwinded debate about where to start
medium and long-range planning. ¥s it future consumption patterns and tastes

that should serve as a base? Or perhaps cxtra-
£y poelation of the achievable growth of national
income lo be divided between consumption and
accumulation ? Or should production possibilities
dominate our thoughis as we begin to draft the
plan? All these approaches are justifiable to 2
certain exteni but none is entirely satisfactory.
A comprehensive model makes 1t possible to
consider the whole complex of interdependent
auestions. 1t can insure cousistent solutions for
alternative policy decisions - giving rise io plan-
variants useful in evaluating the decisions them-
S selves.

Yet we can only compute stationary solutions
and assume fixed coefficients, How can we use,
then, this model for planning?

We have already proven that stationary proportions are the best ones, securing
optimal growth, if coefficients remain fixed. Yet coeflicients change. In planning
practice it is usuval to separate changes inte two categorics. The changes in the
first category are out of reach of the planner: he can forecast them more or less
accurately but not infiuence them directly, The second can be influenced and will
serve as policy variables. {tis patterns of foreign trade, consumption habits and cer-
tain technological trends {say, trends toward increased use of natural gas, etc.) that
usually is considered as a policy variable and can be influenced with some success.

If it is not an easy job, it is at lcast feasible to plan futvre flow coefficient matrices
(the stock coeflicient reatrix being fairly stabic over long periods). With a present
and a futurc malrix in hand we are ready to compute two “optimal solutions”.
The situation is pictured in Fig, 8.

We distinguish the present actual developroent path, P, the present “optimal®”
one, Oy, and the future “optimai”, O, uvsvally all different from ecach other.
It is natural to seek the best transformation path, connecting the optimal states
for each year, It necessarily will be found in the “tube™ outlined in the neighbor-
houd of the stationary states, The more data we have for the intermediate plan
periods the more exact we can make the picture and the more narrowly we can
delimit the coryidor of reliable transformation paths. In any case, we can exclude
a great vegion from consideration. This excluded tegion may be economically
feasible but it is uninteresting, being far from the stationary states.

With this kind of interpretalion our very approximate assumptions can be
used in looking for near-optimal transformation pathy generated by planned

Fig. 8. Plan computations
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changes of cocfficients, The model does not itself yield a rough' and ready plan,

but only guide-posts of a future evolutionary path. Yet these guide-posts, these
“optimal” stationary states, should not be considered truly optimal for several
reasons. First, alt data, even planned data, bave errors. These render all the com-
puted results rough approximations. Second, we have no guarantee concerning
the coincidence of the real equilibrium position with the stationary solution. Thus
all results will be only tentative.

At the beginning of planning we do not need anything more exact. We want
only tentatively to search the territory where the economy will be over the next
5-25 years. At the start we have only to boil down all the apparent growth possi-
bilities to a reasonable corridor or “tube” around the estimated optimal trajectory.
Once this is marked out, the subsequent detailed planning work (which should
not be constrained too tightly) can be done with greater safety, without risking
serious inconsistencies of balances. The problems encountered in the third, coor-
dinating phase of planning are most often reducible to contradictory initial hy-
potheses that led 1o conflicts in the individual parts of the detail work. A certain
consistency in the first phase is needed. At the same time, a too narrow and rigid
basis would make subsequent detail work pointless and unrewarding.

In the third, coordinating, phase the model — or rather the necessary double-
entry book-keeping tabulation — can show what is left of the original consistency.
This is no great improvement over what is already routinely done in the ramework
of the open static model. Still, an additional check is possible. The finished and
aggregated plans already contain all the necessary coefficients. By compuling
stationary solutions again for the final coefficients, we can analyze how far and
why the planned proportions deviate from the theoretically optimal ones. Further-
more the dual solution, the projected price system, might indicate soundness of
the whole structure or spot trouble,

One of the difficult problems encountered in planning practice is the coordina-
tion of the investmeni plan with the production plan. The production must permit
delivery of all the necessary investraent goods to support the increases of output
in all sectors. If investment allocated to a certain sector is changed, then the
planned increases of its production should be changed accordingly.

The latter interdependence can be secured by traditional methods. But planning
practice does not yet consider the influcnce of a change in investment on the
technological structure of the sector affected.

Given the importance of investment rates for coefficient change it seems oaly
reasonable that plans for the two be coordinated. Carter [1969] suggests a method
to overcome this difficulty. Given a knowledge of flow coeflicients for newer
technigues, it is always possible to take explicit account of the effects of growth
and changeover investment on the 4 matrix. The information necessary about the
new technology is best provided by technical experts and planners themselves.
Tn the absence of direct information, incremental coefficients can be used as
crude estimates of new technology. These tell what the new technology must have
been to produce observed changes in coefficients with known rates of new
mvestment.
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Foreign trade presents further problems for planners. Hungary having a rela-
tively high proportion of trade with both planned and market economies, foreign
trade is one of the major problems of planaing. The first appreach to this problem
is to handle foreign trade as any other sector in the closed system, imports being
its output, resulting from export inputs. One might even subdivide the sector
according to various foreign markets — a subdivision that, considering bitateral
agreements, is mot entirely unrealistic. Since there are very close substitutes
between domestic and foreign production of the same commodity, the input
structure of foreign trade is easier to modify than that of an ordinary industrial
sector. The most practical course is to assume various possible export struc-
tures to represent various foreign trade policy decisions, and then o analyze the
stationary solution and growth rates resuliing from them. The existence of
foreign trade therefore gives a new degree of freedom to the model, or rather
cuts it open. Further analysis of the possibilities of such an open dynamic
model will be taken up in the next two sections.

3.2.2. Opening the model

The central task of every economy — thus we started to set up the model — is
to allocate society’s labor, manpower, to particular activities. Some of these are
not really economic activities and should not be part of the analysis of repro-
duction. A certain amount of value is separated from the reproduction process
and consumed by these activities. They are best treated asa ““final demand” in an
open model.

Por instance science and the arts are creative but not repeatable and therefore
not reproductive activities. They are not production processes and although they
yield a product, this is usually only enjoyed but not consumed, used but notused up.

At the other exireme we have defense and other wasteful yet, for the time being,
apparently unavoidable activities. Expenditures for these activities are decided
ont the basis of otber, exogenous (moral, acsthetic, political) considerations.
These decisions are not entirely independent of the state of the economy, because
they do depend on the order of magnitude of the surplus.

Really, the choice between the open and closed model is somewhat arbitrary.
The logic of the open sysiem makes exogenous factors decisive. As independent
vaciables they become the objectives of the economic process.

“Of course the closed model does not eliminate these extra~-economic activities;
it is not a “consumptiontess” model. It certainly can inclade a government sector
{or an assortment of government sectors: defense, police, administration, justice,
health, ete.) and government budgeting shows us that it is possible to anticipate
their structore and cost. '

In practical wotk — as opposed to puse theory — there are some questions of
analysis and planning that can be handled more readilyby the open model.
As mentioned, the impact of foreign-trade-policy decisions on the total economic
process can be better appraised by the open model. Whenever we are tnterested in
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the outcome of some decision {using the common ceteris paribus method - of

analysis) we might use an open model because it takes the form of a question:
How does a particular element, separated out for purposes of analysis, influence
the economic process ? It is therefore the model suitable for analysing the impact
of policy decisions, be it a new structure of foreign trade, increasc in defense
spending or a new health-care program.

It ts not difficult to write out the open dynamic model in mathematical terms.
Qlle has only to bear in mind that the surplus on hand must cover not only capacity
ncrease but some outside consumption, final bill of goods, too, Using differential
equations: :
(1l — Ay, = Bx, 4+ y,. (32}

The technique of solution is analogous for difference and differential equation
systems. It depends on whether we can specify y, as a function of time (as the time

. - B + + - (j J
path of final outpuis) or describe it in terms of its derivatives p, ¥,. . . ., Jt’,.\, ..

f(_)r a gis{ﬁn instant of time £ Let us first study the second from making use of th(;
dlifer.cntlal operator . This operator is linear and commutative for all matrices,
that is AD = DA, Thus the above equation can be expressed in . operator
calculus as

{1 — A)x, = BDx, + », {33
and solved for x, '

X = (1~ A - BD) ™y, (34)

I_f the inverse exists, this expression can be writlen as an infinite scometric
series. Denoting (I — A" = O, we have

_ X = (0 + QBDO + ... o BDGY 4+ .. )y, (35)
ithat is

X = Qy, -+ QBOy + ... + Q(BQ) 'J;?‘ (36)

We assume that x, remains finite for every ¢, that is, we postulaie the conversence
of ?hc series. Yet we know that the maximal eigeovalve of BQ equals 1/4, the
reciprocal of the stationary growth rate. The series will converge if :

{n) (o :
By, <AV, from some finite #and 1.

This assumpiion can be interpreted, somewhat loosely, as a constraint on the
growth of the finai bill of goods. In the fong run its growth rate cannot cxceed
the growth rate of the system itself. That is, cxpenditures on those non-productive
or I;;)n-reproductive activitics should grow almost never faster than the EConomy
itself.

In terms of the time path of y,, we can write out the usual textbook solution of
otr system:

f
K ms el AR AM {xg — ‘ BTl g1 7, dr} (37)
1)
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x5 being the state of the system at time ¢ = 0. The form of the solution will again
constrain the possibic growth of p,. Yet the presence of the matrix BNl — 4)
alerts us to further theoretical problems. First, B itsclf can be singular in practice.
If, say, two sectors have the samc capital stracture, then B, having two columns
equal, will be singuldr, ‘and if the capital structures are very similar, B will be
severcly ill-conditioned. Furthermore, B7(1 -~ A), if it exists at ali, will have the
economnically meapingful growth rate, 2, as its eigenvaluc of minimal modoelus,
Actoal computation, then, will be dominated by other eigenvalaes, and therefore
be chumsy and inexact. In the final chapter we review one way to circumvent this
problem in practical work.

Yet, before turning to practical computation, let us consider the application
of the mathematical theory of optimal processes to the open model.

3.2.3. Optimal processes

The open model can be transformed, or rather interpreted, from a slighily different
viewpoint. Here the mathematical theory of optimal processes gives new insights.”
Its generic model is also an “open” one, and the behavior of the system will be
again determined by exogenous variables. The first change is simply one of
interpretation: we do not consider those outside variables an object in themselves
but only as means to attain some other object, namely optimal development of the
economy. The final bill of goods is therefore transformed into a variable load on
the economy, setving 1o steer or control it toward previously determined iargets.

The practical application of this mode! will need quite an amount of further
investigations both in theorctical and practical-statistical respect. What can be
outlined below is only an abstract theoretical description of a very simplified
control model. Some problems needing future investigation will be pointed cut.
Still it is important to include this approach here because it seems to be a very
powerful one (o apply to the problems of optimal planning.

Thus far the mathematical technique of linear programing, originally conceived
for the choice of optimal technology, has been our major teol of optimization.
However, the burden of computing really long-range cconomy-wide systems may
be forbidding.

Another mathematical technique, that of the control-system engineer, based on
the Pontryagin-principle of optimal processes, will be applied here. This technigue
simplifies the computational problem. Besides, it gives some further theoretical
insight into the working of a complex dynamic economic systern.

First of all optimality, the criterion of choice, needs a strict and clear definition,
Economists have taken two approaches. One tries to maximize the output of the
economy (total production or firal bill of goods or export sutrplus, etc.) and con-
siders the time horizon of the plan, 7" years or periods which may extend - at
least theoretically — to infinity, as predetermined. The other approach considers

% See Poniryagin-Boltyanskii -Gamkrelidze. Mishchenko [1962].
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the transformation of economic proportions {corresponding to a given level and
way of living or a given level and structure of indusicy, etc.} as a prescribed task

and seeks to minimize the time necessary 1o accomplish it. ' .
Planning practice usually follows the first approach although the first economy-

wide plan, Lenin’s GOELRO for electrilication of the Soviet Union, was clearly -

conceived with the second approach in mind. But both approaches must be
applied with skill and careful judgement to avoid pitfalls.

Maximization of ouiput with an infinite time horizon is often inconclusive
because we cannot foresee alf the important changes in technology, taste or
habits far ahead. A finite time horizon mitigates the difficulty of anticipation but,
by neglecting posterity, it may throw the economy out of its balance (this will be
iHustrated below),

Wiinimization of time involves a subjective element in the selection of the econ-
omy’s specific goals. This choice can only be sidestepped for developing countries,
if they accept a leading country’s standards as a guidce. Thus both approaches
present severc economic and moral problems and the different results should be
carefully weighed. They may mutually complement each other.

In the literature of control-system thecry, both approaches are well known.
Qutput maximization is called a “fixed time-free endpoint”, and time minimization
a “fixed endpoint-time optimal path” problem.

Now, the essential elements of the conirol problem are the following. First
consider the syszem itself, to be controlled. Here we accept the dynamic model asa
statistically implementable and well-bchaving representation of ecounomic reality.
The system’s state at time k is given by its gross production vector X and its
output may be production itself or some related variable such as personal con-
sumiption or net accumulation. Second we choose a set of controls which operate
on the system forcing it to deviate from the normal dynamic course determined
by its flow and stock coeflicients.

The main control in the planner’s hand is decision about future investment,
A control instrument, however, should be a device to be used optionally. Thus,
ideally, it will be an economic reserve which may be used or not used at will to
achieve the best performance of the system. In advocating a reserve we are already
al variance with the common-sense planner. He usuvally deplores unused resources
and assumes that operating at full capacity and investing whatever there is to
invest must be a necessary condition. of optimality.

Our contyol instrument, then, is unused surplus, reserve, something that may
be invested to obtain new productive capacity in the system, but may be left idle
il this serves our final aim better. It can be stand-by capacity or strategic raw
materials or any other stock which may be withheld temporarily from productive
use. The very generality of this concept does not allow us to set once for all limits
on the tolerable amount, but in real life reserves certainly are limited somehow
in every case. Mathematical theory starts simply by assuming some limnits to, or
constraints on them and does not worry about data. The constraints may them-
selves be interdependent. Somctimes they are set by political necessities: say, limits
to idle manpower permissible. I no other constraint is operational the prevaiiing
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amount of surplus is stil given and one can either use up all of it, part of i,
or none. -
Consider the closed dynamic system given in the form of difference-inequalittes

By — 5y = (1 — A, (38)

with investment limited by the surplus product on hand. Now we introduce
unused surplus as slack variables, yy.. These will transform equation (38) into equali-
ties and at the same time may also be considered as our control variables:

B(xjqq — xg) = (I~ Dxp — Y {39
and
h = ¥ =0,

Here b stands for some limit to tolerable “waste’”, Now we suppose that 8 is
regutar and has an inverse, thus

Xewy = 1B — A) + Tl — By (40}
Denoting B4l — A} + 1 = D as a one-step transformation matrix we writs
Kga = Dxg — B (413

Let the state of the system be given at £ = 0 by its total production vector, xy.
We wish to maximize output T’ periods later, x,, measured by some objective
function cxy

waxiinize cx; with cxg, T given
subject 10 Xgpy = Dxp — By
and 0= Vi < .

All this assumes, of course, a lot: B might be singular or we might not find a
y, < b which transforms equatior (38) into equalities. These are matiers for further
investigation and the ensuing difficulties might or might not be solved in practical
cases. For the time being we assume here that our system is controllable,

“Fhe solution 1o our problem can now be worked out in the following way.
Suppose we alrezdy know the optimal sequence of the control variables, i
{k=0,1,..., 3 — })yicldingthe optimal scquence of thestates, xpe=1,..., T\
This sequence can be optimal if and only if any possible perturbation of the final
state ¥ - x5 (which can be reached by giving suitable nerturbations, ¥, to the
control variables) does not increase the value of the objective function, The
sequence x* is optimal if and only if elx% + xyp) = ex for any possible x7. Thus

Xy €0 (42)

emerges as the necessary and sufficient condition of optimality. We will now trans-
[orm this condition into an equivalent condition concerning the conirol variables.
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Perturbations of the states and those of the coniro! variables are connected’ by'

equation {41} in the following manner:

Xips = Dy~ By, (3)

We now introduce an auxiliary price vector seguence formed by the following
recursive prescription: :
Pyr=c {44)
and

Pr= Py

Multiplying both sides of equation (43) by g, and summing from 0 to 7 - 1,
we have then

20 7 Pear Xewn = 20 Prsa P~ 20T Py B 3 (45)

The first term of the right side can be transformed by equation (43) as follows:

71 P ;
Zo Pesr Py = Zu Pre Xy

But the same expression appears on the left side of equation {45), too, except for
the time subscripts. Considering x7 = O {because x, is given and thus cannot be
perturbed) and p, = ¢, we may simplify equation (45) to

exp=— 38 prana BT ¥ {46)

Thus, our former condition for optimality, cquation (42) can be writien in the
equivalent form of

20 e BTy 2 0. _ {47)

This is already a condition on the perturbations of the control variables.

We now siiow that, gt an optimum, each element of the control variable must
be at the limit of its possible range.

The reasoning runs as follows. The perturbations of y; may iake any valoes
within the limits set by 0 < y, < 5. We now {ix our attention on one element of a
given period’s contrel variable, say (), and consider the perturbations of ali
the other elements and all the other periods to be zero,

For what vaiue of (y}); will equation (47) be true?If (p, B, > 0, then equa-
tion (47)can be true only if (¥§), = 0. But if the ith element of 1he optimal countrol
variable of the k-th period, (37);, were not on the lower limit of its possibie range,
then we might perturb it in a negative dircction; thus an (y); could be chosen less
than zero and equation (47) would not hold. Therefore if (p,.,,B ") > 0. then
(¥{); must be at its minimal value where only positive perturbations are possible.

If however {(pg, 1 B~"); <0, then (yf), must be at its maximal value. Otherwise a
positive perturbation, (); > 0, would be possible and equation {47) couvld be
again violated. '
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In summary, if;
(2} (Pay1B >0, then (), =0, that is, at the minimum of its range,
() (Presr B <0, then (35) = by, that is, at the maximum of its range,
(€ (Prar B7Y)y =0, then (7)), is undetermined, rhus optional within its range.

After the recursive sequence of the auxiliary price vector is computed, the
optimal control variable may be determined element by clement, period by period,
according to the respeciive signs of (py, .4 B7Y,.

Numerical example

To show the salient features of the procedure we present a 2-sector ilustrative
model.
We begin with the following assumed flow and stock matrices:
e 0.4 0.3 {20 10
ST los 03 Lo 10f

We invert &

" 1
1
sl

and compute the one-step transformation matrix

.!J) E=] _Bn--ﬁl(l - A) _} 1 __’[ 21 - 1‘0

16 27l

H is easy to check that this dynamic system when left to itsell {y = 0) has a
unique “turnpike path™, producing a 10 per cent growth rate, Stariing from

%o = (100, 100)
e [ 2L —LO| o0y (110
T e 2] T o

Dy | 21RO} 1
MU e 27)110) 121]'

Now common-sense and some turnpike-theorems seem Lo suggest that travelling
on the turnpike iy the output-maximizing conduct. Hut it is not. :
Let us assume we have to maximize x, with ¢ == (1, 1} -~ that is, the price of
every unit produced is 1 dollar. Gur former trnpike output then was worth 242
dollars.
Let us further assume we tolerate | per cent “‘waste” on total production,
that is, our constraints on the control variable are 0 < 3, < 0,01 x,.
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We frst compuic the auxiliary prices:
pa== o= (1, 1}

. 21 10
- oD = (1, = (0.5, L.7).
Py = paD = (1, 1) [_ e 2_1[ 0.5, 1.7y

Then check the signs of p&—*

2:’ = (03 _{_)

' -1
prt = (0.5, ].?)[MIl 2J = (=, ),

o
Bt =, 1)1 .

Thus in the first period we have one negative sign in the first clement. Therefore
all elements of the control vector may be taken to be zero except jts first element
in the first period where it should be at its maximum: 0.0] - 100 = 1.

We are now ready to compute the new, controlled, path:

State Transformation Control End state
X Dy - By = Xgey
100 © 21 —1.0] {100 BRI A 109]
100 —1.6  27) 100 -1 2y l0)  ln
109 T 21 —1.01 (109 0 (18
111 -6 271 11 Tol12s.3)

Thus we end up with 243.2 doilars’ worth of output, that is, 1.2 dollars of
additional output, in spite of investing 1 dollar less.

Our example not only substantiates the easc of computation but reveals some

shortcomings of the approach, too. Greater speed of development is attained by
going off balance — by abandoning the turnpike path, the oniy path which maxi-
mizes growth for an infinite time borizon. This is the symptom mentioned eartici:
finite time maximization neglects posterity and may throw the economy into a
cycle whence it is not casy to recover.

Similar procedurcs can be used to solve certain extensions of the problem just i
discussed.

Instead of x,, total production, other variables may be maximized, say, final
consumption or surplus or any other related items, If, for instance, we wished to
maximize surplas, that is (1 — A4)xy = sp, the procedure would be the same except
for equation (44) where pr = ¢(1 — A4) is the proper starting point for the new
auxiliary price sequence,

Instead of variables for the final, T, period we may maxintize across the whole !
time path. The cumulated ouipat may be maximized by max Y1 exy, moreover
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=1,2,...7T ), that ts, we may seek max L ¢ xy. In the latter case the procedure

is the same except that equation (44} 1rus*t be again changed to py = pp 1 D + x,L

A linear loss function for unused surplus (¥, > 0), or changing bk =
=0,1,..., I~ 1) constraints on slack, might also be infroduced.

Finally, instead of fixed coeflicients in the 4 and B matrices we may introduce
technological change, specifying a different A, and B, separately for each and
every period. There is even some hope of solving the problem for systems where
the change of coefficients depends linearly on previous investment, or where 4 and
2 are more complicated linear operators embodying leads and lags,

In spite of all this, further research is needed before embarking on practical
model building and solving. For the model to be realistic quite a few side-con-
straints need to be established. For example, disinvestment in fixed capital cannot
exceed the amount of normal wear and tear and investment in inventory is not
totally reversible cither. All these and related problems need assessment both
from the economic and the computational viewpoint.,

We now turn 1o the second problem which is to guide our system 1o a desired
state in minimum time. In posing the problem we change to the continuous version
of the system. Minimization of time is easy when time can be considered contin-
uous. Then we do not have to bother — as in the discrete case — aboul over-
shooting our objective in T periods when it cannot be reached in 7" — 1 periods,
QOiherwise our model and its assumptions about controllability remain the same.

A ime-optimal path conneets two given states x, and x, and can be traversed
in a shorter time than any other possible connecting path, subiect to the constraints
given by the structurc of the system iiself and the limitations on the control
variables.

Let us now consider the closed dynamic system in the form of differential
inequalities and apply reasoning analogous to that used in the first problem,

Bk = (1 — A)x (48}

(here x stands for dx/dt and we omitted the time subscripts),

At a given moment say, £ = 0, the state of the economy is given by the production
YCOLOT X, g == Xo. We wish to lead the system into another state, x, in the shorigst
possible time, ¥, subject to the limitation given by equation (48).

For “steering” our system we introduce a piecewise smooth, bounded and non-
negative “slack” vector, y = 0. Now our problem is to determine that time-path
of y which brings our system from x, to x, in minimum time, subject to

Bi = (L~ A - . | @
We introduce again an auxiliary price vector by the prescription

PB = - p(1 — A). (50)
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Now we can form the so-called Hamilionian function

Flp,x, py=1+p{l —Ax —py. R 15

Our Hamiltonian has the following partial derivatives:

aF . <
¥ (1~ x — y = Bx (52)
aF )

f};} = ol — A) = — pf.

We are now ready to write our problem as follows,
Find that time path of y which minimizes

75y = Wi, x, ) — pBiY d. (53)

The expression in brackets is identically . [Considering equations (51}and (52).]

A
Thus j dr 15 2qual to the transition time from x, to x,, and this is exactly what we
Na
have to minimize,
The solution is given by the following Theorem:
Only that timne path of ¥y may be considered optimal which extremizes the scalar
product py for all &

_Prl:)ofi Let us suppose, as before, we have arrived at the optimal solution, p#,
vielding the lime-optimal trajectory, x*, leading from x; t0 xy in minimum time.
Qpiimaiity‘again requires that for perturbations in p* and corresponding changes
in x¥ and x* our functional

Hy*y = JO* -+ YY) (54)

We will transforin this condition of optimality again into a more explicit formula,

The change of the functional AJ = JOy* + ¥") — J(*) can be expressed by
taking differentials. This is feasible because we supposed the differentiability in
x and y, thus after neglecting terms of higher order

s oF I
AJ’ ey oyt T -
‘ ] X e B sz. (55)

Ty

Integrating pBY', by parts
{ pBY di = {pBx'Ye | pBx'dr.

The expression in parentheses vanishes because xj = x] == 0, that is, the per-
turbation of the trajectory musi not alter 1is two end points,
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Thus equation (55) may be transformed into

X1

MR . 8

AJ -—} e e P X e YA 56

ar=f[[5E i) 5| ©
Xy

Hore again the first member is identically zero because of squation {52), leaving

us with
Xy

-1

CoF
AJ _i 9E s <0 (57
J ay

Ky

as the condition of optimality.
Passing to the limit ¥ —» 0 and considering ' to be of optional sign, this leads
1o the cendition of optimality
ar ) . .
—o== O for every t from xp 10 X, {38}
oy
‘Thus our Hamiltonian equation (51) must be extrernal as a function of y on the
optimal trajectory. Now y enters equation (51) only in the scalar product - py,
hence we conclude that whenever

(a) g > O then y, must be at the minimum
allowed by its constrainis

(&) p; < O then y; oust be at the maximum

() p; = 0 then y; is undetermined.

I'he parallel with the first problem is, indeed, straightforward.

"This second, continuous, solulion is rather inconvenienl when it comes to
actoal computation. All we could prove was: there exisis a price vector (as a
funciion of time) which may serve as a means to find the optimal control. But we
usually have not enough data to find it: all we know is ihe preseription of cquation
(50). This is a livear differential equation which lacks the boundary conditions.
Still 1he general theorem has a certain advantage in properly stating gqualitative
characterisiics of the optimal contrel variabie.

Both formulations indicate that no matter how we constrain {or how reality
constraing) the contro variables, they invariably turn out fo be on the limit of
their range when the system performance is optimal. Thus oplinality and swing-
ing to extremes seem (o be connected. '

Of course one could avoid economic interpretation maintaining that this con-
nection is only a featuve of the mathematical model and not of geonomic realily
itself. Tut it is not casy to deny that economic systeas are prone 1o Anctuations.
Perhaps economic cycles are  kind of fintter phenomenon induced by the sirains
of optimization,

Let us relate this finding to the result of our numerical example. We know that
the turupike path is unigue and tine-optimal in the scnse thai we can go from one

10 Proportions, prices and planning
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point to another on it in minimum time. We also know that on this path the

control must be zero, ¥ = 0. This entails p, > 0 for all / and all ¢, But there is

only one entirely positive solution to pB = p(1 — A) for all 7: the well-known

“production price” vecter, yielding an average rate of profit after investment:
p(l — 4) = ipB. | |

?.-low well now movements around this balanced growth path and equilibrium
price may be described by comtro} theory formulation of the dynamic roodel
needs study. Empirical research might show that the specira of flutter frequencics
{computed from the flow and stock matrices) and those frequencies found in the
speciral analysis of economic time series are alike. But this is only & coniecture
not yet substantiated.

‘in summary: an interesiing theoretical possibility emerges with the Pontryagin
theory. It yields promising new insights into both theoretical and practical problems
of planning. Yet our theoretical and factual knowledge is insufficient to assess iis
real uscfulness. This is, then, onc of the main domains of future rescarch.

3.3. Practical Computiations

The mode! that we have been discussing is hardly new. Economists in many
different parts of the world have implemented vatiants of this system, some Of1 &
very fimited experimental scale, and some on a more ambitious level., In this final
chapter we review computations of the oper and closed form of the model. This
may help in assessing the potential value of the approach to long-range planning.
In this survey we exclude the many instances where the model serves only as the
inner core of programming procedures. The latter, although imteresting in itself,
does not help us to appraise how well the model itself reflects reahity.

We have relatively more factual knowledge about the aggregated form of the
model, equivalent to the Harrod-Domar model. Its performance in the light of
our general knowledge about growth rates, saving ratios and capital-output ratios
will be analyzed in Section 3.3.1. The main question to be answered 1s: how well
does this model explain the variety of growth rates experienced sn modern history 7

We have less material concerning the more detailed forms of the model. No defin-
itive assessment is possible, and we shall give more attention to special questions
of application than to numerical resulis.

Yet experience prompts us to claim, very cautiously, that the implementation
of the model js within reach, its solutions are well-conditioned, computation is
smooth and easy to handle, and - finally — numerical results are in good agree-
ment with statistical facts and readily interpretable.

3.3.1. The aggregated form

Let us inquire into the explanation of sccular growth rates given by the one-sector
model. As already pointed out in Section 2.3.2 the one-~sector form of our model is:

growth rate = saving ratiojcapital-output ratio.

In this aggregated form the model is equivalent to the formula presented by
Harrod [1936] and latev by Domar {1946]. The main points were already implicit
in Kalecki [1935] and developed very early in Feldmann’s two-sector models
(11927] and [1928]).

All these models are of the relatively early theoretical vintage of the iwentics
when eastern economists, and of the thirties and forties when western scholars,
became interested in growih. Yet reliable data to test the models and impleinent
their use outside the classtoom became available only after the second World
War. At that time reconstructing historical time series became fashionable, and
this made it possible to anchor theories of growth on 4 firmer basis,

¥
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This is certainly not the place to enumerate and review the data for many .
coantries in detail. The following quotation summarizes some findings of a study |

where the secular relation of national wealth and national income were analyzed
in detail.*

“When invesiigating the capitalfoutput ratio for shorter periods (sherter than
the length of the business cycle) we find heavy fluctuations . . . These fluctuations
can be explained by the movemenit of the business cycle. The wealth once invested
can be decumulated, if at all, enly to the exient of its wear and tear {its scrappage)

and thus it cannot follow closcly ihe cyclical flnctuations of output, ¥ is meaning-.

less to compare the increase in wealth and in output over the short run because,
quite often, we find opposite changes, too: increase in wealth may be accompa-
nied by decreasing cutput and vice versa. The marginal quotient that relates
these differences is therefore totally unrehiable. (This phenomenon will manifest
itself naturally with greater force in particular branches - industry, agriculture
etc.).

In spite of heavy short-range fluctuations the capitalfoutput ratio, measured
at peak periods, is manifestly stable. In the time-stretch investigaied it changed
only very slowly. There were no discernible International differences in its absolute
magnitude nor in its direction and speed of change. Changes in technology and
the great differences in productivity among countries apparently do not influence
the behavior of the capitalfoutput ratio very much.

The relation of mnational wealth (as the sum of tangible and reproducible
values) to national income shows a characteristic secular movement in the course
of historical development. This wealth/output ratio will increase in the beginning,
but this increase decelerates. The ratio reaches a peak and then starts to decrease
slowly again. Its whole motion is constrained between tight boundarics. At its
zenith ~ which is established afier an approximately balf century of industrializa-
tion, and can be dated around the turn of the century for western countries — the
ratio does not surpass its average by as much as 50 per cent. At its maximum it is
not grealer than 4-4.5 (which means that 4-4.5 years’ pational income is accumu-

if we consider pational income as output, define savings ratio as the part of
nationa} income accumulated (as ¥s common in western literature) and investigate
capital requirements of producing national income, then we arrive at an awkward
impasse. Let us assume, as a first approximation, a constant savings ratio. Then,
given 1he course of actual capitalfoutput ratios, the developed countries should
have been growing at a decreasing rate until the turn of the century, thexcafter
experiencing accelerated growth, This clearly contradicts historical facts. On the
contrary, almost a)l western couniries had rapid (6--12 per cent) growth in the
first phase (up to the first World War or the recession vears of the thirties),
In the second phase, growth was slower (2.3 per cent). '

Thus observed growth rates could be explained by the model only if we dropped
the assumption of a constant savings ratio. We would have to assame guite a high

* Brady-Racz [1966].
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savings ratio. Table 3 shows what the savings ratio would have had to be to produce

the obzerved growth rates with observed capilalfoutput ratios.

Takde 3

Typical savings ratios

Ty pical Typical 1{1;; olting
Yeur annual growth capitalfoutpit savings ratio
ritte ratio compnicd
1850 10 per cent 3 30 per cent
1590 it per cent 4 40 por cent
19180 10 por cent 4.5 45 per cernil
1430 3 per cent 3 9 per cenl
19730 3 per cent 2.5 1.5 per cent

The computed savings ratios contradict whatever vague and sparse statistical
evidence we have about actual savings ratios. Accumulation out of national income
will generally surpass the 10 per cent limit in developed or developing countrics,
and can surpass 25 per cent for a couple of years al most.

Rostow {19601, analyzing the different phases of the growth process, calls the
first phase “sustained growth after the take-off™ or “the drive to maturity”. What
we described as “an approximately half century of industrialization” he highlights
as follows: “Elistorically, it would appear that something like sixly vears was
required to move socicty from the beginning of take-off to maturity.”

Rostow considers “a risc in the rate of productive investment [rom, say, 5 per
cent or less to over 10 per cent of national income” a condition sine qua non for
this growth phasc and gencralizes it by saying: “After take-off there follows a long
interval of sustained if fluctuating progress . . . Some 10-20 per cent of the national
income is steadily invested, permitting outpat regularly to outstrip the mncrease
in population.”

Thus, our first period, indusirialization, with its extensive growth and high
growth rate corresponds to his “drive to maturity”; our second phase, essentially
intensive and with lower growth rate, corrcsponds to his “maturity”. In neither
phase are observed proporiions compatible with cxpectations based on the one-
sector model,

The actual savings ratio is not sufficient in the lirst phase {0 induce the growth
observed:; in the second phase saving is overabundant and could apparcntly trigger
a much higher growth rate, i the one-sector model were correct.

T addition two broad observations are left unexplained by the ene-sector model.
First, those countrics that prow fastest are not those where the savings ratio 18
high or where the capitalfoutput ratio is low.” Second, the model is plainly inade-

* Seg, for cxample, Adelman [19066],
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quate for analyzing “reconstruction periods”. These periods — after wars, great '
recessions and other national emsergencies — are sometimes followed by 20-25

per cent growth rates for several years. They begin with a great slump in natiopal
income. Awmy increase of the savings ratio is out of the question: usually savings
will be under average, consumption requiring a greater share of the decieased
national income. Yet, just after the emergency, outputs increase very rapidly in
spite of the absolutely and relatively low amounts of savings and accumuiation.
Then when times normalize and the savings ratio assumes its former, higher rate,
the fast growth rate slackens.

All these contradictions are more apparent than real, and can be eliminated by
modifying the specification of the model and reinterpreting its dynamics. The
Keynesian school — leading to the Harrod-Domar inicrpretation — abhorred
“double counting” and reckoned in ‘“‘national income” and “value added™ terms
rather than in “severcly double counted”, “social product” or *“gross domestic
output” texms. Yet, it is these double counted categories that give us the necessary
clue. Growth rates of national incorme and ol gross domestic ontput, GO, will
certainly coincide in the simple dynamic medel. There seems to be no clear his-
torical trend for GDO to increase faster or slower than national income, Savings
ratios on a national income and a GDO basc will therefore move in parallel.
Rostow’s 10-20 per cent savings ratio from national income will simply be trans-
formed to a 7-14 per cent savings ratio based on GDO.

Yet the capitalfoutput ratio is modified by the broader interpretation. As already
pointed out, we have to consider capital infensity of manpower, toc. We must
reckon with labor’s stock as well as its flow aspect. In the Harrod-Domar model
labor plays a peculiar role, It only consumes part of the national income, as &
hungry nouth, preventing it from being accumulated. It is like a net loss to the
system, unproductive waste. To increase the part of national income consumed by
the population has no positive impact on production. The system could work
better with a savings ratio equal to 1. Actually if the number, skill, knowledge,
quality of manpower are not increased (all these requiring massive amounts of
investment), production will not grow, however high the savings ratio. This s
really a lesson well learned by socialist and developing countries. And it is mostly
human investment (or its lack) that will determine the growth rate. It is larger
than any other investment for growth, and acts on growth with a very long lag
period.

Let us now consider the threc phases, reconstruction (annual growth rate 20-25
per cent), industrialization. (growth rate 6-12 per cent) and intensive growth
{(growth rate 2-4 per cent).

In a reconstruction period it is characteristic that manpower, including skilled
and bighly qualified manpower, is obiainable in abundance; the labor market is
glutted by would-be workers, educated and trained earlier. ¥f productive capacities
arc more or less inlact, afl accumulation can go into {ifling depleted inventories.
This growth, then, does not need much accumulation or investment at all, except
for easing bottlenecks or replacing obsolete technology. With wages depressed
even Lhe oldest machines may still yield a profit.
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Once idle capacities and manpower capacitics arc absorbed, cvery increase in
output, every additional worker and every addition to this skill has to be paid
for by society. Growth in “non-reconstruction” periods will therefore be much
slower. :

How can now the characteristic difference between “industrialization” and
“maturity” be explained?

First of all we must be prudent in interpreting differences in characteristic
srowth rates. Some portion of the difference is undoubtedly due to statistical bias.
The proportion of statistical coverage increases with indusirialization, as more
activities come under market control and later, efficiency of regulation and statisti-
cal collection improves, Thus there is an upward bias to estimates of the growth
rate i the period of rapid industrialization. This in turn exaggerales the difference
between observed growth raies for the industrialization and the mature period,
Nevertheless it cannot explain away the entire difference.

The remaining difference can be accounted for by increased requirements for
reproducing skilled manpower. An industrialized, technically developed country
requires a labor force that is more valuable and needs much more expenditure for
rearing, education and {raining. To quote Rostow: “Those in manufacture,
construction and transport - including skilled workers — rose about in propor-
tion to the total rise in the working force. But semi-skilled workers increased more
than twice as rapidly as the working force as a whole; professional people and
office workers three times as rapidly as the working force as a whole. The era of
the professional technician, and of the skilled and semi-skilled worker had come;
and this trend in structure of the working force has proved virtually universal to
all post-matarity societies.”” Increases in human capitalfoutput ratios may welt
counterbalance any tendency for the fixed capital/output ratio to decline. The total
capitalfoutput ratio, including human capital, may be therefore much higher in a
maiure economy than in a developing one.

Let us look into orders of magnitude, to sce whether increases in human capital
requirements have been significant enough to explain the differences in growth
rates at various phasecs of development. _

Section 2.1.3 noted that the capitalfoutput ratios in reproducing manpower are
equal to at least half of raising time, I{ therefore the average age of beginning work
is 10 years, then the capitalfoutput ratio is about 5. That is, 5 years’ national
income is tied vp in youth not yet in the working force, that is, in the “geslation
period” of investment. The assumption that children enter the work force at age
10 is guite realistic in socictics before take-off. The picture may be complicated
by international migration of human capital. Before 1930 the stream of immigrants
to the United States crdowed it generously with the human capital necessary for
rapid growth. Transfers of human capital from poor to wealthy countries still
persist and 1heir value may well exceed transfers of conventional capital.

In 2 mature, industrialized economy the average age of entexing employment is
16-18 years and is still increasing, With improvemenis in living standards, im-
provements in the system of education and health-care (dictaled not necessarily by
humanitarian considerations but by sheer needs of modern production processes
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and overall efficiency) the human capitalfoutput ratio has at least doubled. :

Probably human capital has increased even faster, congidering the increase in

consumer durables, shortening of the working weck and day, inereases in social
funds - security, health, recreation, ete. Let us stick to a conservative guess of -

10-15 years’ national income invesicd. _ _

This capitalfouiput ratio makes the traditional one - reproducible tangible
wealth representing 2-3 years’ national income — seem to dwindle. Thus the total
capitalfoutput ratic which might be around 7-8 years’ national income {say, 3 for
cquipment and 5 for human investment) at the beginning of industrialization will
increase to 12-17 years (say, 2 for equipment and 13 for human investment) in
matarity, This difference, then, clearly entails a slow-down of the growth rate
atiainable by a mature economy, reducing it, at least in order of magnitude, to
half of that of the indusirialization period.

This process has a lot of side-effects, phenomena observed long ago by sociolo-
gists and economists. The increasing shave of the service sector in GBO has long
been noticed. Many of these services really serve the reproduction process of
manpower. Rising educational and health expenditures incurred by the state are
often mentioned. The new economic power of youthis well known, and does not
deserve lengthy comments. They are a market of their own, creating their own
music, art and theatre, garments and fashion, and perhaps even their science and
upiversities in the future. All this is related fo the increasing importance of this
“gestation period”, the “goods in process” part of manpower,

The above gauging of orders of magnitude needs to be supplemented with more
precise, more detailed cstimates. But the rough estimates suffice to explain the
turning point from rapid industrialization to slow maturing. The main levers for
increasing the growth pace inmaturity will notbe found in increasing the traditional
savings ratio, or improving the fechnology of manufacturing or transport, but
only in making the system of education more efficient, by avoiding scnseless waste
of time and teaching of irrelevant knowledge, by shortening and reorganizing curri-
cula and by connecting Jearning with doing,

Here is where the socialist countrics have an advantage as compared to
the private-ownership countries. Where there is no difference in the ownership of
schools and of enterprises, their “production” processes can be better coordinated.
Whether they do indeed effect this coordinailion remains to be seen.

In certain partial questions the planned economies have already recognized
their growing duties and made plans and cstablished institutions for housing,
health, family care, education, colture, ete. $til, coordination and integration of
all these processes have hardly begun. '

Human capital does increase continuously. But there is a turning point wherc
the growth rate changes suddenly, within the stretch of a couple of years or at
most a decade. ¥xplanation of this abrupt change is tied to the problem of a closer
coordination of schooling and produetion.

The tuiming point comes when the influx of agricultural population into industry
slackens and finally stops. Before the turning point youih already irained at an
carly age in agriculiure (tramed mostly on the job) comes to industry (usnally
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inte mining or construction) and acquires the necessary additional skill by further
on-the-job training. Therce is little waste of time, the worker is productive while
learping ~— and slowly educates and works himself into higher and higher jobs.

This mner migration (from agriculture to industry and within induostry toward
bigher gualification) is almost totally discontinued after the end of mdustrializa-
tion. Industrial, that is, “mature” societies tend to frain cach individual for his
very specialized role as machinist, draftsman, teacher or whatover else. The long
gestation period impedes higher growth raies.

There Is no way out: if we want more growth, we have to-integrate education
and production, learning and doing, secering at the same time the mobility of
population towards higher qualification.

3.3.2. The closed model

The first closed-model compitations were made at the Barvard Economic Research
Froject [1954] in the carly fifties. They, and Fsukui’s carly work [1965] were never
published. These pioneering computations established the feasibility of statistical
implementation and computation of the closed dynamic model.

A later simplified version® of the model assumed that every cormmodity 7 has a
wniform life span #, independent of its destination. Hence the matrix B was derived
from the flow matrix A by muliiplying each row of A by an estimated average
life span. If we define ¥ as a diagonal matrix made up to the f life spans,
Toos (i), boy .. o £, then B = TA and the simplified primal model becomes
% = {1 + iT) Ax.

This simple system requires less data for implementation and is very casy io
solve, Besides the matrix A il requires only informed guesses about life spans.
It was computed for 7x 7 order A matrices roughly descriptive of the American
economy in 1947 and 1958, displayed in Tablo 4.

The guesses about the appropriate life spans were

1. Agriculture, food, textiles J year
2. Chemicals, plastics, rubber, mctals : 2.5 years
3. Machinery, fabricated metal products 15  vears
4. Construction, cement, glass 50 years
5. Fuel, electric utilitics 0.1 year
6. Transportation, services, undistributed 0.1 year

The above guesses were based on the following reasoning.

Sectors 1 and 2 produce most of the inventories, including those of households.
The resuits of the computation are not sensitive to varying these life spans, between
0.5 and 3 years. _

Sectors 3 and 4 are indeed the most important, and they are faken from Domar
[1957}. Moderate changes of these magnitudes will affect the growth rate pro-
portionately — this is one of the sensitive spots of the model.

* Seo Brody [1965).
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. Tgblc 4

Flow coe flicients for the American Economy 1947 and 1958 '
(rounded to 4 digits and multiplied by 10%)

1 2 3 4 5 & 7

1947

L. Agriculture, food, textiles 3924 400 i95 798 98 B39 2335
2. Chemicals, plastics, rubber, metals 298 3758 18%6 837 238 218 758
3. Machinery, fabricated mwetal producis 245 303 z386 1176 3713 561 0
4. Construction, cement, glass 128 219 147 684 462 541 i
5. Fuel, electric utilities 122 380 66 217 3420 212 353
6, Transporiation, services, undistributed 1237 998 751 1850 895 1825 6090
7. Houscholds 5004 2112 3721 3342 1561 2338 399
1958

. Agriculture, foad, lextiles 4014 319 168 662 14% 619 2TES
2. Chemicals, plastics, rubber, metals 294 3024 1420 fis 191 226 077
3. Machinery, fabricated metal products 232 493 2521 1300 487 596 22
4. Construction, cement, glass 112 240 141 913 S46 403 i)
5. Fuel, electric utilities 152 497 100 247 3311 346 57}
6. Transportation, scrvices, undistributed 1244 14%% 112 2081 1070 2142 6117
7. Houscholds 3269 1837 2451 3809 526 4511 430

Source: Preliminary esfimales in the files of the Harvard Fconomic Research Project 1965,

Sectors 5 and 6 produce mostly non-durables and here the life span has almost
no effect on the growth rate.

For the seventh sector, households, a twenly-year guess seems to be appro-
priate. However, the fotal payroll, on which the coefficienis of the last row arc
hased, covers the needs of Extended as well as Simple Reproduction, In other
words, the wage rate is above subsisience and includes expenditures for education
and qualitative improvement of the labor force. Expenditures on capital account
are included in the flow coeflicients because they are not distinguished 1 the
statistics. Accordingly ¢, = 0.

The computation started with actual gross domestic outpuis in 1947 and 1958
and followed the iterative procedure formulated in Scction 2.2.2. The Tesults arc
summarized in Table 5.

The first approximation of 4, based on actual prices and output proportions,
differs from the theoretical rate by only 0.046 for 1947 and 0.01 for 1958. The
observed average growth rate of GIDO was 3.56 per cent between 1947 and 1938,
This is less than the computed rate, probably because 1947 was a year of upswing
while 1958 was a recession year,

For 1947, computed outpuis differed from observed by as muoch as ten per cent.
Construction, cement and glass output fell short of their optimum - and subse-
guent fast development of this sector verifies this. The lag might have been refated
to post-war readjvstments. Computed output of chemicals, plastics, rubber and
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Tubrle 5

Actual and computed ouiputs for the Ameviews Leonomy
1947 aqnd 1958

For the simplified growih model
{Billions of 1958 %;

1947 1958

Actoul HOpiimal® Actoal  cOptima”’

1. Agriculture, food, fextiles 139.3 1354 1624 1982
2. Chemicals, plastics, rubber, metals 33.0 6l.4 62.0 (6.0
3. Machinery, fabricated metal products 78.1 68.4 104.5 105.1
4. Construction, cement, glass 49.4 61.2 31.0 84.1
5. Fuel, clectric utilities 28,2 26.8 55.3 56.7
¢, Transportation, services, undistribuied PATIAY 206.4 3355 3168

7. Houscholds 210.4 209.2 293.0 2949

Table §
Growth rates

Computed for the simplified growth modsl
(per cont per year}

Itaration
1 2 3 4 i 4

1947 3.376 3.906 3.92¢ 3.922 3.922 322
1958 . 3799 3.764 3,779 3.776 3.778 3778

mietals was well above actual, but the sector’s growth rate did not accelerate later.
Here crude aggregation might have been the reason: a jot of information is buried
when we add fast-growing chemicals and plastics to metals which were losing
relative importance. ' _

The 1958 vesults were closer to actual with an average error of 2-3 per cent
and no ecror excecding 5 per cent except in chemicals. Indeed, both computations
suggest that the economy actually runs close 1o its “Neumann-path”, its “turnp-
pike”. Thus the stationary state has explanatory power.

When we find deviations between actual and “optimal” output, which should
we trust ? Tt might be that the computation is entirely sound and that real economic
proportions are incfiicient, How, then, can the deviations be allocated between
“faults of the model” and “faulis of reality”? This question needs several
yeats” work in a well-known economy and must be left to the future.

The successive values for A in the course of iterations ave displayed in
Table 6.

Notc that in 1958, the recession year, the comaputed growth sate is lower, and
actual proportions are closer to optimal ones than in 1947, In spite of this, the
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iterations cause the computed growth rate to fluctwate and the oscillation can be -
traced in the iterated oulput vectors, too. On the other hand, the 1947 data gwc a

stratghtforward, non-oscillating convergence. :
The same meodel, but with a completc B matrix, was compuled for Hungary,
1962. Table 7 gives the stock and flow matrices.

Table ¥

Flow and stock cocfficients for Nungary, 1962
{rounded 1o 2 digits and multiplied by 10%

A malrix B matrix

E: 2 3 4 5 1 2 3 4 5
1. Industry 4l 12 33 84 461 51 130 573 81 74
2. Apriculture 6 35 2 8 12 3 51 ] 2 i
3. Other productive 5 3 7 ) 11 0 G H 0 ¢]
4. Foreign trade 10 2 2 0 2 20 14 67 22 1
5. Houscholds 21 27 3z 19 20 2 3 3 1 300

Both matrices are crude approximations, heavily aggrepated. Yei, the results
are quite in accord with outside knowledge about the performance for our econ-
omy. They are displayed in Table 8.

The outcome of computations (considering GDO as of unit amount, that is,
giving sectoral shares in GDO) was:

Table 8

Actual and computed outputs for Hungary, 1962
{in percentages of tolal outpui)

Actual “Optimal®

1. Industry 46.4 45,2
2. Agriculture 10.5 it4
3. Other preductive 7.0 6.8
4. Foreign trade 9.0 0.4
5. Househoids 27.1 30.2

The deviations are quite as expected, indicating labor shortage, over-indusiriali-
zation, underdevelopment of agriculture, and an inflated foreign-trade turnover.
Nevertheless the deviations from the turnpike path are negligible and exceed 10
pex cent only for Households and Forcign Trade, the very sectors where data are
the least reliable (particularly in column 5 of matrix B).

The convergence in A was rapid and oon-osciliating beginning with 5.33 and
ending with 5.35. The observed growth rate for 1962 was slightly over 5 per cent
and the average for the period 1960 1965 was about the same,
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Convergence 10 {Gur digits in the eigenvector took only 7 iterations, although
the dctual (initial) price system was oui of proporiicns, The dual compuiation
took 9 iterations. Its results are displayed in Table 9. _

The results make sense, Manpower and foreign currency are underpriced. The
second fact is perhaps responstble for the cxeessive foreign trade, resulting in an
enormous drive to import. ‘The first may well be responsible for the labor shortage

Table 9

Price indices for Fungary, 1962

Production pricel
actoal price

t. Industry 0.84
2. Agricullure 0.85
3. Other productive 1.05
4. Foreign trade 11
5. Manpower 1.i4

The only result ihat runs counter Lo our understanding of the economy i that
industrial and agricultural products are overpriced in the same proportion. Our
belief that agricvlture was underpriced in relation to indostry, was based on
actual wage rates. Tt may well be that, if wages were raised to the production price
level, the situation would have changed. Considering not only direct but total
wage inputs agriculture is less wage-intensive than industry.

Anyhow, with such crude data the resulis are surprisingly close to the facts,
This should certainly justify more detailed and refined tabulations, particulatly
for stocks of the Household scetor, a tersitory that is universally neglected.

Let us turn now to other contemporary work. The most detailed study was
undertaiien for Japan,

The original computation of T'sukui* was followed by a study of the balanced
growth path for the Japanese economy for the seven years 1960 to 1966, Variants
of the model embraced 10 to {2 scctors, The first variant projected Jinear growth
of consumption and did not constrain disposal activities when it started to
reach the turnpike path. This model discontinued some aciivitics quite suddenly
before it reached the balanced path. Thus it predicted cutbacks for the first
two years in certain scctors and then, for later years, had to supply additional
investment for the capacities discarded in the beginning. No wonder its tine
path was slightly inferior to actual growth experienced in Japan,

"The second variant was essentially a closed dynamic model, Tt assumed expo-
nential growth of consumpiion and fixed coefficients, The third mode}, besides
miner differences in treating foreign trade, incorporated technological change.

* Its theoretical outhines were given in Tsukui (19657,
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Variants 2 and 3 gave a turnpike path quite close to the actual one. The third
maodel was not significandy better than the second: Tsukui-Murakami-Tokoyama
[1969] write: ' : ' o

“We can first note that specification of the objective function is immaterial.
A solation to the second model — along with the solutions to other models which
we cannot introduce here - shows that any efficient path can be approximated
by the turnpike during almost alt of the planning periods . . .

: Let us now compare our solutions with
discrepancy from actual the actual path of the Japanese Economy.
nath percent Knowing that the Japanese Fconomy

4oy sceras relatively unstabie, we are naturally
Model 1

W led to conjecture that the aciual path will
20 be rather divergent from, than convergent
wh - towards the turnpike. But, surprisingly
. ogel 3 enough, such a tendency of divergence is

yeor 1ot revealed, as we may observe in Fig, 1.
The actual path of the Japanese Economy
clings to the turnpike, so to speak.

“There is a gap between the actual path
and the planned path, of course. For exam-
ple, 2 gap between the actual path and the planned path is widening in the
transportation equipment industry. 'We seem still to underestimaie an unmisiak-
able trend of mass motorization in Japan. Chemical industry may possibly be
another example. Tn other industrics, however, we may be able to detect a ten-
dency toward the turnpike.

In Model 1, the planned path is generally lower than the actual path because
of the “waste” incurred in the first two years of adjustment, but, from 1963 on,
the actual path and the planned path generally remain parallel, which means that a
gap between the two sets of output ratios is not widening. In Model 2, the actual
path and the planned path are generally narrowing their gap especially at the
later stage of the planning period. In Madel 3, the two paths often remain parallel,
though the planned path generally gets ahead of the actual path in the last two
years. Our evidence for a coincidence of the actual path and the Panned path
may pot be a strong one in itself. But, if we recall the relative instability of the
Japanese economy, our evidence will become more than impressive, We may
suggest a conclusion that the actual path of the Japanese economy is surprisingly
close to the turnpike, or is not so fur from the turnpike as is expected from its
interindustrial structure.”

The Japanese computation is all the more conclusive because these were the
years when Japan had very rapid growth unrivalled in Western economies, The
growth rate was close to 10 per cent and a revolutionary structural change was
under way. Though it has fixed coeflicients, this closed model seems to work ever
in tough situations.

5%1 B%,z 6%3 5%46%5 65/(:35 66/5?67 8

Fig. 9. Turnpike and actual path for Japan

# Displayed here as Fig. 9.
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3.3.3. The opea model

In recent years, two versions of the open dynamic input—output model have been
implemented in considerable detail in the United States. The earlier is that of
Clopper Almon, now becoming a tool of practical business forecasting. More
recently Leonticf has published a reformulation of the open dynamic model
[1968] he first published in 1953,

Let us discuss Leontief’s computation first. His forrmdation shows how similar
static and dynamic, open and closed models really are,

He starts with the difference equations of the open dynamic model:

(1 4+ Bx,
(1o A By gy = BXy 9= Yy

- -Bx.r +1 =

(L= A+ By —BXpysy= Yvyy

and so on to infinity, .

We can now write up the corresponding infinite matrix. It is doubly infinite
because the reproduction process has no beginning and no ead, but it s easier to
grasp the essence of this matrix, if we write out anly 3 equations and then supply
the missing ones mentally. Designating G = (1 — 4 + B), the first three equations
can be written

G -8 0ffx Y
0 G -Bllx.al=]{rnn
0 0 Gllx, Yy

The third equation is left truncated, the matrix — B missing (and its multiplier,
the vector x,, ;, missing, too). What we have in reality is a doubly infinite band
matrix, with G in jts diagonal and — B above: But the method of handling it and
solving the system should be clear from the truncated form.

It is easy to check by direct computalion that, if the matrix G has an inverse,
G, then the form below is a solution for x of the truncated system:

%, G GUUBGTY (GTUBYGTY ()
X | =0 Gt GGy
X4, 0 0 G Vi,

The rule for forming the inverse of the infinite band matrix should be clcar
from this, too. The inverse has ¢! in its diagonal, and every successive band
above the diagonal is premultiplied by G~'B again and again.

The infinite matrix will have a convergent inverse only if G = (1 — 4 + B) Is
regular, and G'B = (1 — 4 4 BY B = (1 + QB 'OB has all its cigenvalues
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within the unit circle. Otherwise its powers will not converge. Now if OB has the
eigenvatves, g;, then G™'B will have the eigenvalues /(1 + g) and these will
usually be less than I, except when o; < —0.5. Yet the latter difficulty can
always be remedied by increasing the time unit used for measuring 2 and thus

decreasing ¥ jtsclf. Increasing the time unit will decrease the modulus of all the

eigenvalues, and hence g, can be made greater than --0.5 if it is negative. This
secures the regularity of ¢ =1 — 4 4 B, 1oo. That is, (1 — A) being regular,
on¢ can decrease B to a minor perturbation by changing ihe time unit, then
nothing endangers the regularity of G.
Now if regularity and convergence are granted, one can prove that every row
and every columa of the mfinite Dynamic Inverse adds up to (1 — 4)~F = 0.
~ As noted above, a typical row of the infinite inverse, starting with the diagonal
term:

G GTBGT R (GIBYGT kR (GTIBYGT
= Z: (l—A+ By BP(l— A+ B ' =
=[l~( -4+ BB - 4B =
~[0 - A5 BB (- g

Thus the infinite form of the Dynarmic Inverse 15 4 generalization, or rather a
disaggregation of the Open Static Inverse. If the destabilizing features mentioned
above do not manifest themselves, then we can consider the Static Inverse an
aggregated form of the Dynamic one. The Static Inverse answers the question:
How big must the total outputs be 1o make the production of a given final bill
of goods, y, possible? The Dynamic Inverse answers the same question, only in
more detail. Tt dates the total outputs and tells, how much of the 1otal amount
already given by the Static Inverse has o be produced now, how much of it lad
to be produced last year, and how much of it two years ago — and so on. The
analytical power of such a matrix is immense. Tt specifies not only the magnitude
but also the timing of the streams required to deliver some end product.

Leontief compuied the Dynamic Inverse for the United States at 59 sector
detail both for 1947 and 1958 technology, and also performed a third computation
with changing technology. (He had given time subscripts to the 4 and B malrices
and interpolated the formulas for the years between 1947 and 1958.)

In spite of considerabie techmolegical change in the decade covered by the
computation, the shapes of the time paths of the necessary outputs do not differ
much from those based on a fixed technology. This indicates a fairly stable pattern
of timing and suggesis a certain regularity of lags.

Almon [1957] made a long-range forecast using the Open Dynamic Modlel,
{ntended as a guide and framework for practical business decisions, it was first
computed in 1964 and covers a full decade of the American future, to 1975,

Almon’s model is cut open only with respect 1o forcign trade and government,
expenditures. Since its objective is practical forecasting, he uses the best available
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estimates for future flow and capital coefficients and an ingeniously adapted
version of the Houthakker-Taylor method of projecting household expenditures.
It is an impressive structure, taking full advantage of modern computing technigues.

His experience indicates that, whenever there is enough information to specify
and implement the non-linear paris of the model, it can be done. The model
incorporates and embraces additional information with ease. Understandably
better-than-linear approximations are first sought for the consumer expenditures
and labor productivity. More recently he has introduced non-linear investment
functions in piace of fixed capital coefficients.*

Almon’s method of solution deserves attention. As already indicated, when we
solve the difference equation system Bdx = {1 — A)x — y in the usual way, with
the base year ouiputs given, that is, by solving it for Ax, the computation Ax =
= B}l — A)x — Bty will be ill-conditioned.

Almon has devised an iterative algorithm that solves the model for x. That s,
he starts from (1 — A)x;,; = Bdx;+ y. This amounts then to the iteration x;,.; =
= QBAx; + y.

This approach will certainly converge, Q8 being well-conditioned and positive.
Its dominant eigenvalue is the reciprocal of the growth rate, which in turn has a
positive eigenvector, the balanced growth path. Thus the computation will ap-
proach “the turnpike” — a more sophisticated turnpike than our stationary pro-
portions because the model reckons with non-linearities and changing technology.

Almen’s forecasted overall growth rate is slightly above 3 per cent. This is at
variance with my - admittedly very crude — computations reviewed in Sectton
3.3.2 which indicate long-range growth below 4 per cent. The difference may be
due to the fact that human capital is neglected, or rather not entirely included in
Almon’s model. Anyhow, it is up to the facts to decide this question. The official
figures upto now are in favor of Almon’s forecast. But thereare five more yearsto go.

¢ See Almon [1969].

11 Proportions, prices and planoing



Summary

it is generally taken for granicd that Marxian cconomics and recent achievements
in mathematical cconomics with large-scale digital compuiation are worlds apart.
Certainly this need not be the case. This study formulated Marxian theories of
value and reproduction so as to reveal basic similarities in the essentiaf logic of
hoth approaches. From the synthesis, a practical model emerged which is mathe-
matically solvable, computationally well-conditioned and statistically casily
implemented. This model builds upon quantitics and relations implicit in tra-
ditional methods of volume and price planning already in use. Of necessity, the
theoretical scope of the work was limited and theories of currency, inlerest and
rent were not treated,

1. Setting up of the Model

Value theory and reproduction theory are dual refiections of society’s ceonomic
metabolism. They can be comprised in two systems of equations, two models.
These models are tied by a close interdependence or symmetry calied duality.
Duality stems from the fact that both equation systems are based on the same
coclicients. These coefficients reflect the siructoral interdependence of the whole
cconomic process, ils basic proportions. Value theory and reproduction theary
can be developed in parallel by the dual interpretation of the single central structure.

1.1. Simple Reproduction

'Fhe cenisal task of every economy — whatever its specific institutional form - s
to aflocate society’s live and embaodicd labor to particular functions or areas of
employment.

Recording all the gy, “input cocfficienls” * or — 10 use Marx’s expression - -
“the quantitative rules and proportions” to which the division of labor gives
rise, we set up the matrix A = {aie}. This matrix characterizes the productive

= The input of product § used 1o produce one unil of product k. We only postulale that
such cocfiicients exist under given circumsiances, ai & given time and place, and Uhat they are
statisticaily measurable with the necessary precision, Mo guestion of change or stabilily enters
the discussion until the third part of the work.

Li*
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processes of the complete and closed sysiem. (The matrix includes household
coeflicients, the necessary inputs for reproducing labor power, to0.)

With the aid of this matrix we set up a system of equations, which allocates -

labor power among the different branches of production. To solve this problem
in the abstract does not require a notion of value. This “primitive™ model gives
an exact criterion for reproduction to be “‘simple”, that is, non-gxpanding :

Simple Reproduction is possible if and only if the maximal characteristic valae
of our matrix is equal to I, |A| = L If {A] < 1 it is possible to expand the
production process, if [ A | = I reproduction ceases to be complete and only
diminishing, restricted reproduction is possible.

As the dual of this allocation problem we set up the equation system which
determines the values of products according to the classical labor theory of value.

In terms of the production vector, x, and value {or price) vector, p (given by
two ecigenvalue equations Ax = Ax and pA = Ap), we can formulate our funda-
mental theorem in the following dual fashion:

Given the non-negative and irreducible matrix A characterizing a closed and
complete system of production

(a) if we can find a positive production vector x [price vector p] for which
AX =X [pA = p], then Simple Reproduction is possible in this system,

(b) if we can find a positive x [p] vector, for which Ax < x [PA < p), then
Extended Reproduction is possible, That is, the ¥ — Ax > 0 surplus product
[P — pA > O surplus value] may be used to increase production or may be with-
drawn from the economy without jeopardizing Simple Reproduction,

{¢) if neither (a) nor (b) is fulfilled, then only Restricted or Tncomplete Reproduc-
tion is possible.

The theorem leads to a proof that the matrix (1 — A) is regular under conditions
of Simple or Extended Reproduction.

The matrix A is irreducible because every product needs labor input and every
product serves — directly or indirectly — the fulfilment of human wants.

The model of Simple Reproduction describes the historical situation of simpie
commodity production, which Marx considered typical before the advent of
capitalism. Little or no surplus value was created. If a greater amount of surplus
value is created and not extended to increase production but consumed unproduac-
tively, the above theorems must be modified. In this case the last element
of the value vector no longer measures the value of labor power but the
value created by it. If we disaggregaie our model by separating “paid” and
“unpaid” labor and productive and unproductive consumpticn, a “rate, of
exploitation” is determined.

1.2, Extended Reproduction

The Marxian system of production “prices values products according to the
total (that is, direct + indirect) amount of investment ted up in their
production.

" SUMMARY 165

o .",Eh_c. equatiﬁn systeﬁ’n is analogous io that Section in 1.1 but based on the

i *
m‘f;;:: ia,:: (fi:"B value” of simple commodity production says that cxch‘ange on the
market is reguiated by the proportions of tc.)tal' labor necessary to pl()dli;:i COtI;:»-
modities. This “law™ id different undf_:r capit?.hsm: cxchange is regl};;tte y e
proportions of the total investment tied up i the production of different com-
mcj::zi?;;,is of the mathematical conditiong& for Extended Reproduct;onl shov;vs 1he:1
a unigue positive price system and positive average rate of profit always exist.
in this sense the Marxian definition is unamb}guous and worlfable. _ .
The dual system gives stationary proporilons qf production _wh:ch may‘ ze
increased by a common factor, 4, the growth rate. 2 is the dual of the average rate
()f!‘ﬁiﬁﬂigh this dual meodel of reproductic.»r% is (}eficient in muany rgsﬁ;:ect?, it
clavifics the Marxian equilibrium growth conditions in a state of constant “organic
it " capital”. ‘ o
coiﬁﬁ;zzzno;}gtfffover time points up an errox in the common practice ot' (}IV1$
ing inputs into “flow” and “stock’™ inputs. How‘anq stosc‘:k are only t\fio as,f(}ﬁ(,'l
of the same economic fransaction. Every transact%on is a “flow .and a “stock” a
the same time, They are connected by turnover time. By cxter}smn (_)f 1h1’s ?10[11101]:
the mathematical structure of matrix B is analogous to that of matrix 4 an ! thus
both must be non-negative and irreducible. It also becomes clear tpat the dm{em
sion of the average rate of profit {growth rate), 4, must be i:he rec1_pr?ca1 of time
[T~ The exact relation and difference bet_wiee.n tuxnover tn?w and ht;‘e :paéz ;1&‘2
cleared up. Finally, we postulate probal?zhstlc durability instead o .}:xf !
spans and extend the concept of conservation of value. We can assume t].? eve ny
product imparts its value in one lump sum at the ei‘ld of its 1;1r0?:)abll:-s.ttc1 ife span.
Under probabilistic conditions turnover time and life span become equal.

1.3. Related models

The systems of interdependence which Marx investigated with simple mathemqtu::alﬁ
tools arc shown to be mathematically equivalent 1o well-known 'fnodcm lmeal‘
models of the ecconomy. Close formal resemblances are shown to exist a.mong four
major well-known and widely used models: the von Neumann O(EC‘!, 1;Ihe t}&eo;y
of games, the Leontief model, and the lmear'programmmg mode.l. | hcsee}ni the
model set up above can all be transformed into a common .]'l‘laihf:ll“]’l«lt'lud _orrr‘ll
This is clear, even though they have on the surface _si:nkm. aly d}ﬂ?erent orlcntgtlops,.
deterministic-causal, (eleological-optimizing, equilibrating. _lt demonstrates the

* Here A is the average rale of profits and B= { b, } ihe matri)_c of cap}ta}.l cocﬁl_cllemsci
As in.me case of the flow input cocflicients we postulate only that capital coeflicients exist an:

are measurable.
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validity of von Neumann’s important remark: .. . il one has really technically
penietrated a subject, things that previously seemced in complete contrast, might
be purely mathematical transformations of each other.” ' '

“Closed” and “open™ models in this family are compared and their relative .

mexits, principal fields of application and possibilities of joint exploitation are
analyzed.

Each of the models is characterized by the essential property of duality. It is
this duai viewpoint which makes ordering, measuring and controlling of great
systerus possible and manageable.

2. Discussion of the Model

Part 2 explores some further foatures of the mathematical model which stern
from Hs particular logical structure and form.

2.1, Three fypes of price systems

The function of prices is considered first. Under circumstances of Simpie Repro-
duction it is value prices which orient properly in choosing production techniques.
Under Bxtended Reproduction the same task is performed by production prices,

A proof based on an inclusion-theorem for cigenvalues is offered, Using this
mathematical theorem, it is possible to answer the question of “worse or better”’
without presupposing any special utility or preference function. The more complex
and intricate questions “how much worse or hetter?” and “better Tor whom?”
are sidestepped.

L is also proved that the so-called “two-channel” price system (cost + mark-
up after investment 4 mark-up after wages) is a totally consistent system of
production prices where the mark-up after wapes serves as intcrest on human
capital.

The two-channcl price applied in socialist economics is actually a mixture of
value and production prices. Because of the absolute and rclative increase in
human capital, the properly orienting system of prices tends in the future toward
value prices. '

The historical evolution of the particular types of prices aie related to the
historically changing needs and forms of the economy.

2.2, Circularity

The Marxian development of labor theory has been severely criticized because of
its “circularity”. The proper answer {o this does ot consist in denying it but in
clarifying the role, scope, appropriateness and consistency of certain “circufa™
definitions used for defining value or prices.
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The eigcnvélue IEQuat.ion Ax = x is isell a circ?ular definition 51.1 X and ye}lils
analytical value is clear. Our ma‘thc_ma.ticany .‘{ormul‘ated deﬁmtmnls: of Vj. ?Ie
prices, production prices and two-channel prices are elgcpvaiuc eguations. Each
of these definitions is unambiguous and analytically stra:ghtforw.ard.

With the system more explicilly formulated some sssucs concerning the valuc of
sinple and skifled labor, and the value of joint product_s are c_leal:?d up. ‘

“The problem of transforming values into productr.qn prices .prowdes the
framework for setting up an iterative process for computing the stationary states.
1t converges quickly, Another major advantage oi." 1'.]11&«5 ?i‘ocedure is that it beg.ms
every iteration with the same initial data. thus minimizing problems of ronnding
and error-accumulation,

2.3, Miscellanea

Drimensionality problems connected with the model are taken up next. Detailed
consideration is given to 2, the average rate of profit or growth raie. Its exact
dependence on lime spans is explained. . o
The model allows us also to relate economy of inputs to economy of time:
P At
i ' -ial inputs is cquivalent to a - - percent decrcase
1 per cent increase of material inputs is cquivalent to a i perce

L

of turnover time on a microeconomic level, (Here ¢ stands foli' turnover time.)
M a fu 1.
On a macrocconomic level the corresponding percentage (s N (here o stands

pAx
for average share of inpuls o = o |
Three directions for generalizing our model are explored: The axicmaiic ap-
proach is investigaled lirst: 6 axioms set up the fully-fledged model and 2 economi-
cally self-cvident propositions (sufficient but not necessary) secere the exis-
tence and unigqueness of solutions. ‘ _ _ .
Second, alternative mathematical forms are surveycd. Linear dlﬂel‘cntlgi equa-
tion systems with a time parameter and, finally, lln(—::fil‘ opclfa.tor equat.mng az.‘e
considered. It is not tack of tools but lack of information which constlta.ms us to
the use of the lincar model with covstant (observed or plgnned) coe‘[ﬁmcnts.. o
Third, the most promising direction of gcner.alizf,atio_n qu]ves a ‘prObab‘I\hStF
approach, Here the equivalence of our model \’E’Ith & Markovlan cham proccsr? 1:,.
proven. This suggests that coefficient information I?e interpreted i a new way!
cach is the expected value of a probability disiribution. o .
These modifications and generalizations of the model do not ch:dnge its essential
character. Tts connections with labour theory and clussical economics are preserved.
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3. Application of the Model -

Before using our miodel as a tool for realistic analysis, forccasiing and pla'nning.

(that is, as a description not only of abstract states but of real processes), we must
reconsider some of its basic features. In particular the “stability” of cc;efﬁcients
the “closedness” of the model and the interpretation of “stationary” states neeci
further attention.

3.1. Problems of application

Reasons are presented for using “stationary” or “equilibrium® states as bench-
p}arks forlplanning. The turnpike-theorem is introduced with a common-sense
mterpre_tatlon, and the instability of this equilibrivm path is demonstrated. ’II'h';r;.:
any c_lewation from the equilibrium path leads ultimately into an impasse.

With changes in technology the “optimal path” changes, too. There are several
n_aethods for Fcckoning with these changes: expert guesswork, statistical extrapola-
tion, borrowing data from more developed couantrics, and statistical ‘estimation
01? “j[echnological layers”. The most efficient method seems to be programming
within the sectors to achieve an optimal mix of technologies. T

Constant coefficients, or ill-planned ones, and unavoidable aggregation are
sources of errors in applied work., Theorctical sensitivity analysis proves the
following important and optimistic theorems:

1.‘ Aggz:egating on the basis of production prices and optimal production pro-
portions is error-free,

Z%. Aggregating on the basis of faulty prices and proportions will never increase
their faulis,

'3. A probabilistic approach leads us to cxpect significant cancellation of errors
with aggregation.

4. The deviation of actual prices and proportions from the theoretical eigen-
vec'to'rs never affects the computation of A significantly. ”

3 ‘I' he estimation of the capital matrix may be less exact than that of the flow
matrly)ﬂ by an order of magnitude without endangering the exactness of the Jrcsﬁlts.

f}. The mutual allocation errors of statistics do cancel each other without
seriously affecting the computation. | |

3.2. Thoughts on planning

Our m_odel specifies all the major categories used in [ong-range planning, It gives
}wmencal values to social product, national income, accumulation, wage fund
mvgtynent, consumption, etc., and computes their siructure, interrelatiz)ns ami
variations at any given level of detail.

Furthermore it deals simultaneously and consistently with the many estimates
and computations which are traditionally carried out separately and indepen-
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dently in the first stages of drafting a national economic plan. Besides coordinat-
ing the various facets of planning, the present approach makes it possible fo turn

“out consistent first variants in a relatively short time.

In planning, the assumption of constant coefficients and a stationary state must
be interpreted realistically. After planning the changes in coefficients, we want to
know the consequent changes in the optimal path. A good plan will foliow the
optimal trajectory based on the planned coefficients.

At the same time the dual solutions can be computed for price planning, i0o.

Some problems of planning require opening the model. Certain non-productive
or non-reproductive activities most not be neglected in the course of planning.
inputs for these activities may be treated as final consumption. Mathematically
the open model is not especially difficult to solve, but the solution reroains a
function of final consaumption.

"The theory of optimal processes, developed by Pontryagin et al., is most usctul
in dealing with such problems. Final consuntption can be treated as a variable
load on the cconomy, as a control-variable. As a means of control it offers system-
“atic solutions o two deep problems of planning: it chooses the timg-optimal
trapsformation of the economy from one given state into the state sought for and
(in another version) it chooses the transformation trajectory which maximizcs
output.

1,3, Practical compuiations

A totally aggregated version of our model {(comparable with the Harrod-Domar
growth model but taking human capital into account, too) explains the great
differences in historical growth rates: 20-23 per cent for recovery periods, 6-12
per cent for industrialization and 2-4 per cent for a mature economy. The dominant
force constraining development is the reproduction of human resources, skilled
and highly qualified manpower.

A rough computation shows that in a mature econonty human capital amounis
to approximately 7-15 times the national income, wheteas all the tangible invest-
ment never exceeds 3—4 years’ national income. For long-range planning this
aspeet of developroent is thus of utmost importance.

Finally, some actual computations made by W. Leontief, C. Almon, J. Tsukui,
A. Carter and myself are presented. Although the experience thus far is not
sufficient to demonstrate the appropriateness of the model definitively, the cvidence
is unequivocally favorable.
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Pyefinitions and theorems

A vector x 5 0is called an eigenvector of the square matrix A, if there is 4 number,
w, called the eigenvalue, belonging to it, such that Ax = ax,

Every element of the cigenvector is multiphied by & common factor, the etgeo-
vate, and thus multiplication by the mairix does not change the proportions of
the clements of the eigenvector. It follows that cigenvalues and eigenvectors can
be computed from the eigenequation (A — «l)x == 0.

We solve this homogenous equation by setting det {4 — «i) = 0.

Yhe determinant, expanded in powers of ¢, yields a polynomial of degree n.
it has @, not necessarily distinct, roots and these are the eigenvalues of A.

We are interested in the nom-negative eigenvectors of a positive matrix,
A = 0. Therefore we set x = 0 and survey those posilive values of o that satisty
Ax = ax and are maximal for various x = 0.

We can now prove the following:

V. o has ¢ maxioum for some x

Because of Aox = pAx we need to consider only the closed and bounded simplex
set: x; = 05 Zx; = 1. The maximal value of ¢ is a continuous and bounded lunc-
tion on this simplex, because 0 < o < M, where M 1s the maximal row sum of A,
Therefore It will have a maximum somewhere.

2. The maximum valwe of o will occur ar a point where Ax = ox

If o were al a moaximum when Ax = ax, then the vector ¢ = Ax -~ ox Z ) would
have to have at least one positive element. in that case Ac¢ = Aldx - oax) = 0,
and heoce A(Ax) > xAx. I the latter is true o cannot be maximal, Fherefore,
Ax = ox is a necessary condition for a maximum. Thus the maximal value of
« will be an eigenvalue and the corresponding vector, x, where this maximum
occurs, will be an eigenvector.

3. The eigenvector, x, is sfrictly positive

Ax = 0 otherwise implies Ax 2 ox. Yet according to 2, thig is excluded. Ft follows
that x > 0.
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4, x is determined unambiguously

Let us suppose the confrary: two vectors, x; and x,, belong to the same eigen-
vahye, o. We can then choose p so that ¢ = x, ~ gx, = 0 with at least one element
of ¢ equal fo zero. Then d¢ = Ax) — pdxy = alx; — pxy) = oc. Therefore ¢ would
have to be another eigenvector belonging to a. But according to 3, none of the
elements of an eigenvector can be zero. Therefore only one eigenvector can
belong to «.

5. The matrix A has no npon-negative elgenvector other than that belonging to the
maximal eigenvalue o

According to 4, there will be just one eigenvector x, belonging to the eigenvalue «.
But let us assume that there exists another positive sigenvalue, 8. Since o is maximal
0 < f < a. Assume that to £ belongs & non-negative eigenvector, y 2 0, that 13,

e A(x — oy} = ax — Pfoy = alx — gy) = vc, and this cannot be since « is
maximal. Thus no positive eigenvalue, other than o, can have a non-negative
eigenvector. Furthermore a negative or complex eigenvalue cannot belong to a
non-negative eigenvector {4 > 0 and x = 0 implies 4x > 0). Therefore the eigen-
vector x belonging to the maximal eigenvalue « is the only non-necgalive eigen-
vector of 4.

6. if we increase any element of ihe matrix A, its maximal eigenvalie o will
increase and if we decrease any element, the eigenvalue will decrease

Let ihe matrix obtained by increasing A be given by B = A4 where for at least
oue element by > ay. Now if Ax = ax, then Bx = wx, with strict inequality
holding fot at least one element. But then, according to theorem 2, « cannot be
the maximal eigenvalue of B. The maximal eigenvalue of B must therefore be
greater. If we exchange the roles of 4 and B we can prove the reverse.

7. Inclusion of the maximal eigenvalue

Let A > 0 and x be positive and oplimal. Now forming the quotients ¢ =
= (Ax)fx, (i = 1, ..., n). There are two possible cases:
(@) g =aforeveryi=1,...,n
(b) min ¢; < o0 < maxg (P =1,..., 1.

The consequence of (a)is trivial: Ax = ax and x > 0. According 10 theorem 5,
the quotient is equal to the maximal eigenvalue.

For case (b) we increase the elements of 4 and construct a matrix B with
max ¢, as its maximal eigenvalue. Thus Bx = max ¢;x, From theorem 6 it follows
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that this eigenvalue must be strictly greater than a. By decreasing some elements
of 4 we can establish the opposiie inequality.

We now generalize theorems 1-7 valid for 4 > 0 to apply to all non-nega-
tive, primitive, irreducible matrices.

A matrix A is reducible if by permuting its rows and columns we can bring it
into the form

IHAu A
{0 Agy

where 4,; and 4, are quadratic.

If 4 is irreducible and its maximal eigervalue has the multiplicity 1 (Is a single
root of the cigenequalion}, then we call it primitive. If a matrix is primitive, there
18 a unique ecigenvector belonging to its maximat eigenvalue, and 1 its maxima]
eiganvalue has a unigue eigenvector, then the matrix must be primitive.

8. Let A = 0. The matrix A raised to some positive power m will be positive,
A™ = 0, if and only if A is irreducible and primitive

a) I A is reducible its powers remaia reducible.
An A" AT AT
R Ape. 0 2

where A% = Ay ADD 4 Apd™ L

Thus 4 must be irreducible o yield 4™ > 0.

{by I 4 is primitive, 4™ i3 primitive too, because raising the matrix to
powers does not aiter the multiplicity of the maximal eigenvalue, '

IT 4 is irreducible and primitive, its powers remain irreducible and primitive,

(c) BEvery positive matrix, 4 > 0,is primitive, because it is irreducible and,
according to theorem 4, its maximal eigenvalue is of muliiplicity 1.

(d} If A™ > 0, then from 8(a) A must be irredocible. If A were not primitive,
then 4™ would not be primitive becanse the multiplicity of its maximal eigen-
value 15 not changed by raising it to any positive power.

Therefore if A™ is irreducible and primitive, 4 must be irredacibleand primitive foo.

9. Generalization

Any primitive, irreducible and nen-negative matriz, 4, can be raised to some
power, m, so that A” > 0, This matrix, 4™, being positive, theorems 1—7 apply
to it .
A and A™ have the same cigenvectors A’x == Adx = adx = ox and so0
forth and the eigenvalues of 4™ are respective powers of the eigenvalues of A.
Thus theorems 17 apply to every primitive, imveducible and non-negative
matrix, 4.
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The resolvent

We call the inverse (A1 - A)~' the resolvent of the equation Ap = Ap + v If the
eigenvalues of the matrix A are oy, oy, . . ., @, then the matrix (A1 — A} will have
the eigenvalues A — a, & — oy, ..., A — e, This malrix (il — A4) is therefore
regular {and has an inverse: the resolvent) except if 2 coincides with one of the
eigenvalues of A4, In all the cases considered below 4 will always be gieater than
the maximal cigenvalue of 4: thus the resolveal exists and iy power series coi-
verges:
Qi o (;“ A)"l — ],e' 4 Ai._.‘.{ + A:.ju"':; Lok Anp ot 1o

We will need the following formula:

AQ, = 20, — 1. W

This can be verificd by multiplying the power series above by 4.
i . I ,
Q= oy O, if =1, and 0, > ] el if A<, (2}

Both inequalitics follow from comparing ihe serics above with (2,/1
Ofd= 1A AA Vg AR A

The first terms are identical, the fellowing ouses of @ f4 excend thoseof @ iF 4 =
and are smaller i A < 1.

Q- i i A=

and {3}

-
O~ -

This can be checked by inspecting

= QA0 Ay = G {1 - Ay 4 (A - D3,
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postmuiltiplying by @,
' O =t (4 - DCQy

From 2 it now follows that:

;l, _ l £ : -
Q1 - Q}_ + _._T f ]{ A = i
and
0> 0, + "; oF if 2< 1.

Generalization of the formula of Section 1.1.2

A4, ¢
t =
Let A I:ﬂ’ 0]

I now vQ;c = A, then the maximal eigenvalue of A equals 4, the right-hand
eigenvector is given by x = (Q,c, 1), and the left-kand eigenvector by

P= (IJQ.IJ ]—)
Proof: Considering 1 and vQ,c = 4

)

Ax e L;, 0 1 v, A

and
c

"
pa = () |1 0] = w0 =i

The last two formulae were applied in Section 1.1.2 only for the special case
A=

Error analysis of the eigenvalue

The error limits given in Section 3.1.3 can be narrowed. The saving or disecononty
measured by the eigenvectors will always be greater than its actual magnitude.

Let us start from the matrix A, assuming that its maximal eigenvalue equals 1.
(It can characterize Simple or Extended Reproduction.) In this case, then,
UQ]_C = 1,

Now let one of the activity vectors change from ¢ to ¢ + de. {This need not
necessarily be the household sector. A could be partitioned so as to single out any
other sector.) Thus A changes to

(A, ¢+ de
* ’
=0
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The expression pdc = vQde is the lincar approximation of the change in the
eigenvalue and coincides with everyday practical assessment of change in money
terms. Let its magnitude be vQ,de = 4 £ (-~ for saving and + for diseconomy).
We assume that the final product, pe = vQ,c is of unit magnitude.

The true change in the eigenvalue of matrix A will be less than its lincar approxi-
mation 4 £ A* will have a maximal eigenvalue greater than 1 ~ g, or in the case
of discconomy less than 1 4- &

1et 4 be the true new eigenvalue. This implies vQ (¢ + d¢} = A. According to
equation (2)

I
A= vle + de) < e v{(c + dcy == —}— (L4ea if 21

and
1 i .
A== 00Q(c 4 de) > Sk Q¢ +de) = T {(I1—-8 ifi«<l.

Hence it follows thai
ARl if 2= 1
or YL QN if A< 1.
Thus ¢ fortior A<+ ifA>i
oF A1 -~¢ A< L

Estimation for the eigenvector of a perturbed matrix

It is customary to assume full information about the spectral and modal matrix. *
But the resolvent theory shows that for this purpose only the knowledge of the
inverse is required,

Again let us assume A* = lA’ ¢ :; dCJ'
o,

How will the perturbation de affect the efgenvector, Ax = x?
Assume that it increases the eigenvalue of A%, ther 1> 1. From equations
(2) and (3} we know that

A

-1 i
O — AA i< < e L

The new eigenvector is given by @,(c - de). Now we normalize its Jast element
by setting it equal to 1. We can thus deduce

* “To improve an arbitrary eigenvector all eigenvalues and vectors of 4 must therefore bo
known”. (Bodewig op. cit. p. 334 and analogously Wilkinson op. eit. pp. 6%--70.)

12 Proporiions, p riccsand planning
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Since ¢ = x, lherefore

dx < Qe
and
dx > Qqde -~ Qf(c +dey,
If the change in A resulting from de is sufficiently smalf, then (L — 1) will be

smalt too and therefore
dx ~ Qe = Qdc .

Thus a linear approximation of the change of the cigenvector can be computed

by premultiplying the perturbation by the inverse, Q. Note the analogy with the
open static model. Yet the content of the inverse here is slightly different.

Appendix [

Turnover time and life span

The purpose of this Appendix is to explore the question raised in Section 1.2.1.
We start from the plonecrmg work of Domar [1957].

We neglect changes in technology and therefore obsolescence. We also neglect
investment cycles. Random life spans will replace later Domar’s fixed ones.

In the following list of variables lower case letters stand for fows, upper case
letters for stocks:

Investment b
Net investment. n
Accumulation 7
Gross fixed capital B
Net fixed capital N
Depreciation k
Scrappage K
Life span (fixed

or cxpected) T
Growth multiplier 1+ A=¢
where r is the expovnential growih rate
Time tor .

1. Domar’s findings

Domar assumed afixed life span of T years for capital goods. At the end of it the
investment good is scrapped and has zere salvage value. He reasons as follows:
Investraent flows increase exponentially.

by = &"by. (1)
Tao simplify matters we assume unit-infensity of investment at time ¢ ~ 0, thos
by = 1. Hence
b= ¢". (1"
The gross stock of fised capital at 7 is eg ual to the sum of investment flows over
the interval [¢ — T, {]. Therefore
!

2 mj\e'd'r= -

i~

11
L
.

i - =T 1 — ¥
et i p € . ()

e r r

12*%
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Assuming straight line depréciation: . - i/ pp—— 1
. . . — j_ g” o _?‘ R gr(‘v 1 _ 5 e

B, | , b—eT ' ' : _ T F T v

iy S by e 3 |
i i T (6)
At time ¢ we scrap everything that was invested 7" years ago: =€ T '
s=b_p=e'T, (4)

If the economy is growing, depreciation exceeds scrappage: (6) In terms of depreciation

(ry Ty Alternatively we might arrive at remaining value by sublracting total depreciation
k, gD g 7T 4 T I P LEEE from total investment. In this case it is more convenient to sum oyer the intervai
-‘;:— =z e'(‘"T)E‘T E=5 FT s ____;T = [_ ©, t]. Considering equations (1!) a'nd (3)
y - iy T T _1+e ri
i (-"T)"”‘l } . 1 e T e _1 — 1 re ]\ _ er:{' ____________________ IR
=14 o + .04 S +...>= 1. (5} N,= J ¢ (] — T dr=|¢ r 2T j . T

The excess of depreciation over scrappage can be invested. To this extent accumu- e . . .

. - : $ »nitical with equation (6). ) . :
lat1fm can be ﬁngnced from a source othet than surplus, growth itself. This source Il{;?u;;;t?;me s th;l ratio of net fixed capital depreciation. From equations
varies directly with r and 7. (6) and (3) with a little manipulation:

% A L Y]

2. Turnover time of net capital stock : ' AR F S U
: i i signatio

The turnover time of gross fixed capital is, of course, T years. The raic of profit The term in parentheses connects life span with turnover time. Designating
and the growth rate are usvally reckoned on capital net of depreciation. We can it by y
compute net capital in two ways. ' : ' i 1 o7 1}

|

(@} In terms of Uife spans The numerical value of p is always between 1/2 and 1, as can be verified by

. . . . L. . . passing to the limits 0 and co
With straight line depreciation equipment u years old has lost the fraction /T { i
of its value. The fraction | — /T = (T" — w){T of iis original value remains. The lim y = [ ........ — _,,:T} =1
remaining value of capital invested in the interval {¢ — T, £} is P Tomas 1 e r1

, . 1 , and . TV .
T t + l + I3 _],_ R
N, = f T &t = _?J et~ 4+ T)dt = pes 1 ] i 21 o
_— lim y 'd" e e LR 1T
T (=T o o] T £ T (.L;) .
—»lIle"(T t)+1{r 1]6’"': B : .
rir Ul e | B O p YO
. ,,! “1" (FT)_ B _i)jM A 2! T aa B
- i1 B P — T xR e e =
- e : P
] Tttt , FT=9 (,.T)f’a 1 (_1 e
T v er‘ ......................................... o) 2._
T I3 (T
.
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¢TIy
- 5 “+ 3 + ...

= llm =

FYN P Ty
T

|
5

For Simple Reproduction, r = 0 and therefore the turnover period is exactly
half of the life span. Turnover time will be the closer to life span the greater the
life span and the growth rate.

With fixed life spans, accumulation based on gross and net capital formaiion
differ. Normailly we define accumulation as investment - investment minus
depreciation. Therefore from equations (1) and (3):

1_8—«3'1' T T

This is identical to the growth of net fixed capital computed from cquation (6):

On the other hand we can define accumulation as the difference between invest-
ment and scrappage. Then from equations (17) and (4):

W= b, 8= €T (1 — e @
This is identical to the growth of gross fixed capital computed from equati on (2):

0B, .
— er.t PRl | .
T (e

This contradiction can be eliminated by introducing random life spans.

3. Distribution of life spans .

Life tables of productive equipment tell us that life spans arc not really fixed more
than they are for human beings. We assume an exponential distribution of life
spans. This distribution is easy 1o handle and we have no knowlcdge that another
is mere realistic. It is equivalent to assuming a stable probability of survival.
This assumption is analogous to the lincarization of inpui-output relations,
and can scrve as a first approximation.

The probability of a random life span being equal to 7 is i/T exp(—¢7). T is
now interpreted as expected (average) lifespan. The probability of survival at age
i will be exp (— /7).
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4. Turnover time with random life spans

We can now modify all our former equations, substituting exponential density
fonctions and computing cxpected values:

= et (1%)
y 1 y 1 i1
.B,r = J‘{,‘” (3"? :_t)d zJ- ,(” I {’_Il‘(f’f-«_
D -y
SR o7 T ,
e B ¢ B L —— [ SR 2"{‘
1° Gt YT T 29
F _l_ e
7 @
B, ; 1 '
—_ [T — ks
WA TR i )
; . ( 1 1 3
) 1 % 1) 1 * - ) we ot )
. e ¥ - riT ¥ d [ L — 4%
) —-J o e dr T J ¢ e T PP (4%)
e s

In equations (3%) and (4%) depreciation and scrappage became identical because
the exponential density function is exactly [/T" times its integral (that is, the
distribution function). Thus

_gf.‘_ =1. (5%
S.l'

We cannot compute net stock in terms of Jife spans as befose because the life
spans of some capital goods exceed the expected life spans. Accumulatgd deprecia-
tion thus can go “into the red”, that is, exceed original book. values., But we can
compute net stock by subtracting total depreciation from total investment:

!

t
[ ) rT
A P | P e et iy
N [" [l rT--k'l]dI J" e
- '?‘ n- ! vt ?I (6$)
e Y R R
T+

-

The gross and net valnes of capital stock are now identical becavse scrappage
always equals depreciation. From another viewpoint: fixed stocks maintain their
original value until the moment of their scrappage, and then suddenly transfer
it to the product., Turnover time will now be the same whether we reckon with
gross or net stocks. Equations (6%) and (3%) both lead to

B" = N’ o P _ . (7%
&, k,
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Thus expected life span and turnover time are equal and now turnover time is
independent of the rate of growth of investment., This dllOWS us to unify the

mathematical theory of turnover,

MNet investment based on depreciation or scrappage are now 1dent1cal andd
accumulation can be defined unambiguously, Equations (1%¥) and (3%) on the one
hand and (4*) on the other lead to

1
= bt -— k, = br — S". e 8 [1 - E.;—E‘_i} == en‘ "‘:'“’:_'_ - (8*)'; (9*)

Growth of gross and net stocks are identical. Equations 6(*) and (2%) both
lead to

5. Age distribution of capital stock

Consider capital with a (fixed or expected) life span of 7' years invesied exponen-
tially with growth rate r. We assume now that investment is of unit magnitude at

timet, that is, e” = 1. We give parallel formulae for fixed and expected life spans.
Fixed life span = T Expected life span = T

The value of gross fixed capital stock at time ¢

1 —e” 7
¥ P71
Value of stocks of age &
b
if 0<k<T if 05k<oo

and zero, if k= 7.

Ao - N (1 PG -}f)"‘l

1 - 6’:”" : { - e—(r+ F)m

i m__e AT

The average age of stocks

T AT
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Nimerical example

Let us assume 7" = 20 years and r = 0.05.
“The share of capital stocks less than 10 years old is

________________ 62/ f—etar63%

Half of the stocks is
older than 7.6 years older ithan 7 years
The average age of stocks is
8.3 years 10 vears
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